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PROBLEMS

1. WHOLE RATIONAL EXPRESSIONS

The problems presented in this section are mainly on the
identity transformations of whole rational expressions.
These are the elementary operations we have to use here:
addition, multiplication, division and subtraction of mono-
mials and polynomials, as well as raising them to various
powers and resolving them into factors. As regards trigono-
metric problems, we take as known the definition of trigonc-
metric functions, principal relationships between these
functions, all the properties connected with their periodi-
city, and all corollaries of the addition theorem.

Attention should be drawn only to the formulas which
enable us to transform a product of trigonometric functions
into a sum or a difference of these functions. Namely:

cos 4 cos B=-é— [cos (A + B) + cos (A— B)},
sin A cos B ==.—12—[sin (A 4+ B) +sin (4— B)],

sin 4 sin B = % [cos (A — B) —cos (4 + B)].

1. Prove the identity
(a® 4 b%) (z* + y?) = (axz — by)® + (bx + ay)?.

2. Show that

(@ + b2 + ¢ + d?) (22 + y® + 22 + 2) =

= (ax — by — cz — dt)® + (bx + ay — dz + ct)? +
+ (cx + dy + az — bt)? + (dx — cy + bz + at)?.

3. Prove that from the equalities

ax — by —cz —dt =0, bxr+ ay —dz+ ct =0,

cx +dy +az—bt =0, dr—cy -+ bz+ at =0,
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follows eithera =b =c=d=0,0orz =y =2=1¢ = 0.
4, Show that the following identity takes place

(@® + b® + %) (2 + y® + 2% — (ax + by + c2)® =
= (bx — ay)?® + (cy — b2)? + (az — cx)?.
5. Show that the preceding identity can be generalized in
the following way
(@ +a+...+a) B+ +...4+0b) =
= (a1by + azby + . . . + apb,)? + (ashy — anby)? +
+ (a1bs — azby)® + . . . + (ap-1b, — a,b,_y)%
6. Let
n(@+b+c2+...4+ 08B =
=(a+b+c+ ...+ 102

where n is the number of the quantities a, b, ¢, ..., L
Prove that then
a=b=c=...=1.

7. Prove that from the equalities
ad+a+...+a =1 bi+b+...+b =1

follows
—-—1<a1b1—|—a2b2—|— .« .. +anbn<+1.

8. Prove that from the equality
vV — 2+ G — 2+ (& —p) =
=y +z—224+@c+z—2y°+ (xr +y — 22)°

follows
x =y = 3.

9. Prove the following identities
(a® — b + (2ab)? = (a® + b,
(6a* — 4ab + 4b%)3® = (3a® + Sab — 5S5b%)3® +
+ (4a® — 4ab + 6b%)3 + (5a® — Sab — 3b%)3.
10. Show that
(P> — @)* + (2pq + ¢* + (2pg + p?)* = 2 (p>+pg+4¢°)*.
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11. Prove the identity
X4+ XY +Y2 =23

X=¢+3pg»—p% Y =—3pg(p + 9,
Z = p*+ pq + ¢-.

if

12. Prove that
(3a + 3b)* + (2a + 4b)* + a* + b* =
= (3a + 4b)* + (a + 3b)* + (2a + b)*
at k=1, 2, 3.
13. 1° Show that if z +y + 2z = 0, then
(ix — ky)" + (iy — k2)" + (iz — k)" =
= (iy — kx)" + (iz — ky)" + (iz — kz)"
atn =0,1, 2, 4.
2° Prove that

<+ @+ + @+ + (= +6)"+ (x+ 9" +
+ (z +10)* + (z + 12)" + (z + 15)" =
=z+1D)"+E@+2)"+@+4H"+ @+ 7"+
+ @+ 8"+ (z +11)" + (z + 13)" + (z + 14)"
at n =0, 1, 2, 3.
14. Prove the identities
1° @+ b+ c+d2+(a+b—c—d?+
tla+e—b—dP+@+d—b—o —
=4 (a® + b* + ¢ + d%;
2° (a® — b%* + 2 — d®)? 4+ 2 (ab — bec + dc + ad)? =
= (a® + b + 2 4 d?)?% — 2 (ab — ad + bc + de)%
3° (a® — ¢® + 2bd)? + (d* — b® + 2ac)? =
= (a® — b* + ¢* — d»? + 2 (ab — be -+ dc + ad)?.
15. Prove the identity
@a+b+c)t+bB+c—ad+ (c+a— b+
+@+b—ct=4("+b"+c) +
+ 24 (b%? + c%a® + a?b?).
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16. Let s=a + b + c.
Prove that

s(s — 2b) (s — 2¢) +s (s — 2¢) (s — 2a) +
+ s (s — 2a) (s — 2b) = (s — 2a) (s — 2b) (s — 2¢)--8abec.
17. Prove that if a + b + ¢ = 2s, then
a(s—a?+b(s—b2+c(s—c)+2(s—a) X
X (s — b) (s — ¢) = abe.
18. Put
2s =a -+ b +c¢; 20% = a®+ b®+ c2
Show that
(0 — a?) (0* — b?) + (0® — b%) (0 — ) +
+ (02 — ¢?) (0 — a®) = 4s(s —a) (s — b) (s — ¢).
19. Factor the following expression
(z+y+2°—22—y -7
20. Factor the following expression
3 + ¥ + 22 — 3ayaz.
21. Simplify the expression
@4+ b+ —(@+b—0®—(b+c—af—
— (¢ + a — b)3.
22. Factor the following expression
(b — ¢+ (¢ —a)® + (a — b).
23. Show that if a 4+ b+ ¢ = 0, then
a® 4+ b® + ¢ = 3abe.
24. Prove that if a4+ b4+ ¢ = 0, then
(@ - b2 1+ c)? = 2 (a® & b* L c%).
25. Show that
[(a— B+ (b — & + (c — a1 =
=2lla— b+ (b —c) + (c — a)®l.
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26. Let a + b + ¢ = 0, prove that

1° 2 (a® 4 b® + %) = Sabc (a® + b2 + ¢%);

2°5(a® 4 b® 4 ¢®) (a® + b + ¢?) = 6 (a® 4 B° + c°);
3°10 (@” 4 b7 4 ") = 7 (a® + b* + ¢?) (a® + b5 + ).

27. Given 2n numbers: a4, ay, . . ., a,; by, by, . . ., b,. Put

by + by + ...+ b, =s,.
Prove that
atby + ashy + . . . 4+ a,b, = (a4 — ay) 51 + (a; — a3) s, +
+° .. +' (an—i - an) Sn-1 + AnSp.
28. Put

a4 ay+ ...+ a, =

S.

wo| 3

Prove that
(s—a))?+ (5 —ag))’ 4+ oo. + (s —a,) =
=a;+ a5+ ...+ an.
29. Given a trinomial Ax® 4 2Bzy + Cy2.
Put
r=ox + By, y=vyz'"+ 8y.
Then the given trinomial becomes
Az’ + 2B'2'y’ 4+ C'y"2.
Prove that
B'? — A'C' = (B* — AC) (a8 — By)2
30. Let
pi+¢g, =1 (i=1,2,...,n
and

p
Prove that

__ p1+pet...4+pPn .
e n ’ q_..

@+ q+...4+qn
" .

P191-+ Paga+ - - - + Pagn=npg —(p1— p)*—
—(pz—P)?"" .. “‘(pn—'p)2°
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31. Prove that

1 1 1 1 1 1
T oot 3 st T 17—
1

SENTHE N

32. Let sn=1—}—%-—|—%+...-|——i—.

Show that

1° sn=n—(—;-—|—%—|— R & n—1 );
n—

n

o 1 1 —2 2 1
2 nsn———n—l—( 1 +'2 +...—{—n_2+n_1).
33. Prove the identity

1 1 1 1 1 t 1
l—gtg—7+  Fomm~wr ezt -t
1
tom
34. Prove
1 1 1
(1+a—— )(1— 200 —1 )(1+ 3o —1 )X e X
1 1
X(1+ n—1a—1 )(1—~2na—1)=
(n+1)a (n+2)a (n+n)o
n+Da—1 ~~ (n4+2a—1 7 (ntn)a—1

35. Let [a] denote the whole number nearest to & which
is less than or equal to it. Thus, [a] < a < [a] + 1.
Prove that there exists the identity

[+ [ ot [+ [z 42 ]+ -+ [ 2+ 2 | = nal,
36. Prove that

cos (@ + b) cos (a — b) = cos? a — sin® b.
37. Show that
(cos a + cos b)? + (sin a + sin b)? =4 cos? a;b,
a—b
2

(cos a—cos b)?+ (sin a — sin b)? = 4 sin?®
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38. Given
(1 + sin a) (1 + sin b) (1 + sinc¢) = cos a cos b cos c.
Simplify
(1 — sina) (1 — sin b) (1 — sin ¢).
39. Given

(1 4 cosa) (1 + cosB) (1 + cosy) =
= (1 —cosa) (1 — cos B) (1 — cos ).
Show that one of the values of each member of this equal-
ity is
sin @ sin P sin y.
40. Show that
cos (& + ) sin (& — B) + cos (B + y) sin (B — ) +
+ cos (y + 6) sin (y — 8) + cos (8§ -+ @) sin (6 — a) = 0.
41, Prove that
sin (a + b) sin (a — b) sin (¢ + d) sin (¢ — d) +
-+ sin (¢ 4+ b) sin (¢ — b) sin (d 4 a) sin (d — a) +
~+ sin (d + b) sin (d — b) sin (a + ¢) sin (a — ¢) = 0.

42. Check the identities:

1°cos(P+ y—a) - cos(y+ a — B) +
+cos (o + P —1vy) + cos (@4 B+ y) = 4cos a cos P cos y;
2° sin (o + B+ ) + sin (B + y— @) + sin (y+a—p)—
— sin (@ + B — y) = 4 cos a cos P sin y.

43. Reduce the following expression to a form convenient
for taking logarithms
. B . Cc .
sm(A—{——()—{—sm(B—!-T)+51n(C+ )-{—

o044

a-\]c: S

—{—cos(A +—§-—)+COS(B+
if A+B 4+ C =m.
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44. Reduce the following expression to a form convenient
for taking logarithms

Cc

. A . B . C A B
smT-}—sm—4——|—sm—[;——|—cos—4-—|—cos—4—+cos—4—-

if A+ B+ C = m.
45. Simplify the product

cos a cos 2a cos 4a . . . cos 2" 1q.
46. Show that

'nc an COS—?,—JLCOSﬂ snc 6:’1:05731'—(‘1-'7
C0S 15~ C0S & 15 15 C0S 15 COS 75 COS7g== 2) :

47. Given sin B= —;—— sin (24 + B).

Prove that

tan (A—}—B):-i;—-tanA.

48. Let A and B be acute positive angles satisfying the
equalities
3sin? 4 + 2sin? B =1,
3 sin 24 — 2 sin 2B=0.
Prove that A4 + 2B = g
49. Show that the magnitude of the expression

cos® ¢ + cos? (@ + @) — 2 cos a cos ¢ cos (a + @)

is independent of ¢.

50. Let

a = cos ¢ cos P + sin ¢ sin P cos §,

a’ = cos @ sin{p — sin ¢ cos P cos §, a” = sin @ sin §;

b = sin ¢ cos{p — cos ¢ sin P cos 0,

b’ = sin ¢ siny + cos ¢ cosP cos O, b” = —cos ¢ sin 0;

¢ = —sinyPsin §, ¢’ = cos{P sin O, ¢” = cosb.
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Prove that
@+ a4 a =1, B4 b4 b7 =1,
2+ 2+ ¢ =1,
ab+ a'db’ + a"b" =0, ac+ a'¢’ 4+ a"c" =0,
be 4+ b'¢’ + b"c¢" = 0.

2. RATIONAL FRACTIONS

Transformations of fractional rational expressions to be
considered in this section are based on standard rules of
operations with algebraic fractions.

Let us draw our attention only to one point which we have
to use (see Problems 15, 16, 17). If we have a first-degree
binomial in =z

Az + B

and if we know that it vanishes at two different values of z
(say, at £ = a and z = b), then we may state that the
coefficients A and B are equal to zero. Indeed, from the
equalities
Aa+ B =0, Ab+ B =0 (*)
we get
A(a—0b =0

and since a — b %= 0, then A = 0. Substituting this value
into one of the equalities (+), we find B = 0. Similarly,
we may assert that if a second-degree trinomial in z

Az® + Bz + C
vanishes at three distinct values of x (say, at x = a, z = b

and z =¢), then 4 =B =C = 0.
Indeed, we then have

Aa® + Ba 4+ C =0, Ab®+ Bb+4 C =0,
Ac* 4+ Bec 4+ C = 0.
Subtracting term by term, we lave
A@—b)+ B(a—b) =0, A4 (a®* —c* + B (a — ¢)=0.
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Since a — b+0, a —c+0, we have
A(@a+b+4+B=0, A(a@a+c¢)+ B-=0.

Hence A = 0 (since b — ¢ 5= 0), and then we find B =0
and C = 0.

Analogously, we can show that if a third-degree poly-
nomial

Ax® + Bz* + Cx + D
vanishes at four different values of z, then
A=B=C=D =0,

and, in general, if an nth-degree polynomial vanishes at
n + 1 different. values of z, then its coefficients are equal
to zero (see Sec. 6).

Finally, considered in this section are a number of pro-
blems pertaining finite continued fractions. We take as
known the information on these fractions contained usually
in elementary textbooks.

The principal trigonometric relations used in solving
triangles are also taken here as known.

1. Prove the identity

PP —2g3 \3 2p3 —q3\3

3 — &£ ot 3
= (p pP+q? ) +(q P+ ) T
2. Simplify the following expression

(piq)"'(;"-'_ <113 )+ (P—?‘CI)4 ( ;2 +%)+—(}i—q)5(%+%)‘

3. Simplify

(p—ii—q)a(;“ —31‘_)_'— (1042-(1)4 ( 1:3'_ q13 )+

e (7 )

a—b b—c 2 c—a
’ B

4. Let

Prove that
(A+2) (145 (L-+2)=1—2) (1—y) (1—2).
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9. Show that from the equality
(a+b+c+d)(a—b—c+d)=(a—-b-+tc—d)(a+b—c—d)

follows
a b
¢ T d’
6. Simplify the expression
ax? -} by? -}~ cz2
be (y —2)2+-ca (z2— )2+ ab (z—y)2

if
az 4 by +cz =0.
7. Prove that the following equality is true

P2 | (@) () (=) | (B (=) ()
a2ph2 al (aZ_.bZ) b2 (bZ___ a2)

=x2+y2+z2—a‘~’—b2.

8. Put
ak bk ck
G—ha—o T G—at—9 T t=a b
Prove that
SO=S1=O’ S2=1, 83=a+b+c,
S¢=ab-4ac+ bec 4 a®>+ b*+ 2,
S5 = a3+ b® + c*+a%h -} b’a-}c%a +- a’c 4 b2c -+ ¢*b 4 abe.
9. Let
ak bk
(a—b) (a—c) (a—d) + (b—a)(b—c)(b—a) +
ch dh
+ (c—a)(c—b) (c—a) + (d—a) (d—0b) (d—c)
Show that
So'—'-_Si_-—'-"Sz:O, S3=1, S4=a+b+c+d.
10. Put

@@t , mBL (b1 a) | mleta) (et
On=0" a0 " =0 T c—a—b

Compute 0y, 05, 03 and o,.

=S,

= Sh.
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11. Prove the identity
pe 8= (a—P) (a—¥) +ca (b—a)—P)(b—7) |,

(a—b) (a—c) (b—a) (b—c)
(c—a)(c—=PF)(e—7) _
+ab C—a) (c—b) = abc —afy.
12. Show that
a2b2c? a2b2d2
(@ —d) (b—d) (c—ad) T (@—c) (b—c) (d—c) T
a2c2d2 b2c2d2
T e e—nE=b T r—a—a@—a)
= abc + abd +- acd + bed.
13. Simplify the following expressions
o 1 1 1.
1 a(a—b)(a—c) + b(b—a)(b—c) + c(c—a)(c—b)’
o 1 1 1

a2 (a—b) (a—c)+ b2 (b—a) (b—c) + 2 (c—a)(c—b) "’

14. Simplify the following expression
ak. bk

(a—b)(a—c)(r—a) + (b—a) (b—c) (x—0) +

ck

+ (c—a)(c—b)(x—¢c)

where k=1, 2.
15. Show that
b-+c+d c+d4a
(b——a)(c—;—) (d—a) (r—a) + (¢ —b) (d—b) (a—b)(x—0D) +
d+a-+b a+b+tc .
+ (d—c¢)(@a—c)(b—c) (x—c) + (a—d) (b—d)(c—d)(x—d)
. rT—a—b—c—d
T b —a@E—d

16. Prove the identity

(x—b) (x—c) (x—c) (x—a) (r—a)(z—=0b)
@ (a—b) (a—c) +0° (b—c)(b—a) te (¢c—a) (c—b) =z
17. Prove the identity
(z—b) (x—c¢) x—¢) (r— z—a) (z—0b) 1

( 2 |
@b @—0) To—a - | coac=h "
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18. Show that if a4-b-+ ¢ =0, then

a—b b—c c—a c a b
( ¢ + a + b )(a—b+b-——c+c-—a)=9'
19. Simplify the following expression

a—b b—c c—a (a—b) (b—c)(c—a)
a-t+b + b+c + cta + (a--b) (b+c)(e+a)

20. Prove that

b—e¢ c—a a—b

e (s R ¥ gt R Py s
I 2 2
_a—b+b—c+c—a'

21. Simplify the following expression
a2 —bc b2 —ac c2—ab

@it  pTo 0T T T erd

22. Prove that
dm(a—b)(b—c)+-bm(a—d)(c—d)  b—d
c™(a—b) (a—d)+am(b—c)(c—d) a—c

at m=1, 2.
23. Prove that
- e
(=1 x(z—_ai)oiixa—;aa:?...“a,(f—-an_i) } %
x {14+ 2ta)  sletanta) 4 g

+ z(z4aq)(z4as) ... (z+on-y) }z

OL{0La0l3 ++ o Olp

21_.1:2 xz(xz——af)__.”_l__
af aiay
L (=1 z2(x2—al) ... (22—al_,)
ajad ... a2

24. Given
b2 | c2—q2 c2 4 a2 —p2 a2} b2 —c2 1
2bc 2ac 2ab o
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Prove that two of the three fractions must be equal
to 41, and the third to —1.
25. Show that from the equality

1 1 1 1
T tT =
follows
1 1 1 1
an + bn + ch - an+bn_{_cn
if n is odd.
26. Show that from the equalities

bz-{-cy _ cx+4az _ ay -+ bz
z(—azxt+bytecz) = ylax—by+cz) z(ax+by—cz)

follows

z Yy z

a(b24-c2—a2) ~— b(a2-Fc2—b2) ¢ (a24b2—c2) °
27. Given

a+p+y=0,
at+b+4c=0,
FHyrE=o
Prove that
aa® -+ pb% +yc=0.
28. If

ad+b+cd=(b+c)(atc)(@a+d)
and
(B + 2 —a?) 2 = (¢ 4 a2 — BY) y = (a* - B2 — ) 5,
then
B4y +2=(z+y) (r+2) (y+2).

29. Consider the finite continued fraction

1
Qo+ — +_1.
i a2 .' 1
i e

an
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Put
Py=ay, Q=1 Pi=awui+1, 0Q1=a
and in general
Ppiy=apyPp+ Ppy,
Qri1=ar11Qr + Qr-1-.

Then, as is known,

1
=t . o (n=0, 1, 2, 3, ...).

an
Prove the following identities
o (o) (1-p) = (G- 1) (1- k)

P, Py 1 1 (—-'1)"'_i .

2 0n Qo QuQ1 010 T Qn-10n ’

3° PnioQn-o— Pn90nyss = (@ns2@n118n + Gnya + an) (— 1)1:;

4 Pp_yq = an+ An—q + - . 1

. +'§,

On 1

Qn-1 an+ ap_y + -, 1

U
1
30. Put for brevity
1 P,
a°+a_1+ ] = (ag, Ay, ..., Qn)= 0, '

. 1
. +?
and let the fraction be symmetric, i.e.
Gy—=Qn, A1=0Qn-qy -+ .

Prove that
Pn—1=0n-
31. Suppose we have a fraction
1
—_— 1
e +—_ 1
ety

e
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Prove that
Ph+Paiy=PniPnii+ PnPrs
32. Let
1
= — 1
T=— + 1
+—+ 1 1
I +— 4
R
S
and let =~ () and Q" =L be, respectively, the last and
n n-14
but one convergents of the fraction
1 1
a+1
b+ - 1
L] +T
Prove that
= PnQn +PnPn—1 .

03; + PnQn—i

33. Consider the continued fraction
bo+ 5= 1. %2
1 bg + - . an
Put
Py=b,, Qo=1, Pi=bebj+a;, Q,=by, ...
and in general
Priy = bri1Pr + ap4 Proy,

Qryy = bh+1Qk -+ ak+1Qk—1 .
Prove that

Q_b0+ + +..

last
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34. Prove that

r rn+1 —_—

Nt T |

_
T r1

(the number of links in the continued fraction is equal
to n).

39. Prove that

1 1 1
"L';1_+'u_2'+ ...“’—‘ZZ;_—

1 42
H = —}lu us
u 2 — hd
: UgtuUz — \
_ Baa
Upn_yFun
36. Prove the equalily
It B — &% 4ol
by + T by 22
1 by + .. a, 1™ coby  + -, . Cn-1nln
T, nbn
where ¢, ¢y, ..., ¢, are arbitrary nonzero quanlilies.
37. Prove the following identities
1° sin(n4+1)z
sin nx o
=2cosx— 5 eons —
8T 9cosz — * ) 1
" T 2cos z
(a total of n links);
2° 14 by +bobs4 ... 4+ bbs ... b=
1
—_ b
T—a 1 —— b
2 bs +1 —- b

— n
bp + 1
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38. Prove that
1° sina—+sinb+sinc—sin(a+b-+4c)=

. . a4b . adc . b4c .
= 4 sin 5— Sin —5— sin T

2° cosa+cosb+cosc+cos(a+b+c)=
=4cos#cos ﬁ—z_—c—cos%i

39. Show that

tana4tanb 4 tanc— Sin (@ +549) _ 450 g tan b tanc.
cosacosbcosc

40. Prove that if A4+ B+C =umn, then we have the fol-
lowing relationships

. . . C
1° 31nA+smB+s1nC=4cos—;Lcos-gicos—2-;

o . . . C
2 cosA+cosB+cosC=1+4sm—§-sm—]23—sm—§-;
3° tanA+tanB+tanC=lan 1lanBtanC’;

4’ tan—A—tan —I—tan +tan tan%_i

5° sin 24 -+ sin 2B 4-sin 2C = 4 sin Asin B sin C.

41. Find the algebraic relations between the quanti-
ties a, b and ¢ which satisfy the following trigonometric

equalities
1° cosa4cosb+4cosc=1+44 sin—g—sin%sin-;—;

2° tana+ tan b+ tanc=1an a tan b tanc;
3° cos?a+4cos?b4cosc-—2cosacosbecosc=1.

42, Show that
z 4xyz
2 +1 2+1—z2- (1 —=x2) (1—y2) (1—22)

1-——.7:
if
zy+zxz+yz=1,
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43. Show that the sum of the three fractions
b—c c—a a—b
1-+bc > 44ac ' 1+ab

is equal to their product.
44. Prove that

tan 3o = tan a tan (—g-—{—a) tan (—I,:-—oc)

45. Prove that from the equalitly
sin o costa 1

a + b  a-+b

follows the relationship
sind o cosd o 1

P B * R (a+b)3

46. Suppose we have
a4 CoS 0Ly 4 a,cosos+ ... 4ancosa,=0,
acos (ag+0)-fascos(og+0)+ ... 4+ancos(an+0)=0
(0 5~ kn).
Prove that for any A
ay cos (g -+ A) +azcos (g +A) 4 ... +ancos(an,+A)=0.
47. Prove the identity
sin (B — ) 4 sin (y— ) T sin (o —B) —0.

cosBcosy ' cosycosa ' cosacosP

48. Let in a triangle the sides be equal to a, b and e,
and let

re=— ro=— Py = — Po=—0
—p’ *T T p—a’ PT Tph ¢ p—c

where s is the area of the triangle and 2p=a-+b+c.
Prove the following relationships
a2 bZ CZ

1° + +5= =2(ra+ro+re);

Tq—T ry—r

)

o a’r, b2rp c2rg _ P* .
2 (@a—1b) (a—c) +(b-——c)(b——a) +(c——a)(c——h) T or?
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o a+b+c a b c\_ .
] ra+To+Te (fa + b T re )—4’

be ac

& (a—b)(a—c)r? + (b—c) (b—a) r{ +

ab a’
+ (c—a)(c—b) 1 (a—b) (a—e) rore

b2 c2 1
T o=t —arm. T e=ac—brars

Cre

(c—a) (c—10)

o arq bry
v (a-—b)(a——c)+(b—c) (b—a)+

(b+c)rq (c4a)ry
(a—0b)(a—c) + (b—c) (b—a) +

(atb)r. __P
+ (c—a)(c—b) 1 °

49. Prove the identily

sin (e —c¢) sin (a —d)
sin (a —b)

+

sin (b—c) sin (b—d)
sin (b —a)

sin(a4+b—c—d)=

+

90. Given

a b c

s coscp=————a+c, Cos P = a¥b

cos 0=

(0, ¢ and 1 lie between 0 and m).

Knowing that a, b and ¢ are the sides of a triangle
whose angles are A, B and C, correspondingly, prove
that

1° tan? —g— -} tan? —(% + tan?® _‘éi =1;

‘ {
2° tan —;— tan —(g—tan —}I‘;—ztan ‘—;—fan - tan 5 -
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51. Prove that

1 1
sin (a2 —b) sin (a —c¢) + sin (b—a) sin (b—c) +
1
+ sin (¢c—a) sin (c—b) =
. 1
- a—b a—c b—c
2 cos 53— €08 —5— €08 —
92, Prove the identities
o sina sin b
1 sin (e —b) sin (a—¢) + sin (b—a) sin (b—c) +
sinc .
+ sin (¢ —a) sin (¢ —b) =0
o cos a , cos b
2 sin (a—b) sin (2 —¢) + sin (b— a) sin (b—c¢) T
4 cos ¢ —0

sin (¢c—a)sin(c—b)

53. Prove the identities
1° sinasin (b—c)cos (b+c—a)+
+sinbsin (c—a)cos (c+a—b)+
+ sin ¢ sin (a —b) cos (a + b —¢) = 0;
2° cosasin (b—c¢)sin (b+c—a)+
+cos bsin (¢c—a)sin (c+a—b) +
-+ cos ¢sin (a— b) sin (a4 b—c¢) = 0;
3° sinasin (b—c¢)sin (b4 c—a)+
~+sin bsin (¢c— a) sin (c+a—b) 4
+sincsin(a—b)sin(@a+b—c) =
= 2 sin (b —c¢) sin (¢ — a) sin (a — d);
4° cosasin (b—c)cos (b+c—a)+
+cos bsin (c—a)cos(c+a—b)+
~+coscsin(a —b)cos(a+ b—c) ==
= 2 sin (b—c¢) sin (¢ —a) sin (a —b).
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4. Prove that
1° sin3 A cos (B —C) + sin® B cos (C — A) -
+sin3 C cos (A— B) =3 sin A sin B sin C;
2° sin® A sin (B — C) -+ sin® B sin (C — A4) +
+ sin®* Csin (4 — B) =0

if A+ B+ C = m.
55. Prove the identities

1° sin 34 sin® (B — C) 4 sin 3B sin® (C — A) +
-+ sin 3C sin® (A — B) = 0;
2° sin 34 cos® (B — C) + sin 3B cos® (C — A) +
-+ sin 3C cos® (A — B) = sin 34 sin 3B sin 3C
if A4+ B+ C = n.

3. RADICALS. INVERSE

TRIGONOMETRIC FUNCTIONS.
LOGARITHMS

The symbol /' A is understood here (if » is odd) as the
only real number whose nth power is equal to A. In this
case A can be either less or greater than zero. If » is even,

then the symbol VA is understood as the only positive
number the nth power of which is equal to 4. Here, neces-
sarily, A > 0.

Under these conditions, for instance,

VA =4 if A>0,
VA =—A4 if A<O.

All the rest of the standard rules and laws governing the
operations involving radicals, fractional and negative
exponents are considered here to be known. Let us also
remind of two formulas which sometimes turn out to be
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rather useful in performing various transformations, namely:

VATV B = }/ A—{—VAZ— ]/A VAz |
VAV B = ]/AH/Az—— ]/A VAZ—

As far as trigonometric functions are concerned, let us
first of all consider the reduction formulas:

1° The functions sin x and cos x are characterized by the
period 2m, whereas tan z and cot x by the period mt so that
we may write the following ecqualities

sin (x + 2kn)=sinz, cos (z 4 2kn)=cos z,

tan (z 4+ kn)=tan z, cot (z 4 kn) = cot z,
where k is any whole number (positive, negative or zero).
2° For the functions sin z and cos x the quantity m isthe
half-period, i.e. the rejection of the quantity 4m in the

argument results in a change in the sign of a function.
Consequently,

sin (z + kn) =(—1)" sin z, cos (z + kn) = (—1)* cos z,
where & is any whole number (positive, negative or zero).

3° The functions sin z, tan z and cot z are odd functions,
and cos x is an even function. Therefore

sin (—z) = —sin z, tan (—z) = —tan z,
cot (—z) = —cot z, cos (—zx) = cos x.
4° If z and y are two quantities entering the relationship

k14
T+y=-5,
then
cosz =siny, sinzxz = cosy,
tan x = cot y, cotx = tan y.

Using these remarks, we can always reduce sine or cosine
of any argument to sine or cosine of an argument lying

in the interval between O and i[:- The same can be said

about tangent and cotangent.
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Indeed, any argument a can be written in the following
form

n
oc=s-—§-j_-ao,

where s is an integer, and 0 < a, << i[:-, wherefrom follows

the stated proposition. Let us also mention the following
formulas (k an integer):

sinkn =0, tankn =0, coskn = (—1),

sink—g=0 if k£ is even,
kn Lt
sin—2—=(—1) 2 if k is odd,

kR
2

cos k—g=(—1) if k is even,

cos k—;=0 if k is odd.

Further, we use the symbol arcsin z to denote an arc
whose sine is equal to x and which lies in the interval
between —iz- and —}—%.

Thus, in all cases

——g-garcsin < +_nz_ .
Similarly
-——% < arcltan xz < —}-—;‘- R
O<Carccos z<m,

0 < arccot x < m.

In this section we also give several problems on trans-
forming expressions containing logarithms.

1. Prove that
2+V3 2—13 2_
(Vvees TV ) -
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2. Show that

o 3,3 s/t 3/2  3/7%

v YV =V 5=V 5+ V 5
2 VY5 —Vh=5 2+ 20— D)
32 V28— )21 =2 (/98— 2B~ 1);

1
o (3BT Rt
3—2Y5 y5—1"

1
3

5,35 5 5 5 /% b /5
5~(1/§_1/Z7) :ﬂ+ﬂ_ﬂ.
b} ) 25 26 257

1
o (V5 V) =T veT-
5 5 5 4
“VatVet VsV

v

Prove that

V Aa+V Bb+-V Ce +V Dd =
=V (a+b+c+d)(A+B+C+ D).

4. Show that

Jar by eir=y" a4+ b+ ¢

if
3 3 3 t, 1 1
ar® =by3=cz® and x—{—y—{—z_L

9. Put
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Show that
A,
Amyn = AmQn — %‘l‘ ’
b b bm—n.
min = @mOn + on
6. Let

m i ()~ (452
'Vg 2 2
(n=0, 1, 2, 3,...).
Prove the following relationships
1° uppi=un—+tn_y;
2° Un_y = Uplbn-p -F Up-1Un—h-1;
3° ugn-1=un-+tus_1;
4° Ugn=1up 4 Upt1—Un_1;
o° up— Un—gln_tlntilnip =1;
6° Uniilnig— Unlnyes = (— 'l)n;
7° Unllpyq—Un_pln_g=Usn_1.
7. Prove the following identities

L L 1
2 P 2

1° {2 [ 4097 —a] [(@®+ %)% —b])% =
—atb— @417 (030, b>0)
2 (31(a 5T —a) (a4 5)F — b} T =
=(a+ b)'32-—- (a®—ab+ b2)3i.
8. Compute the expression
(1—a2) (1+ @) (14 b)T (1—b) T
at

1
a

x=a"t (2,_[).—-1)_2- (0 < a<b< 2a).
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9. Simplify the expression
nd—3n+(n2—1) Y n2—4—2
nd—3n+4(n2—1) Yn2—4+42 )

10. Simplify the expression

ViTa —a
[vm_+vm+ V1—-—1¢T——1+a 1>

[V m—1-%] ©0<a<y).

11. Prove that for z>1
Vx+2 V x—1 +Vr——2 Vx—1

is equal to 2 if 2<C2, and to 2 x—1 if = > 2.
12. Compute

Va+b+c+2 V ac + be —]—Va—l—b-l—c—-—Z V ac + be
(@20, b>0, c>0).

13. Prove that the trinomial x®-+ px 4 q vanishes at

' 3
_ g I ]/ q ¢ | p8
x—]/'"z‘ﬂ/ TtttV —3—V Tt
14. Express z in terms of a new variable so that }/ x+a

and Y z-b become rational.
15. Rationalize the denominator of the fraction

1
Vet Vo+Ve+Va + Vo +V
if
a b
a b

16. Prove that /"2 cannot be represented in the form

p+Vq, where p and ¢ are rational (¢g>0 and is not
a perfect square).
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17. Prove the following identities

tan (3—2———a) cos (izn——oc)
1 cos (2n—a.)

b} 4

4 cos (oc-—T)sin (T—a)+

~+cos (1 4 ) sin (a——;-‘-) = ();
2° [1—sin (3n—a) -+ cos (3 +a)] X

X [_1—sin (%‘—-——a) + cos (%’-‘-—a)] +- 8in 2a = 0;

3° [1—sin (4 a) 4-cos (&) ]2 4-
+ [1—sin (%n——l—a) +
-+ cos (_3%_&)]2:4_29“ 20t .

18. Let a =2kn4-a, where 0<lay < 2m.
Prove that there exists the following equality

1 —cosa

O A BV Y.
.smz--( 1) 5

Let us assume then that o= 2kn- ay, where —a<C

Ko < T
Show that then
_Oi-—(__1)k 1+cosa

COSZ— )

19. If a whole number a is divisible by » leaving no
remainder, we shall write this in the following way

a =0 (mod n)

which is read: a is comparable with zero by the modulus n.
What remainders can a whole number leave when being
divided by the whole number n?

It is obvious, that being divided by n, any whole number
can leave the following remainders

0,1, 2,3, ..., n—1.
If as a result of dividing a by n we obtain a remainder %,
then we shall write
a =k (mod n),
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since in this case
a — k=0 (mod n).

Thus, when dividing a by 2 only two cases are possible:
either a is divisible exactly, or leaves a remainder equal to1.

In the first case we write a = 0 (mod 2), in the second
a = 1 (mod 2).

The division by 3 can also yield a remainder (0, 1, 2),
and, consequently, only three cases are possible: a =0
(mod 3), a=1 (mod 3), a =2 (mod 3) and so on.

Consider the following problem.

We have

Ai=1.

Ay =cos nm.
2 1

Az==2cos (3 nn—-—z n)

9 . 1 i

A,=2cos (-Q—nn—-é—n)
2 1 4

As =2 cos (3nn——5— n)+2005—5—nn.
1 )

Ag=2cos (g?lﬂ——fgﬂ)

A8=2cos(%nn—-—n)—|—2005 (—z—nn 11—0 )

Ag= ZCOS(% n——;l* )+2cos(% ——247:rt)+
-i—2cos( nn+247 )

A,0=2cos(%nn—%n)—{—2cos%nn.
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0 o (12 4
+~00%13 nnTZC()b(idnn+ :n).
13

1 3 3
= 9 cos [ = nm — =
A14__2('05(7nn 7 ) {ucos(7nn T n)—}—

s 3
1.9 cos [ = nm— —=-
{..cos( NIt — - :rz)

7
A15_200%(15 91 )—|—2005(14r —T78—n)+
—|—2cos( 185 51)3 n) —{-—2cos(%nn +-I7§n)

A= 2cos (%nn—kﬁn)+2cos(—g—nn-}—%n)+
—{—2005(5nn+32 )—[—2005(—;nn+—3§2—n).
A,7:2cos(127nn+“ ) Jr20()s(147 —1§7—ﬂ) 1

e

6 5) 3
9 2 -9 cos —— -
—kh.(zos(1 nt— = :rt)Jf 2 cos 7 Nt

s (M fn) 200 (21— ) ¢
—i—ZCos(ij ——11—7n)+2cos(—%%nn+—1§7—n).

A =2cos (%nﬂ—!—?]— n) -+ 2cos ( g :n———zr%n)

+2003(Znn 1—_;7_n)
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Prove that

As =0 if n=1, 2 (mod ),
A; =0 if n=1, 3, 4 (mod 7),
Ao =0 if n=1, 2 (mod 5),
Ay =0 if n=1, 2, 3, 5, 7 (mod 11),

A3 =0 if n=2, 3,5, 7,9, 10 (mod 13),

Ay, =0 if n=1, 3, 4 (mod 7),

Aig =0 if n=0 (mod 2),

Ay; =0 if n=1, 3, 4, 6, 7, 9, 13, 14 (mod 17),

and that Az, A3, A4, Aﬁ, Ag, Ag, Ai"s 1115 and A18 never
vanish for any whole n (S. Ramanujan. Asymptotic formulae

in combinatory analysis).

20. Let

pn)=A(n+4-32+4+B+C(—1)"+4 D cos —2n3—n (n an integer).

Prove that there exists the following relationship

p(n) —p(r—1)—pkr—2)+pn—4+
+p(n—35 —prn—6)=0.

21. Show that

1° sin 15° = VG Ve , cos15°_ VM Vz ;

2° sin 18°=__1‘ZFJQ, cos 18°=Z-V10—{—2V5.

22. Show that
V30—61/5 —-V6+2'l/5

8
V18+6 15 +V 10—275
8

sin 6° =

cos 6° =

23. Show that
cos (arcsin z) =)/ 1 —z?, sin (arccosz) =) 1—z2.

tan (arccot z) = é— , cot(arctanr) = z
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1 . T
cos (arctan r) = ———, Sln(arctanzr) = ——.
( ) V1+x2 ( ) Vi+ta?
z . 1
cos (arccot ) = ————, sin(arccot r) = —— .
( ) Vi + z2 ( ) Vi + z2
24. Prove that
arctan x |+ arccot r = —T?f— , arcsinz - arccosx = % .
25. Prove the equality
. z-t-y
arctan x - arctan y = arctan T—2y -+ em,

where e =0 if xy <t,
e=—1 if zy>1 and 20,
e=+1 if zy>1 and z>0.

1 1 T
26. Show that 4 arctan £ —arctan gz = - .
27. Show that arctan —;— - arctan —;— + arctan % -+
- arctan 1 =2,

8 4

2z

28. Show that 2 arctan z -+ arcsin T2 =" (x> 1).
29. Prove that

arctan z 4 arctan—i—=—g—- if >0,

arctan z + arctan—i— = -—% if £<<0.
30. Prove that

arcsin z--arcsin y=mnarcsin (z V1 —yt+y V' 1—2?) +en,

where n=1, e=0 if zy<<O0 or 224 y2<1,
N=—1, e=—1 if P412>1, z<0, y<O0,
Nn=—1, e=4+1 if 224p2>1, >0, y>0.
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31. Check the equality
arccos r -+ arccos ( -; + % V3 —3x2) _
if

1

-2—<x<1.

32. 1f

A
A= arctan% and B =arctan T

then prove that cos 24 =sin4B.
33. Let a®4 0% = Tab.
Prove that

log a;b =—;—(loga—{—10g b).

34. Prove that _logan 1+ log, m.

loggamn o

35. Prove that from the equalities

z(ytz—z) _ y(Et+z—y) z2(z+y—12)
log = log y o log z

follows z¥.y*=2zY.y° =x".2".
36. 1° Prove that log,a-log,b=1.
2° Simplify the expression

log(log a)
a loga

(logarithms are taken to one and the same base).
1 1
37. Given: y=101-logx z=101-lgv (logarithms are
taken to the base 10).
Prove that

1
z=10 t-logz

38. Given
a® 4 b? = 2.
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Prove that
logpica+loge_,a= 2log.,,alog._y a.

39. Let a>0, ¢ >0, b=} ac, a, ¢ and acs=1, N > 0.
Prove that
log, N log, N--logy N
log. N logp N—log. N °
40. Prove that

1 = 1
0Za,ay...a, L= —7 1 1

T T log, =
n

logaix + logazx
41. Given a geometric and an arithmetic progression
with positive terms
@, Ay Aoy + « oy Apy o« o5
b, by, bey ..., by, ...
The ratio of the geomelric progression and the common

difference of the arithmetic progression are positive. Prove
that there always exists a system of logarithms for which

loga, — b, = loga — b (for any n).
Find the base ﬁ'of this system.

4. EQUATIONS AND SYSTEMS
OF EQUATIONS
OF THE FIRST DEGREE

The general form of a first-degree equation in one un-

known is
Ax + B = 0,

where A and B are independent of z. To solve the first-
degree equation means to reduce it to this form, since then
the expression for the root becomes explicit

B

X = — —

A
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Therefore the problem of solving the first-degree equation
is one of transforming the given expression to the form
Ax + B = 0. In doing so great altention should be paid
to make sure that all the equations involved are equivalent.
The problem of solving a system of equations also consists
to a considerable extent in transforming a system into
an equivalent one.

This section deals not only with equations of the first
degree in the unknown z, but also with the equations which
can be reduced to them by means of appropriate transforma-
tions (such are equations involving radicals, trigonometric
equations and ones involving exponential and logarithmic
functions). Here and in the following section we consider
a trigonometric equation solved if we find the value of one
of the trigonometric functions of an expression lincar in .

Indeed, if it is known that

tan (mx + n) = A4,

then we find
mx -+ n = arctan A -|- km,

where k& is any integer.
Consequently, all the required values of x are given by
formula
arctan A—n - kxn
m )

Likewise, if it is found that
cot (mx+n)=4,
then

mx -+ n=arccot A +kn and z= arccot A —n-+kn .

m

But if it is known that
sin (mz + n) = A4,

then all the values of z satisfying the last equation are
found by the formula

mz + n = (—1)* aresin A + km,

where k, as before, is any integer.
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Analogously, from the equation

cos (mzx + n) = A

follows

mx 4+ n = —4-arccos A + 2km.

When solving exponential equations one should remembe
that the equation

has

1.

/ 6.

P

a =1 (a>0 and is nol equal to 1)
the only solution z = 0.

Solve the equation

z—ab r—ac . r—bc
a-+b + a-c + b—+c =a+b+c.

. Solve the equation

(Z+3+<)

r—a r—b x-—czz

he + ac + ab

. Solve the equation

6z 2a4-3b ¢ 2r46a4b+43c
6x—+-2a—3b—c~ 2z-4-6a—b—3c’

. Solve the equation

a—}—i—x_!_aj'—z-——x_l_b—}—c—x_*_ bhx

a a+b+c=1'

. Solve the equation

/5T YETz o3
b + z — T a

Solve the equations

1°Va+1+Vz—1=1;

2 Ve+l—=YVaz—1=1
7. Solve the equation :

VatVz+v a—Vz=7b.
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X 8. Solve the equation
Vi—y 7 —22=z—1.

9. Solve the equation

VayVa—b ,/a
VatVa—a Vi

10. Solve the equation

VatetVazz 5 G>o0).

Va+x—Va—x
11. Solve the system
z+y+z=a
z+y+v=>
r+z-+v=c
y+z+v=d.

12. Solve the system
ry + 2 + 23 + x4, = 2a4
2y + o — x3 — x, = 2a,
Ty — Ty + T3 — x, = 2a3
Ty — Ly — X3 + x, = 2a,.
13. Solve the system
ar +m(y+z2+v)==%k
by + m(zx+ 2+ v) =1
cz+mx+y+v)=p
dv+m(zx+y+ 2 =q.
14. Solve the system

Ty—~Qy  Tg—ag

my mo mp
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15. Solve the system
1

l
S

l
l
+

i 8
i <
cl» sg'.-st:|..s NI»

li—\
i
_{._

I

S

<
8

l
+
|
-~
il

<
]

[
i

=d.

|
i
&

<
3]

16. Solve the system
ay + bxr = ¢
cx + az = b
bz + cy = a.
17. Solve the system
cy -+- bz = 2dyz
az + cx = 2d'zx
bx + ay = 2d"xy.

18. Solve the system

xy —c x2Z . Yz —g
ay-+bzx — '  aztex ' bztcy
19. Solve the system
zyz
Yy+z2—r=—3-
_ zyz
tTE—y=
zyz
x—"y—Z:W .

20. Solve the system
b+o)ly+2z—ar=>b—c
c+a)(x+2)—by=c—a
@+ b)(z+y) —cz=a—0>

a+ b+ cs50.

if
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21. Solve the system

c+ay+@a+bz—(b+c)z=23
@a+bz+b+c)x —(c+ a)y = 2
b4+c)x+(c-+a)y — (a4 b))z =2

if

22,

23.

24.

25.

26.

b+c¢5#0, atc#0, ad-b+*0

Solve the system

Solve

Solve

Solve

Solve

x y z
P W e =1

x Yy L A _
ar e T T !

a—T—v+b—!}J—v+c—T—v:1'
the system
z {-ay+a*r+a®=0
z24-by+b2x+b2=0
z-+cy+ctx 4-¢=0.
the system
zt+ay+a*r-+a’t+at=0
z-+by -+ b*x +b3% - b2=0
z24-cy+ctxt-cdt4ct=0
z2+dy - d*z+d+dt=0.
the system
z+y+z+u=m
ar+by +cz-+du =n
a*x by -’z dPu =k
alx + b3y + ¢z + dPu = 1.
the system
Zy+ 22, +3x3+ ... +nrn, =aq

Zo+2x3+32,+ ... +nTy =a.

Tn+2x1+ 32+ ... +nrp=ay.
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27. Solve the system

Ty— XLy — Xg— ... —In=2a
—1‘4+31'2— Irg— ... —:L'n==4a

— Ty — 1'2+7T3— ——.’l'n=8€l

— Xy Tg— XLzg— ... —|——(2"—1)xn:2na.

28. Solve the system
Tyt T+ 23+ o o =1
-+ x3t oo fxp =2
T2y &+ ... FxTn =3

Ti+Zo+ ... 4-Tp_y=n.
29. Show that for the equations
ar + b =v, ax+ b =0.
to be compatible it is necessary and sufficient that
ab’ — a'b = 0.
30. Show that the systems
ar + by +c¢ =0
azx+by+c =0
and
Lax+by+c)+ 1 (a'x +by +¢) =0
- m(ax+-by+c)+m' (a’x+by+c')=0

are equivalent if

Im'"—1'm=£0.
31. Prove that the system

ax+by 4c¢ =0

a'z+by+c =0

has one and only one solution if
ab’ —a'b£0.
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32. Prove that from the equations

ar+by =0
a'x+by=0,
if ab’—a'b=£0, follows
r=y=>0.

33. Show thal the following three equalions are compatible
ax+by +c¢ =0,
a'c+bytc =0,
allx -r blly _I._ cII:—_: 0
if a” (be’ — b’c) + 0" (ca’” — c’a) + ¢” (ab’ — a’b) = 0.
34. Let a, b, ¢ be distinct numbers. Prove that from
the equations:

z -+ ay + a*z —= 0,
x -- by + b%z = 0,
z+ecy + ¢z =0
follows
x =y =12=0.
35. Prove that from the equations
Ax+4 By +Cz =0,
Az 4 By + Ciz=0

follows
X . y . V4
C,B—CB; ~ CA;—C,A — AB,—A;B

if not all of the denominators are equal to zero.
36. Provethat the elimination of z, y, z from the equations

ax + cy + bz =0,
cx - by + az = 0,
bx + ay +cz =0

yields
at -+ b -+ ¢ — 3abe — 0.
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37. Given the system

=k (14)
==z (1-%)
(1=%)

2|z sy =
+
nlN
|
= >

Prove that the equations are compatible and determine z,
y and z.

38. Determine whether the equations of the system
(a+byx 4 (ap- bg) y = ap®+bg®
(ap+by) x4+ (ap*+ bg*) y=ap®-- by’

(ap* - bg* ) 2 4 (ap” + b¢*) y = ap™ ™ + bg* !

are compatible.
39. Solve the system

T+ T3 =ay
Xy+ 13 =ay

Ly -2, = a3

Tnot - & =an-y

In+ Ty =an
40. Solve the system

r+y-+z=0

azr b2y | 2z
a—a tr—at7=2="Y

b
o+ —Z=d(a—1D) (b—c) (c—a).
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41. Solve the system

+ay+)=(>@—n (-0
+d@z+m=0-0)(m—c
(z+c¢)(z+ n) =(c —m)(n— a).
42. Determine k for the system
z+(14+ky=0
A—kz+hky=1+k
A+kz+12—-ky=—-01+k

to be compatible.
43. Solve the system

z sin a + y sin 2a + 2 sin 3a = sin 4a
z sin b + y sin 2b + z sin 3b = sin 4b
z sin ¢ + y sin 2¢ -+ z sin 3¢ = sin 4c.
44. Show that from the equalities
a b c
sind _sinB _ sinC’ A+B+C=n

follows

a=>bcosC + ¢ cos B,
b=ccosAdA + acos C,
¢c =acosB 4+ bcos A.

45. Show that from the given data
a =bcosC -+ c cos B,
b=ccosA + acos C,
c =acosB + bcos A,

0<A<n, 0<B<n O0<C<n a>0,
b>0, ¢>0,

follows
a b c

= = and A4+ B+4C=nm.

<ind _sinB _ sinC
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46. Given

a =bcosC + c cos B a® = b% + ¢* — 2bc cos.A

b=ccosA +acos C (1) b2 = a%® -+ ¢ — 2ac cos B (2)

¢c =acosB + bcosAd ¢ = a? -+ b%2 — 2abeos C.

Show that systems (1) and (2) are equivalent, i.e. from
equations (1) follow equations (2) and, conversely, from

equations (2) follow equations (1).
47. Given

cosa = cos bcosc + sin b sinc cos 4,
cos b = cos a cos ¢ + sin a sin ¢ cos B, ()
cosc¢ = cosacosb 4 sinasin b cos C,

where a, b, ¢ and A, B, C are between 0 and =.
Prove that
sinA  sinB sin C
sina _ sinb _ sinc

48. Prove that from the conditions of tne preceding
problem follows

1° cos A = —cos B cos C - sin B sin C cos a,
cos B = —cos 4 cos C - sin 4 sin C cos b,
cos C = —cos A cos B -} sin 4 sin B cos c;

o pan b0 - p p—a p—b p—c
2 tdnze_—l/tanitan 5 tan——-—z—-tan 5

if e=A4A+B+C—mn and 2p =u -+ b + c.
49. Solve the equation
(b — ¢) tan (r + a) + (¢ — a) tan (x + P) +
+ (@ — b) tan (x 4+ y) = 0.
50. Prove that sin x and cos z are rational if and only if

tan% is rational.

91. Solve the equation

sint x - costz = a.
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92. Solve the following equations
1° sin z + sin 2z + sin 3z = O;
2° cosnx + cos(n —2) £ — cos x = 0.
93. Solve the equation
1° m sin (@ — z) = n sin (b — z);
2° sin (z + 3a) = 3 sin (@ — z).
94. Solve the equation
sin 5z = 16 sin® z.

99. Solve the equation

sin £ + 2 sin z cos (a — z) = sin a.
56. Solve the equation

sin z sin (y — z) = a.
57. Solve the equation

sin (@ + ) + sin & sin z tan (@ + ) = m cos a cos z.

58. Solve the equation
cos® a -+ cos? x + cos? (@ + z) = 1 + 2 cos & cos (a-+z)
599. Solve the equation
(1 — tanz) (1 + sin 2x) = 1 4 tan z.
60. Show that if
tan z —|— tan 2z + tan 3z + tan 4z = 0,

then either 5z = kn, or 8 cos 2z =1 + V' 17.
61. Given the expression

ax® + 2bxy + cy?.
Make the substitution

z = X cos O — Y sin 0,
y = X sin 0 + Y cos 0.
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It is required to choose the angle 0 so that to ensure the
identity
ax® + 2bxy + cy? = AX? + BY?2.
62. Show that from the equalities
x z

. y
tan 0+ o) ~ tan(04P)  tan(0-+7)

follows
z+y . +2z . z2+2x .
-x_—t—‘y/sm2 (a—P)+ -hsmﬂﬁ—-y)—l— Z__Lxsmﬂy—a)-,—O.
63. Solve the systems
1° sinz _ siny _ sinz
a b ¢
T+Y+z="m
90 tanz tany tangz
a b T ¢
T4y—+z=nm.
64. Solve the system

tanrtany=a
x+y=2b.

65. Solve the equation
i 1
4 — 33:_E = 336+§
66. Find the positive solutions of the equation

$x+1 = 1.

—22%-1,

67. Solve the system
aby=m
z4+y=n(a>0,b>0).
68. Solve the system
z¥ = y*
a*=bv.
69. Solve the system

(ax)log a__ (bu)log b

v

blog x — glog y,
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70. Solve the system

5. EQUATIONS AND SYSTEMS
OF EQUATIONS OF THE SECOND DEGREE

The present section contains mainly problems on solving
quadratic equations and using the properties of the second-
degree trinomial.

It should be remembered that if the roots of the trinomial
ax® + bx + c* are imaginary, then this trinomial retains
its sign at any real values of x. As is easily seen in this
case the sign of the trinomial coincides with that of the
constant term (i.e. with the sign of ¢). Thus, if ¢ > 0 and
the roots of the trinomial az? + bx + ¢ are imaginary, then

ax®! + bx + ¢ >0

for any real =z.

When solving systems of equations the following proposi-
tion should be taken into account. Lel a system of m equa-
tions in m unknowns be undcr consideration, the degrees
of these equations being, respectively,

ki, Koy ooy Ko

Then our system, generally speaking, allowsfork,k,. . . k,,
solution sets. To be more precise, the product of the degrees
of the equations is the maximal number of solutions.
Sometimes this limit is reached (see Problem 23), but some-
times it is not. Nevertheless, this proposition is of impor-
tance, since it prevents the loss of solutions.

1. Solve the equation

(b+2) @+0) | 13 B+ O+2) | 5 +2)(Ctd
P emhe—a T oat=a ¢ —ne_p ~ O+

* In this section the letters a, b, ¢, p, ¢ and other constants in
the equations denote real numbers.
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2. Solve the equation
ad(b—c)(x—b)(x—c)+ b (c—a)(x—c) (x—a)+

+c3(a—b)(z—a)(z--b)=0
and show that if the roots of this equation are equal, then
exists one of the following equalities

=0.

1 1 1
+ — 4+ —=
Va ™ Vb~ Ve
3. Solve the equation
(a—z) Va—z—(b—2z) Vz—b —a— b
Va—-x+v.z—b o '

4. Solve the equation

Vi4a+b—5z+Vib+a—5z—3 YV a+b—2r=0.

9. Prove that the roots of the equation

—a)(z—¢c)+A(z—b)(xr—d) =0
are real forany A if a << b<<c<d.

6. Show that the roots of the equation
—a)(z—b +xx—a)(z—c)+ (x—b)(x—¢c) =0
are always real.

7. Prove that at least one of the equations

> + pxr +q =0,
2+ px+q =0

has real roots if pjp = 2 (¢; + q).
8. Prove that the roots of the equation

alz—bd@x—c)+b(x—a)(x—c)+
+c(x—a)(z —b)=0

are always real.
9. Find the values of p and g for which the roots of the

equation
24+ pxr+q=0

are equal to p and gq.

10. Prove that for any real z, y and z there exists the
following inequality

2+ y*+22—ay —az—yz>0.
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z+y-+:z=a.
Show that then

2ty 2>l
12. Prove the inequality
z+y+2<V 3@+ + ).
13. Let o and § be the roots of the quadratic equation

z* + pz + ¢ = 0.
Put a* + B* = s,.

Express s, in terms of p and g at k = 41, +£2, 43, 44,
+35.

14. Let o and P be the roots of the quadratic equation
24+ pr4+qg=0 (>0, f=>0).

Express § -4/ B interms of the coefficients of the equation.
15. Show that if the two equations

Ax2 +Bx +C =0, A'2*+ B’z +C' =0
have a common root, then
(AC" — CA')2 = (AB' — BA') (EC' — CB').
16. Solve the system
z(x+y+3z)=ad
y(@+y+2 =0
z(x +y + 32) = c.
17. Solve the system
z(x+y+z=a—uyz
yle+y+2 =>b—az
z(x+y+ 32 =c— ay.
18. Solve the system

y+2zx+z=a(y+ 2)(z-+ 2

z24+2y+zxz=>bG@+y (x+y)
r+2z+y=cy+ 2 (x4 2.
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19. Solve the system
y+z+yz=a
T+ 2+ xz2=0>
z+y+ay=c.
20. Solve the system
Yz = ax

2z =by (a>0,b>0, c>0).

Ty = ¢z
21. Solve the system
2% 4 y? = crys
z% 4 2% = bayz
Yyt + z* =axyz.

22. Solve the system

z (y + 2) = a?

y (x + z) = b?

2 (x +y) =
23. Solve the system

2 = ax 4 by

¥y = bz + ay.

24. Solve the system
2 =a+ (y —2)?
2= b + (z — 2)?

22=—c 4+ (x — y)%

25. Solve the system
b(x+y) + c(z x)

z-+y-+cry x4z brz = &
cwtn | ety
y+z+tayz ' r+y-+tcxy

az+z) | byt

ztz+baz ' ytafayz
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26. Solve the system

2 —yz=a
Vv2:—zz=5»
22 —zy = c.

27. Solve the system
P2 —@G+oe=a
24+ 22 —(x+2z)y=05b
22+ Yy —(r+yz=c.
28. Solve the system
24yt ooy =
22 + 22 4 2z = b?
y: + 22 4 yz = a’.
29. Solve the system
PP 4P =d
z* + y* + 2 = a?
z+y +2 =a.
30. Solve the system
z8 Lyt -z b oyt = g
2+ B+’ =g
22 4y 2 4w = g
x +y +2 +u =a.

31. Prove that systems of equalities (1) and (2) are equi-
valent, i.e. from existence of (1) follows the existence of (2)
and conversely.

a? +b% +¢c* =1, aa’ +bb 4cc’ =0,
a'?4-b%4-c2=1, a'ad" bV 4c'c" =0, (1)
a?+b"%4-c"* =1, aa" + bb" +cc" =0;
a® +a't+a"%=1, ab+4a’'d’ +a"d" =0,
b 40240 =1, be4-b'c’ +b"c" =0, (2)
¢t 44" =1, ca+c'a’ +c"a" =0,
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32. Eliminate z, y and z from the equalities

?(y+z)=a® yP@t+z)=0, 22@ty)=c® zyz=abc.
33. Given

Z ¥4 x X /
i_._-—_—_a’ '——‘—’-b, .__._..'_,__~—-c
A y x A

Eliminate z, y and z.
34. Eliminate xz, y, z from the system
y? + 22 — 2ayz =0
22 + 22 — 2bxz = 0
2?2 4+ y? — 2cxy = 0.

y z

35. Show that the elimination of x, y and z from the system
y? 4+ yz 4 22 = a?
22 + xz + 2% == b?
2 +zy +y* = ¢

14 2y +yz+ 2z =0
yields

a@+b+e)b+c—a)at+c—>b(a+b—c) =0.
36. Eliminate x and y from the equations
x+y=a x+y*=0>b, ®+y =c

37. Eliminate a, b, ¢ from the system

x__y__z
@ b ¢
a® + b% + ¢ =
a-t+b+c=1.
38. Given
S+ te=2
++

&I'c Nlt:
+
\_/‘qh“ t'1I“'
i I
=< =

—_
< |8
1
NI‘Q
S
—
n <
+
8w
| N
—
8| w
_|_.
<| s
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Eliminate z, y and z.
39. Prove that if

z+y+z+w=0

ax + by +cz+ dw =0
(@ —d)? (b—¢)® (aw + yz) + (b — d)* (¢ — a)® (yw + 22) |-
+ (¢ — d)*(a — b)*(zw + zy) =0,

then
xr . Yy .
@—b)d—c)(b—c) (d—c)({d—a)(c—a)
_ 2z _ w
T (d—a)(d—b)(a—b)  (b—c)(c—a)(a—b) "
40. 1° Let
I<aln, 0<B<m
and
cosoc—i—cosﬁ—cos(oc—i—ﬁ):—g—.
Prove that
a:B:jtg—.
2° Let
I<aln, O0<L<B<nn
and
cos o cos f cos (o + B) = ——;—.
Prove that
a=[3=-5—3‘-.
41. Let

cos 8 + cos ¢ = a, sin 0 4 sin ¢ = b.
Compute

cos (0 + @) and sin (0 4+ o).

42. Given that o and P are different solutions of the
equation

acoszx + bsinxz = c.
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Prove that
2 a——B _ 62
(Vo] 5 = a2+b2 .
43. Let
sin(0—a) a cs(0—a) ¢

sin(0—P) b ' Tcos(0—P) d°
Prove that

ac- bd
CcoSs (a—ﬂ)=m.
44. Given
e2—1 __14-2ecos f|-e2
14-2¢coso-j-€2 ez —1 )
Prove that
1° e —1 _etcosPp _ sinf  14-ecosp
142ecosate2 ~ efcosa  — sine  14ecosa’
o a B__ 1+4e
2 tan—z—-tan—2—~i T—e"

45. Prove that if

cosz—cosSa  sin?2acosf

cosz—cosf ~ sin2Bcosa’
then one of the values of tan % is tan -°2-°— -lan %
46. Let
cos a = cos P cos ¢ = cos y cos 0, sina=25in%’-sin %
Prove that
tan® —az— = tan?® -g- - tan® -Z—

47. Show that if

(x—a)cos 0+ ysin0=(x—a)cos 0,4 ysin0;=a
and
0 o,
tan—z——-tan-f-_.Zl,
then

y?=2azx— (1 —1?) 22.
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48. Prove that from the equalities

zcosB+ysinO=zcos @+ ysingp=_2a

and
.0 . @
2 sin 5 sin &= 1
follows
y? = 4a(a—2).
49. Let
cos 0 = cos & cos f.
Prove that
9+ o 0—a — P _B_
tan —T—.tan 5 = tan 5.

50. Show that if

cosz _ cos(z+40) _ cos (z 4 20) _. cos (z 4 30)

a b c d !
then
atc bitd
b ~ ¢ °
51. Let
cot0=BE, g, nd_tme.
Prove that

2% 4.2V qan2 B
tan 5 tan 2_tan 5

52. Prove that if

0
cos 0 =cosa cos B, cos ¢ =cosa,cosp, tan — tan +=tan

2 2
then

sin f= ( coia -1) (c03a1—1)'
93. Let

r cos (& + B) +cos (o — B) =z cos (B + ) -+ cos (B —y) =

9 ?

=z cos (y -} &) 4 cos (y — a).
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Prove that
tan o _ tan f _ tan y

tan —;— B4V tan-%— (e 4 v) tan -;— (x+P)
2%4. Prove that if

sin (B—Pf) cos cog (o +9 smﬁ
sin (¢ —a)cos + cos (p—P) sina ~
and
tan O tan a cos (—P)
tan @ lanfp + cos () -
Lhen

tane::%(tanﬁ-kcota), tan(pzzé(tanoa——cotﬁ).
95. Given
n? sin? (o -+ B) = sin® o 4- sin? f — 2 sina sin P cos (@ — P).

Prove that
1 +n

tan a -= ;7——tan B.

1Fn
56. Eliminate 8 from the equations
cos (@ — 36) = m cos® 0, sin (@ — 30) =m sin? 0.
57. Eliminate 0 from the equations
(a—"0b)sin (B4 ) =(a—+ b)sin (0 —q),

0 ®

a tan?——b tan =

58. Show that the result of elimination of 0 and ¢ from
the equations

sin B siny
: COS (= —
sineg P sing ’

= C.

cos =

cos (B— )= sin fsiny
is
tan? o = tan® f 4+ tan®y.
59. Eliminate 0 and ¢ from the equations
asin? 0 + bcos? 0 = acos®¢p + bsin? ¢ =1,

atan 8 = b tan .
60. Prove that it

cos (8 —a) =a, sin (0 — P) =
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then

61

62.

63.

64.

65.

66.

67.

68.

69.

a® — 2ab sin (& — B) + b2 = cos? (@ — B).
Solve the equation
cos 3z cos® x 4 sin 3z sin® z = 0.

Solve the equation
sin 2x + cos 2x + sinx + cosx + 1 = 0.

Solve the equation

{—cosz

tan®’r = —=-—=.
{—sinz

Solve the equation
32 cos® x — cos 6 = 1.

Solve and analyze the equation
sin 3z 4 sin 2z = m sin z.

‘Solve the equation

cos x cos (22 —a

(1+k)= oo (&—a) )=1+kcos2x.

Solve the equation

sint x 4 cos* x — 2 sin 23:—{—% sin? 2z = 0.
Solve the equation

2 log, a + loggx a + 3 logee, a = 0.

Find the positive solutions of the system
Y — ya, yx+y — 4% (a > O).

70. Find the positive values of the unknowns z, y, u and
v satisfying the system

uPvi=gqa*, ul?=da¥, uvY=0b, u*=c

(a, b, ¢ >0 and p*—¢®5=0).
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6. COMPLEX NUMBERS AND
POLYNOMIALS

We proceed here from the assumption that the principal
operations with complex numbers (i.e. addition, multipli-
cation, division and evolution) are already known to the
reader. Likewise, we take as known the trigonometric form
of a complex number and de Moivre’s formula. In factoring
polynomials and solving certain higher-degree equations an
important role is played by the so-called remainder theorcin
(stated by the French mathematician Bézout), usually
considered in textbooks of elementary algebra. Let us
recall it: if f (z) is a polynomial in z and if f (a) = 0, then
f (x) is exactly divisible by x — a. HHence (assuming that
the polynomial has onec root) follows the possibility of
resolving an nth-degree polynomial into n, equal or unequal,
linear factors as well as the following proposition used here
repeatedly: if it is known that a certain nth-degree polyno-
mial in z vanishes at n 4+ 1 different values of z, then such
a polynomial identically equals zero. Consequently, if two
polynomials of the nth degree ni x attain equal values at n4-1
different values of z, then such polynomials are identically
equal to each other, that is, the coefficients of equal powers
of = coincide. Finally, let us mention the relationship bet-
ween the roots of an nth-degree equation and its coeffi-
cients. Let the polynomial

'+ pix" - pox™ ™+ ...+ PnosZ A P ‘

have the roots zy, z,, . . ., x,, so that there exists the facto-
rization '

2+ p ™t pext i L pa=(x—x) (T —Ty) . . (T — ).
We then have the relations:
Zy+ 23+ ...+ x, = —py,
Ly + 223 + ... oz, + T3 + .. F 24T, = pa,

ZiZoX 3 + ... —l_ ZTp oy 4Ty = —pPa3s,
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1. Let z and y be two complex numbers.
Prove that

lz +ylP+ lz—ylPP=2{lzP"+ 1 y*}.
The symbol | a| denotes the modulus of the complex num-
ber a.

2. Find all the complex numbers satisfying the following
condition

1° z = a2;
2° z = 8.

The symbol z denotes the number conjugate of z.
3. Prove that

ViesFaz+ - Fan) F O+ bt ... Fonp<Va@ o+
+VaeFoi+...+V a0,

where a; and b; are any real numbers (i =1, 2, 3, .
4. Show that

(@+ b+ c)(a+ be + ce?) (a + be? + ce) =
=a® + b 4+ ¢ — 3abe
e24+e4+1=0.

N OR

if

9. Prove that
(@® + b® 4 ¢ — ab — ac — bc) %
X (@ +y* + 22 — 2y — a2 — Yz) =
=X*+Y24+ 722 XY —-XZ-—-YZ

if
X =azx + cy + bz,
Y =cx + by + az,
Z = bx + ay + cz.
6. Given

x+y +z =A4,
x+ye +ze* =0,
r+ye?+ze =C.
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Here and in the next problem e is determined by the equa
lity
e2t+ e+ 1=0.

1° Express z, y, 2z in terms of A, B, and C.
2° Prove that

AP+ B+ 1CP=3{lz”+ |yl*+ | z*}.
7. Let
A=zx+Yy+2, A'=z'+y +72, AA =2"+y" -} 7,
B=x-+4ye +28* B =z +y'e +2'¢?, BB =a"+y'e+ 2",
C=zx-tye?+z2e, C'=x"+ye+z'e, CC' =a"+y'e?+ 2"

Express z”, y” and z” in terms of z, y, z and 2’, y’, 7'.
8. Prove the identity

(ax — by — cz — di)* + (bz + ay — dz + ¢i)® +
+ (cz + dy + az — bt)* + (dz — cy + bz + at)® =
= (@ + b* + ¢ + &%) (2* + y* + 22 + £°).

9. Prove the following cqualities

1° coan)—:m%—(g)tan2cp—l—(2)tan4(p——...—|—A,

cos™ @
where

n

A—_:(——i)rztan"(p if n is even,

n—1
— n
A=(—1) ? (n-—i ) tan”l¢ if n is odd;

go SN NG _ ( )tan(p (g)tan?’(p—}—(g)tarl5(p—{~...+A,

cosh ¢

where }
-2

_(—-1)7(

—(-—1) tan™ if n is odd.

n

n"‘l . .
n——i) tan"t¢ if n is even,

,.s
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Herc and in the following problems

n kK nn—1)...(n—k41)
(k)‘cn* 123k '

10. Prove the following equalities

Pl om 2m
1° 92M og2M g — Z 2( )cos2(m-k)x+ ( );
k m
k=0
R=m-—1
o . m+h 2m
2° 2" sin®™ x = z (— 1™ 2( )cosZ(m——k)x—{—
k
k=0
2m
()
m
h=m
2 1
3° 2" cos*™M = ) ( "+ )cos (2m — 2k + 1) x;
k
k=0
h=m 2m 1
4° 2% sin P g = ) (—1)™* ( ) sin (2m—2k+-1) .
k=0 k
11. Let
Up=cosa—+rcos (a4 0)+4r2cos(o+20)+4 .... +
+r" cos (o + nb),
Up=sina—+rsin (a4 0) 4 r?sin (a +20) - ... +
-+ r" sin (¢ + n0).
Show that
__cosa—rcos (—0)—rn*l cos [(n+1) 0+ a]4r*2 cos (n0 -+ a)
Un= 1—2rcos 0+ r2 ’
. sina  rsin(a—0)—r"* sin [(n+1) 0+ a] 4 r**2 sin (n 4 )
n— 1 —2r cos 0+ r2 )
12. Simplify the following sums
1° S=1+ncosb} n(f.gi) cos20 + ...=

h=n

= D) Cncoskd, (Ch=1);

k=0
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h=n
2° 8" =nsin0 —}—L(-'i(:}l sin20-4 ...= 2 Cﬁ sin k0.
1.2
h=0
13. Prove the identity
sin®® o -+ sin?? 20 -+ sin*’ 300 4+ ... 4-sin?? na =
4, 1:35.....2p—1)
=3 T T35 2

if a:—%— and p<2n (pa positive integer).

14. Prove that

1° The polynomial z ("' — nra™?) 4+ a" (n — 1) is divi-
sible by (zr — a)2.

2° The polynomial (1 — 2™ (1 + z) — 2nx™ (1 — z) —
— n22™ (1 — x)? is divisible by (1 — z)3.

15. Prove that

1° (x + y)* — 2™ — y* is divisible by ay (z + y) X
X (2* + zy + y?) if n is an odd number not divisible by 3.

2° (x + y)" — 2" — y* is divisible by ay (z 4+ y) X
X (2* + zy + y?)? if n, when divided by 6, yields unity
as a remainder, i.e. if n = 1 (mod 6).

16. Show that the following identities are true

1° @+ y? —2° —y =3y (z + p);
2 {z 4 y)® —2® — y° = 5ay (& + y) (a® + 2y + p?);
F¥@E+y) —2 —y =Ty (x+y @+ 2y + >
17. Show that the expression
(x+y+2" —a2" —y" —z" (modd)
is divisible by
(x+y+ 2> —ad —y* — 2.

18. Find the condition necessary and sufficient for z* 4
+ y® + 22 4 kaxyz to be divisible by z + y + z.

19. Deduce the conditon at which 2" — a™ is divisible
by ¥ — a” (r and p positive integers).

20. Find out whether the polynomial z** 4 z%*'
4 ogicte o g (a, b, ¢, d positive integers) is divisible by

2+ 22+ + 1.
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21. Find out at what n the polynomial 1 + z% 4 z* +
+. ..+ x?""?is divisible by the polynomial 1 +x + z? +
4 ...+ 21,

22. Prove that

1° The polynomial (cos ¢ 4+ z sin ¢)" — cos ngp —
— z sin ne is divisible by 2% + 1.

2° The polynomial 2" sin ¢ — p"! z sin n¢ +
+ p" sin (n — 1) ¢ is divisible by x? — 2px cos ¢ + pZ.

23. Find out at what values of p and g the binomial
xz* 4+ 1 is divisible by 2% + pz + ¢.

24. Single out the real and imaginary parts in the expres-
sion Va -+ bi, i.e. represent this expression in the form
x + yi, where x and y are real.

25. Find all the roots of the equation

" = 1.

26. Find the sum of the pth powers of the roots of the

equation
2" =1 (p a positive integer).
27. Let
€ = COS 2—:-—{—isin -ZTH (na positive integer)

and let
Ay = 4-ye* + 262 + ... 4 we™ Dk

k=0,1,2,...,n—1),

where z, y, z, . . ., u, w are n arbitrary complex numbers.
Prove that
h=n—1

2 | ArP=n{lzP+|yP+]zP+ ... +|w|}

R=0
(see Problem 6).

28. Prove the identities
h=n—1

1° 22" — 1 =(22—1) > (x2—2xcos-l%+1>;
=1

h=n

o n Zk

2° 22— =(z—1) [] (x2—2xcos an—ti —l*i);
k=1
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k=n
o ,2n+1 _ 2 T .
3° g2n —1__(x+1)H (x -2z cos 5 —l—l),
h=1
h=n-1
4° x* 1= (x2—2xcos£-;_—1———|»1)
h=0
29. Prove the identities
o . W . 2n . (n—Y)a  Vn,
1 Sin—sin 5= . .. sin———— = "]
'IL
2° cos —2" _ o 4m oS 2nm (-—1)
Sonr1 % g ont1 . on

if n is even.

30. Let the equation 2™ =1 have theroots 1, a, B, vy, ...

Show that
1—a)(1 —PB A —17v)...1—A7) =n.
31. Let

Ly Loy « - oy Tp
be the roots of the equation

2+t 42 4+1=0.

Compute the expression

1
.’61——1 _Jr lz-——1 + e _i_ In—1 )
32. Without solving the equations
y2
p,2 + M2_b2 - Mz_cz =1,
y2
vz + vz b2 + \,2.__02 =1,
pz —} b2 "l— :1,

find
x? 4+ y? + 22,

A.
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33. Prove that if cos @ -+ i sin & is the solution of the
equation

2" + px*t+ ...+ p, =0,

then p; sin a+p, sin 2a+. . .4-p, sin na =0 (py, pa, . . . ,
p, are real).
34. If a, b,c, ..., k are the roots of the equation

" + px” - par™ 4+ ppa +pa =0
(p1» pay - - ., pp are real), then prove that
@+aH(U+0H...(1+E)=
=0 —p2+pi—.. 0+ @—ps+ps—...)>%
35. Show that if the equations
2 + pxr+q =0
2+ pz+qg =0
have a common root, then
(pg" —gqp) (p — P')* = (g — ¢')°.
36. Prove the following identities

1° 3'/ coS 3;[——1— 3]/ COS —4,%4- ui/ cos :873-:
— Y/ L-3y7);
2° 3|/ coS %n—}- 3'/ cos%—t—l— 3|/ coS §9£= i/%(?) W—G).

37. Let a-b-c=0.
Put

a® -+ bk 4k =s,.

Prove the following relations (see Problems 23, 24, 26
of Sec. 1)

2s, = s3, 05 = DS,83,
Os; = Ts3s,, 10s;= 7s,s5,
298783 =21s:,  50s2 = 49s;sL,

1
Sn+3 = abesp + o S2Sn41.
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38. 1° Given

x +y = u-+v,
22 + y? = u® + v
Prove that
xn+yn=un+v'l
for any n.
2° Given
x+y+z=u-+v-+1t,
2+ Y+ 2 =u P+
2+ P+ 2 =u 4 P B
Prove that
xn+yn+zn:un+vn+tn
for any n. '
39. Let

A = xy + z,8 + x38%, B = z; + x,8% + x3¢,
where .
e2+e+1=0,
and x;, x5, 3 are the roots of the cubic equation
2 + px + q = 0.
_Prove that A?® and B3 are the roots of the quadratic equa-
tion
22 4 27qz — 27p® = 0.
40. Solve the equation
x+a)y(x+b(x+ec)(x+d=m

a+b=c-+d.
41. Solve the equation
(z + a)* + (x + b)* = c.
42. Solve the equation
(x+b—{—c)(x—l—a+c)(x+a—{~b)(a—l—bJ‘rc)—
— abcx = 0.

if
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43. Solve the equation
22 + 3ax® + 3 (a® — be) x + a® + b® + & — 3abe = 0.
44. Solve the equation
axt 4+ bx® +cx® +dxr +e =0
if
a+b=b+c+d=d-+ e
45. Solve the equation
(@a+ b+ 2 — 4 (a® + b + 2% — 12abx = 0.
46. Solve the equation

a2z
2—{—(a+x =m (e and m > 0).
Deduce the condition under which all the roots are real,
and determine the number of positive and negative roots.

47. Solve the equation

(524 + 1022 4 1) (5a% + 10a2 + 1)
(x4 + 1022 4+1) (at 4 10a2 4-5)

48. Solve the equation

= axrx.

azz>
(x —ay) (x—ag) (z—a3)

1+ + f27

x’—ai (z—ay) (z—ay)

+

+ azmxdm—i _ 2pzm_.p2

(x—ay) (x—ag) ... (z—aap) (T—ay)(T—as) ... (z—azpy) "

o

49. 1° Solve the equation
22+ px? +qx +r =0
if 25 = zu;.
2° Solve the equation

2+ pe2+qr+r=0 if 2y = xy + 3.
50. 1° Solve the system
v+ 22 + a® = 3ayz
22 + 23 + b = 3bzx
2 4+ y® + ¢ = 3exy.
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2° Solve the system
—a=y'—b=12"—c=ut—d = zyzu

ifa+b+c¢c+d=0.

51. In the expansion 1 + (1 + x) —|— + (1 + 2)" in
powers of z find the term contalnlng z®

52. Prove that the coefficient of -2° in the expansion in
powers of x of the expression {(s — 2) 2 + nx — s} (z+1)"
is equal to

nC: 2,

53. Prove that for t >1 p2?—qgz®* — p + 9 >0 (p, ¢
positive integers and g > p).

54. Let z and a be positive numbers. Determine the
greatest term in the expansion of (x + a)".

55. Prove that

o m—i (i — D G (— 1) am =0
if i >m.
2° m™—m(m— 1) 2O g oym

1.2
+(—1D)"Tm=m!

(i and m positive integers).
96. Prove the identity

(22— a?)" = {2 — CZz"2a? 4 Cha™dat — .. )2 1
4+ {Cnaz™la—Ciz" 33 + .. )2
57. Determine the coefficient of z! (I1=0,1, ..., 2n) in

the following products
1°I+z+22+ ... 2" {1+t 224 ...+ 2"}
2° {I+zx+224 ... L™yl —ax+ 22—+ ... 4

+(—=1)" 2™}
3 (1424324 ...+ (n+1) 2"} {1+22+322+ ... +
+(n+1) 2}
4° (1+224322+ ...+ (n+1) 2"} {1 —22+ 32— ... +

F(—1)" (n+1)z").
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58. Prove that

1° 1+Cn+cn+ -—Cé—{—cd—{— e.. =271
2° C2n"r'C2n‘+' +C2n =2*"2 if n is even;
3° 1+Cip-. Con 1922 -2 it 5 is odd.

99. Prove the 1dent1tles

° 1 (on
1°Corciacty .. §-(2 +2 cos S )

o i v4 7 ! . (n—2)m \ .
2 Crz+6n+0n+ __—-,?T( +ZCOS_—3—)’
... —;’-(zu 2cosi"_’—;‘)—1).

60. Prove thal

n
1" c n+C;L+---=—;—(2"‘1+22cos 14{‘:—),
2° Ca+CrtCat ... =%—(2“‘1+225m ﬁg)
3° CZ+C —l—C + ___1_(211-1__2%1005 ﬂ)
n n — 2 4 ',
4 CL I C 4. =g (2 —2sin IT).

61. Prove the equality
124224 42 =Co +2(CE4Ci_y+ ...+ C3).

62. If a,, a,, a; and a, are four successive coefficients in
the expansion of (1-+ )" in powers of z, then

aq as _ 2(12
a4+ ag + a3+a,  as+ta3
63. Prove the identity
1 1 1 2n—-1

1(n—1l+3|( )'+5|(n +"°+(n—1)!1!~ n!

(n even).
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64. Find the magnitude of the sum

s=ChA—3C34+3%C;—3ChL+ ...

65. Find the magnitudes of the following sums
o=1—C:t+Cht—Clu1 ...,
0'=Cp—Co+Ch—Crnt....

66. Prove the identities

1° Co+2CL+3C24+4Co+ ... + (4 1) Cr=(n+2)2";

20 Cl—2C%-3CE+ ... +(—=1)"1tnCh=0.

67. Prove that

1 A1 1 2 1 3 (=)t s n
'§'Cn——§'cn+‘4—cn-l -o-+'—"nTCn——-n—+'T-
68. Prove that ,
o '1 1 1 2 1 n 2n+1——1 .
1 i‘!—‘z—cn-i—gcn‘f“ coe P Cn:ﬁ,
a0 . 22CY 93¢ aucd 2nHCT 3net_
2 2t =ttt =
69. Prove the identity
1 1 2. 1 A3 (—1n1 n 1 1 1
Cn—76n+—§ Cpn+ ... +-—n——-Cn—1+—2—+§+ ce

70. Prove that

1° Cn+Cnit +Crpot oo +Crpn=Crlaiy;

2° Coa—Cat-Cat ... H(—D"Ch = (— 1" Cn_y.
71. Show that the following equalities exist

1° COCE, +-CACE 4 .. CBCY = CPoy

o 0, r Lor41 —-romn 2n!
2° CaCrtCaCit' + ..+ O8O = T

72. Prove the following identities
1° (Ca)2 4 (Ca)* + (CHR2 + ... + (CH2 = C3y;
2° (C2n)' — (Cn)? + (Chn)2— . . .+ (Com2 = (— 1)" C3y;
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3° (Conp1)?— (Chapt)*+ (Conp1)?— . .. —(CETiy2=0;

o} ¢ mn 27———1!
£ (CA2+2(CE24 ...t n(Chyr= (n_‘;)! (n)—i)!'

73. Let f (x) be a polynomial leaving the remainder A
when divided by x — a and the remainder B when divided
by £ — b (a = b). Find the remainder left by this polyno-
mial when divided by (z— a) (x — b).

74. Let f (x) be a polynomial leaving the remainder A4
when divided by z — a, the remainder B when divided by
x — b and the remainder C when divided by z — ¢. Find
the remainder left by this polynomial when divided by
(x —a) (x — b) (x — ¢) if a, b and ¢ are not equal to one
another. .

75. Find the polynomial in z of degree (m — 1) which
at m different values of x, zy, 25, . . ., z,,, attains respecti-
vely the values yq, ¥s, . . ., Ym-

76. Let f (x) be a polynomial leaving the remainder A4,
when divided by x — a,, the remainder A, when divided
by x — a,, . . ., and, finally, the remainder A4,, when divi-
ded by £ — a,,. Find the remainder left by the polynomial,
when divided by (x — ay) (z — ay) . . . (x — ap).

77. Prove that if x4, x5, . . ., x,, are m different arbitrary
quantities, f (z) is a polynomial of degree less than m,
then there exists the identity

flo)=f (o) el o)

—Zg) (T4 —23) ... (Z4— Tm)
(z—z)) (z—2x3) ... (z—2zm)
(=) (g — ) (Tg—23) - .. (T2—2Zm) T
(z—2zy) (z—23) ... (—2Zm—1)
+1 (.’L‘m) (Zm—2z9) (Tm—22) .+« (Tm—Tm-1)

78. Prove that if f () is a polynomial whose degree is

less than, or equal to, m — 2 and z, 3, . . ., z,, aTe m
arbitrary unequal quantities, then there exists the identity
1 (21) + f (x2)
(zy—x2) (24— a3) ... (T4—Tp) (Lg— ) (T2—x3) ... (Tg—Tp)
4t I ) ~0.

(Tm— 1) (T —Z3) « . (Tm—Tm—1)
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79. Put
S, = x{l + .’Eg‘
T (=) (X —@8) . (B — ) | (22— 2) (T2 —23). . (Tp—Tp)
T
R P YTy ppy
(x4, 3, ..., xm are m arbitrary unequal quantities). Show

that s,=0 if 0O<<n<m—1, and s,_;=1, and compute
sp if n>m.
80. Compute the following

-~ ~n
x3 z3

S-n= (x4 —23) (x4 —23) ... (T4— ) +(32~$1) (T2 —23). .. (Z2+ Tm)
zt .
T +(xm“'xl) (Tm—Z2) . . . (Tm—Zm—1) (r=1,2,3, .. )

81. Show that if f () is a polynomial whose degree is
less than m, then the fraction

f (z)
(z—z¢) (z—2x3) ... (x—2zp)

(x4, 5, . . ., z, are arbitrary quantities not equal to each
other) can be represented as a sum of m partial fractions
A1 Az Am
z—uxy + z— 2o + ..+ z—2zxm ’

where A,, 4,, ..., A, are independent of x.

82. Solve the system of equations

el M S |
2

ai——bi aqy—

83. Prove that the following identity is true
n! e 2c2
(r+1)(r4+2)...(z+n)  z4+1 _:r+2+

3C3 nyy NCH

+x+3— (1) z-+n
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In particular,

1 _C}l 2 o 3 3_4 s
e R L St S

84. Prove the identity

n 8183 ...an , (@g—by) (ag—by) ... (an—by)
(—1) biby ... by by (by—by) . (bi-—bn) T
(ag—by) (ag— bz) . (@ap —by)
T bg (b —by) . (bz—b et
(ai—'bn)---(an—bn) —(__1\n
+bn(bn_bi)°-- (bn_bn—i)—( 1) )

85. Prove the identity

(@+B)... @tnB) _, _
@B =D

_ - (n4r)(n2—12) (n2—22) ... [n2—(r—1)2] P
—-Z ( ) ()2 z—rp "

86. Given a series of numbers ¢q, ¢1,¢5, ..., Cr, Chtts - - o-
Put Acy, = ¢p41 — ¢, so that using the given series we can

form a new one
Acy, Acy, Acy, . v\

We then put
Azck = Ack+, — Ach
so as to get one more series: A%y, A%y, A%, ... and so
forth.

Prove the following formulas

1° Ck+n—0k+ = Ac h—i-i(n——Agch—i—

4 Mo DD Nsey L. F AT

n n n—1
20 A Cp = Ck+n——1— Chin-1 + n_(_1—-2_l Chin—2 + e —|— ('—‘1)n0k.
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87. Show that if f (x) is any polynomial of nth degree
in z, then there exists the following identity

J(@)=10)+ 5 A (0) + 2= A2 (0)+ ... +
+x(x—1) ..’;!(x——n—|—1) A™f (0),

where Af (0), A% (0), ..., A"f (0) are obtained, proceeding
from the basic series: f (0), f (1), f(2), ... .
88. Show that if

=Ay L @)+ S (z—1) (z—2) ... +

+ A (z—1)(z—2) ... (z—n),

then A,=(s+1)"—CL"+C*(s—1)"+ ... +(—1)°Cs-1".
89. Prove the identity

nl 1 1 1
x(x+1)...(x—{—n){?+x+1+'”+$+n}=
4 Cy, 2 n_ 1
= E T et Teret o T amEe

90. Let
Qr (2)=xz(x—1)(x—2) ... (x—k+1).
Prove that the following identity exists

Pn (Z+Y) =@n (%) + Cr,Pn-1 (2) 1 (¥) +Crpn_2 () P2 (y) + ... +
+CR7 @1 (%) Py (¥) + 9n (¥)-

91. Prove the following identities

P2 yt=pt— P g4 3) PR — ..
n(—r ) (—r—2) ... (n— .
+(_1,rn(n r—1) (n rr!) (n 2r—|—1)pn vy

n+i _ yn+i
2 = P = Ch PN+ Cagp ™ — L

+(—1) Cn rpn 2" r+ ct ey
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where
p=z+y, g=zy.
92. Let zty=1.
Prove that
Z"(1+Cy+Cra g+ - +CLY" )+
+y" 1+ Clx4 ... FCLE™) =1,
93. Prove thai the following identity is true

1 | 1 Ch,
@—am(z—bym  (a—b)m {(Jc—a)m"l—(vf:—a)""“(b—a)Jr
Cins cm-t
T (:v—a)m‘zzb—a)2 Tt (x—a) (b—2a)m—1 }"‘
1 | Cl,
+(b—a)m {(z_b)er (z— bym=1 (a—b) + o+

m—
Conle

+(x—b) (a—b)"‘“}'

94. Show that constants A4,, A,, A; can always be chosen
so that the following identity takes place

(z+y)" =a"+y" + Ay (2" 2+ y"?) +
+ Aoy (2" Y L

Determine these constants.
95. Solve the system

Ty, =ay
Z1Y1 1 T2l = Qg
Ty; + 2oy, =as
Ty + Toy; = a,.

Show how the general system is solved

Tyt T+ 23+ ... +Tn+Tn=ay (1)
TiY1+ ToYa+ . oo + ZTnYn=ay (2)
Y+ 2yt ..+ Zayh=as (3)

----------------

Yy 4 apyit e F Xyt = ay,. (2n)
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96. Solve the system
z+y+ztutv=2
pr+qy-+rz-4-su4-tv=23
p’x+ ¢?y 41’z + s2u + v =16
pPx+ ¥y +r3z + sdu 4 t3v =31
pir+ @ty +riz +stu + 1w =--103
Pz +- @y + r3z+ sdu -+ t%v = 235
pbx + q®y 4 réz + sSu -+ t%v = 674
p'x+qy+riz+su-t+t'v=10669
pix+qty + r¥z 4 sdu + t8v = 4 526
- pPx+ q® + r°z + s%u 1% = 11 595.
97. Let m and p be positive integers (u<{m). Put
(1—am) (4 —zm-1) .. (1 — P

(1—z) (1 —a2) ... (1—a¥) =(m, p).

Prove that
1% (m, ) =(m, m—u);
2° (m, p-1)=(m—1, p+1)+ar w1t (m—1, p);
3 (myp+) =@ wt+tap+Lp+a?@+2,0)+... +
+zmw=t(m—1, p);
4° (m, n) is a polynomial in ;
5° 1—(m, 1) (m, 2)—(m, 3)+ ... is equal to
(I—x)(1—2% ... (1 —2™1) if m is even,
0 if m is odd.

(Gauss, Summatio quarumdam serierum singularium,
Werke, Bd. II).
98. Prove that

1° 1+22) (1 +2%2) ... (1 4+ a2"2) =
=n . " k(h41)
— Q. (I—a2?) (1 —ant) ... (1 —znk+Y) 2 k.
1+Z (1I—zl)(1—22) ... (1 —zk) z z,
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2° 14xzz)(1+2%) ... (1+ 22" 22) =

h=n
—z2n) (1—a2n-2) ., (1— xZn-2h+2)

_ (1 k
"1+hzi TA—23) (1—23) ... (1— 22k 'z,

99. Let
pp=1—z)(1—2%) ... (1—2z").
Prove that
1 z z3 xn(?:;”
e T e E =L
100. Determine the coefficients C,, Cy, Cy, ..., C,, in the

following identity
(1+22) (1 +2272) (1 4-2%2) (1423271 ... X
X (1+42*2) (1422 ) =Co+-Cy (2427 +
+Cy (2424 ... +C, (3" +27M).
101. Let

__sin2nzsin(2n—1)z ... sin(2n—k+1)z
o sinzsin2z ... sinkz ’

Prove that

1°1—uy+tug—us+ ...+ ugp=
=2".(1—cosz)(1—cos3z)...[1—cos(2n—1) z];

2° 1—ultul—usgt ... Fuy =

(—1) sin(2n+42) zsin (2n+4) z ... sin 4nz

sin 2z sin4zx ... sin 2nzx

7. PROGRESSIONS AND SUMS

Solution of problems regarding the arithmetic and geo-
metric progressions treated in the present section requires
only knowledge of elementary algebra. As far as the summing
of finite series is concerned, it is performed using the method
of finite differences. Let it be required to find the sum
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f)+7@2) 4+ ...4f(r). Find the function F (k) which
would satisfy the relationship

Fk+1)—F (k) =f(k).

Then it is obvious that

FA)+f@ +...+f(m)=IF@2) —F@®)]+
+IF@ —F@Ql+...+[F(n+1)—F @)l =
=F(n+1) —F ().

1. Let a2, b?, ¢ form an arithmetic progression. Prove
1

1 1 '
bt+c’® cta’® atbd also form an arith-

that the quantities

metic progression.
2. Prove that if a, b and c are respectlvely the pth, gth
and rth terms of an arithmetic progression, then

@—nNa+@T—pb+((p—q)c=0.

3. Let in an arithmetic progression a, = gq; a;, = p
(a, is the nth term of the progresswn) Find a,,.

4. In an arithmetic progression S, =¢q; S, =p (S,
is the sum of the first » terms of the progresswn). Find Spt+q-

5. Let in an arithmetic progression S, = S,. Prove
that Sp+q = 0. \

6. Given in an arithmetic progression —‘?S,'—’"- =—':—:—2—. Prove

n
am 2m—1

that 2, 2n—1 °

7. Show that any power n* (k =2 an integer) can be
represented in the form of a sum of n successive odd num-
bers.

8. Let the sequence a4, a5, . .., a, form an arithmetic
progression and a; = 0. Simplify the expression
an-2 )

S=pp gy (oAb

9. Prove that in any arithmetic progression

aqy A3y A3y . .« .
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we have

1 1
S=—— — — —
VaH-Vaz T Vas+Vas T T
+ 1 _ n—1 .
Vonoi+Van  Vai+Va,

10. Show that in any arithmetic progression

ay, Az, a3, . . .
we have

k .
2 2 2 2 2 2 2 2
S=at—a,+al—a;+ ... +a2h—1_a2h—2k_1(a1_azh)'

11. Let S (n) be the sum of the first n terms of an arithme-
tic progression.
Prove that

1°Sn+3)—-3Sn+2)+3S(rn+1) —S, =0.
2° §(3n) =3 {S@2n) — S(n)}.
12. Let the sequence ay, as, ..., a,, @,+1, . .. be an

arithmetic progression.
Prove that the sequence Sy, S5, S3, . .., where

Si=a +ay+ ...+ ay,
Seo =a,41+ ...+ ay, Ss=aymi + ...+ az, ...,

is an arithmetic progression as well whose common diffe-
rence is n? times greater than the common difference of the
given progression.

13. Prove that if a, b, ¢ are respectively the pth, gth and
rth terms both of an arithmetic and a geometric progres-
sions simultaneously, then

ab_c DA Ca—b —1.
14. Prove that
1+z+224 ...+ 2")l2—a2"=
=1+z+224 ... +2" Y1 +2-+ 22+ ... 4 2™,
15. Let S, be the sum of the first n terms of a geometric
progression.
Prove that S, (S3, — S2,) = (S2, — Sp)%

16. Let the numbers a4, a,, a3, . .. form a geometric
progression.
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Knowing the sums

' 1 1 1
S=a+ataz+...+a, S =—d—t ..+,
1 2 an
find the product P=aya, ... a,.
17. If a4, a,, ..., a, are real, then the equality
@+ait...+ai)(@+ait...+a)=
= (a4az -+ axa3+- . . . + ap_4ay,)?
is possible if and only if a4, as, ..., a, form a geometric
progression. Prove this.
18. Let a4, a,, ..., a, be a geometric progression with
ratio ¢ and let S,, = a; + ... + an.

Find simpler expressions for the following sums

1° 81+ 8o+ ... + Sy

1 1 1
2° - e —_
a—ata—a vt aL e

1 1 1
3° e —
aiaf e Tt @ an

19. Prove that in any arithmetic progression, whose
common difference is not equal to zero. the product of two
terms equidistant from the extreme terms is the greater
the closer these terms are to the middle term.

20. An arithmetic and a geometric progression with
positive terms have the same number of terms and equal
extreme terms. For which of them is the sum of terms grea-
ter?

21. The first two terms of an arithmetic and a geometric
progression with positive terms are equal. Prove that all
other terms of the arithmetic progression are not greater
than the corresponding terms of the geometric progression.

22. Find the sum of n terms of the series

S, =1z + 222 + 32 + . .. 4+ na"

23. Let a4, as, ..., a, form an arithmetic progression
and wuy, Uy, ..., u, a geometric one. Find the expression
for the sum

S = a1y ‘+‘ AUz "l“ . e + a,u,.
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24. Find the sum
1\2 1 \2 n 1 \2
(x—}-—-;) —{—(x2—|-;2—) —{—...—{—(a: +—;17-)
25. Let
Sp=1"+2F L 3* ... +nt.
Prove that

Si= 2, 8=t

26. Prove the following general formula

k+-1Ek k+1)k(k—1
(kjl'_ 1‘) Sk+ ( ‘:_2) Sk—i —{" ( +1)2(3 ) Sk—2‘*" e +

4+ (k+1)S;4 So=(n+1)**1—1.

27. Put

1% 28 . 4P =Sk (n).
Prove the formula
nSy(n)=Spu(n) +Sp(n—1)+Sp(n—2)+ ...+

n(nd-1)(2n-+1) S. — n2(n 4-1)2
g=—0"7

+ 8k (2) + S (1)

28. 1° Prove that

P2k 4 3 nf=Anf 4 BrP - CnP 14 ..+ Ln,

i.e. that the sum S, (n) can be represented as a polynomial
of the (k + 1)th degree in n with coefficients independent

of » and without a constant term.

o . 1 _ 1

2° Show that A4 =TT and B——z—.

29. Show that the following formulas take place

S __n(n-41)(2rn+41) (3n24-3n—1)
& — 30 ’
g __n2(n41)2(2n242n—1)
5 12 ’

S _6n?7 4 2108 2105 —Tn3 4 n
6 42 .

_ n(n+1)(2n+41)[3n2 (n+1)2— (3n2+3n—1)]
- 42 ]
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_ 3n8--12n7 4 14n6 —Tnt+42n2

= 5 =

_ n2(n4+12[3n2 (n4-1)2—2(2n24 2n—1)]

= 5% .

30. Prove that the following relations take place
S3-——Sf, 4S:;=S3—|'—3S5, 2S5+S3:383, S5+S7"—=2S§

31. Consider the numbers B,, By, B,, B3, B,, . . . deter-
mined by the symbolic equality

(B+1)* — B —f +1  (k=0,1,2,3,...)

and the initial value B, = 1. Expanding the left member
of this equality according to the binomial formula, we have
to replace the exponents by subscripts everywhere. Thus,
the above symbolic equality is identical to the following
common equality

Byt +ChytBr+Ci 1B+ .. .+ Chy By + By— By =k-+1.

1° Compute By, By, By, ..., By, with the aid of this
equality.

S1

2° Show that the following formula takes place
1h -2 3k . 4 nf=

1 .
=m{n‘“ : ‘1"C}t+131nA +- CI%HB?JLF‘_1 + ...+ C’;:HBkn}.
32. Let zy, 25, ..., zp form an arithmetic progression.

It is known that
T+ 2ot ...t Tn=a, 424 ...+20=0%

Determine this progression.
33. Determine the sums of the following series

1° 14+ 424922 4 ... +n2a™Y
2° 134 232 43322+ ...+ ndz™ L,
34. Determine the sums of the following series

3 S 7 2n—1
1° 1+_2—+7f+—8_+ R N Tl

o 3.5 1 e 2n—1
2P =St r—gt . (=)
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35. Determine the sums of the following series
1°1—-2+3—4+4 ... +(—1)"1n;

201222 1. 32— . .. (=D n¥

31 —-32+2-"72+4+ ... —(4n—1)%

4° 2.124+3.2 1 ...+ (n4-1)n%

36. Find the sum of » numbers of the form 1, 11, 111,
1111,

37. Prove the identity
rint2 + y4n+2 —
— {x2n+1 . 2x2n—1y2 + 2x2n—3y4__ L _.‘L (_ »1)11 2xy2n}2+
— {y2n+1 Qg g Qundpd L ( )" 2yx2"}2.
38. Find the sum of products of the numbers 1, g,

a®, ..., a1, taken pairwise.
39. Prove the identity

(71 ) 2 (i) £ = 2

B 1 an —1
T ogn—t ( z—1 ) )

40. Prove the identity

o 1 1 1 1 t
112+Q3+&4+'“+nm+n:1_n+1’

o 1 —
2 1-2-3+2-3-4+ ek n(n+1)(n+2)

__1_(_1-_ 1 )

T 2\2 (n4ND)(n+2))
o 1 2

3 35 3571 T

n
—1)@n+1) 2n+3)
. n(n+41)
S 2@2n+1) (243

41. Compute the sum

nk

1 2e 3
S“F?+§E+374"“'*‘@m—n@n+n'
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42. Let ay, a,, ..., ap be an arithmetic progression
Prove the identity

1 2 ( 1 1 1 )
aqan +a2an { +- +anai _—ai““an aq +a2+.”+an |

43. Prove that

o n+1 n+p ~__1___ 1 .
P emmiteat oo W T wi e
1 1 1

e T et e <

1 1 1 .
<% [ nl — (n+p+1) J
(n and p any positive integers).
44. Simplify the following expression

2n
x+1+x2+1 +x4+1+ + niq°

45. Let S"=1+7+§+”'+7'
Prove that

n—{-p—{—i n—p_ n—p—1 ) 1 . .
n—p+1 n(pw'—i)'(n—-i)(1!>+2)+'”Jr - }‘S" Sp-

46. Let
1 1 1

» __n41 1 2 n—2
S"——T_{n(n—1)+(n——1)(n——2)+ T ’FW}

Prove that S,=3S,.
47. Let Sy be the sum of the first k¥ terms of an arithme-
tic progression. What must this progression be for the

ratio “?S,hx to be independent of z?
X
48. Given that ay, a5, ..., an form an arithmetic pro-

gression. Find the following sum:

a; ia a
S Z Liliv1%iv2 .
az+az+2
i=1
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49. Find the sum

1 1
cos o cos (a—+ B) + cos (a + B) cos (o + 28) Tt

1
T o8 T T (n—1) BT ¢os (@ T )

90. Show that

1 a 1 a 1 o4
tanoc—!—YtanT—{—z-tan—l;——}— co Tt tan 5o =

1 a

= ——Ccot =——— 2 cot 2a..
on—1 an—-1

1. Prove the following formulas

1° sina+sin(a+h)+ ... +sinja+ (n—1) k] =

. nh . n—1
Sin ~5—sin (a%-—z—h)
= — ;
sin =

2° cosa+cos(a+h)+ ...+cos[a+ (n—1) h]=
sin ﬂcos(a—}-n_ih)

3 2
sin—z—
92. Find the following sums
.o . 2m . (n—1)=
S——smT—l—smT—}— ...—{—sm—;—,
' n 21 (n—1) =
S’ =cos —+cos —+ ... fcos—r—.
93. Show that
sina+sin3a+...+sin(2n——1)a_tan no.

cos g -+ €08 3a—+-...4-cos (2n—1) o

94. Compute the sums
S,=cos?z 4 cos?2zx - ...+ cos?2nz,
Sp=sin?z }-sin?2zx |- ... 4 sin? 2n..
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53. Prove that

( _p—_;-l if m +n is divisible
_ by 2(p+1);
o .. mui . o Pl it m—n is divisible
D) sin i Sin o = 2
a5 P by 2(p-+1);

0 if m=£n
and if m4+n and m—n are
\ not divisible by 2(p +1).

56. Find the sum

x x
arctan 17122 -+ arctan 17232 + ... 4

.Farctan“Ln(n‘iq)ch (x > 0).
57. Find the sum

r

,
arctan -+ arctan ...+arctan —m—
1+ a4ay - 1+ asag T ™ 1+4apanyy
if ay, a;, ... form an arithmetic progression with a common
difference r(a; >0, r > 0).
98. Compute the sum
h=n
D arctan ——¢
2 k2 k%
R—1

59. Solve the system
T : 7
xlsln71—x2s1n2—ﬁ—+
.o T . 1
+x3sm37—l—...—}—xn_lsm(n——l)T:ai,
xisin%—+xzsin23:—+

. 2n .
—l—x3sm3—n—-—|- ev. 4+ Znp_gsin (n—1)—2ni——:a2,
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. 3n . 3n
ZySin— -z, sin ZT+

—\—x3sin33—’?-—t—...+xn_lsin(n—1‘)§:—=a3,
xisin(n_nn 45 S 2(""_'21)n+x3sin3(n_n1)n+.. 4+
~+ Zp_g SIN (n - 1) (N—::) L an-1-

8. INEQUALITIES

Let us recall the basic properties of inequalities.

1° If a > b and b > ¢, then a > c.

2°If a>0b, then a +m > b 4+ m.

3° If a > b, then am > bm for m > 0 and am << bm for

m << 0, i.e., when multiplying both members of the inequa-

lity by a negative number, the sign of the inequality is
reversed.

4° If a > b > 0, then a* > b* if x > 0.

This last inequality is readily proved for a rational =x.
Indeed, let us first assume that x = m is a whole positive
number. Then

a"—b"=(a—b) (@™ 4+ am 2+ ... 4™,

But either of the bracketed expressions on the right
exceeds zero, therefore a™—b™ >0 and a™ >b". We now

1 x x_ _m/” m/7T
put r=—. Then a*—b =/a—,/b.
We have

(a—b)=("a—=7b) (V"4 ... +7/F™).

Hence, actually, it follows that

Va1 6>0, ie. V>t
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Let, finally, x=%. We have

2 2 — —
a*—b*=a9 —b9 = aP — Y bP.
But aP > b? (as has been proved), consequently, V&T>

>/ bP. To prove this inequality for an irrational z we may
consider x as a limit of a sequence of rational numbers and
pass to the limit.

5° If a>1 and >y > 0, then a* > a¥; but if 0 <<
<a<1 and x>y >0, then a* <<a¥. The proof is
basically reduced to that of a> >1 if a >0 and a > 1
and can be obtained from 4°.

6° log, x >log, y if x>y and a > 1; and log, z <<
<log,yifz>yand 0 <a <.

Out of the problems considered in this section, utmost
interest undoubtedly lies with Problem 30 both with
respect to the methods of its solution and to the number
of corollaries. Problem 50 should also be mentioned with
its inequalities useful in many cases.

1. Show that

1 1 1 1 egs.
n+1+n+2+ ...-}—2—n>? (n, a positlive integer).

2. Let n and p be positive integers and n > 1, p > 1.
Prove that

1 1 1
n+1" n4p+1 < (n+4 1)2

1 1
tarnr T T <

1 1
<% "ntp
3. Prove that the sum of any number of fractions taken
from among the sequence 5 —3712—, Tiz" ... is always less

than unity.
4. Prove that

V nl=Vn.
9. Show that if a is a defective value of VA to within
unity (a<<)/4 <a-+41), then
1

A—a? - A—a2
ot G <VA<at+ 57+ 1mrr -




8. Inequalities 95

6. Prove that

1
1 - — <2 1 -2
+V2 V +. +1/ <2V n+1
7. Prove that
1 1 1
21/§<4s G2 < Vasi1

8. Prove that
ot >14coth (0< < m).

9. Show that if A+ B4+ C=mn(4, B,C >0) and the
angle C is obtuse, then

tan A4 tan B < 1.

Prove that
——1)2
tan? (0 — ) <1
11. Show that if
!
cosccosp T tanatan p=tany, then cos2y<O0.

12. Let us have rn fractions

a )
—Z'}_’ %:—7 e ey 'b_;'l', bz>0 (L==1,2,...,n).
Prove that the fraction Z:i::_tig: is contained bet-

ween the greatest and the least of these fractions.

13. Prove that ™*"*--*»/4b .1 is contained between
the greatest and the least one of the quantities

na E ..., VL
14. Suppose 0 <a<B<<yY < ...<7»<—n2-

Prove that

sina--sin p+siny+ ... 4sini
tan & < cosa+cosP-}-cosy+ ... +cosA < tanA.
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15. Let 22 = y2 + 22 (x,y, z > 0).
Prove that
> yr + 2 if A > 2,
o < yh + 2 if A << 2.

16. Prove that if
a® + b* =1, m?® 4 n? =1,

then|am + bn| < 1.

17. Let a, b, cand a +b —¢, a +¢c— b, b +¢c — a
be positive.

Prove that

abe=Z(a+b—c)(a+c—b)(b+c—a).

18. Let
A+ B+ C = m.
Prove that
A B C
tan2—2-+ tanz—z-—‘l* tan2—2->1.
19. Let
A+ B4+ C=mn(d, B, C=>0).
Prove that

[

sinB i C<
—Sn_z-\,S.

SIII—2- 5

20. Given

Prove that
1° cos A+ cos B cos ng;
2° cosi;—cos—g-coséng.
21. Prove that

Vie+ec)(b+d)=Vab+Vcd (a, b, c and d>0).
22. Prove that

TS (L) @>0, 5>0).

2 2
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23. Prove that

1° L V@ (a b>0);
)2

| —_— — b)2

24. Prove that
SRS Y e (06,60
25. Prove that

—_— L — —— n—1
Vaas+V aidls+ ... +Van~1an<§'i—2—(ai+ s+ ...+ an)

(ai>0; i=—1,2, ...,n).
26. Let a; >0 (i =1,2,...,n) and a1a,...a, = 1.
Prove that

1+a)(l+a)...(1+a) =2
27. Prove that
1° (a+b) (a+4c¢) (b+c)=8abc (a, b, ¢ > 0):

o a b c 3
2 b+ c + a-tc + a+b>§"

28. Prove that

V@t k) ®F 1) (c+ m)=y abc 4 kim
(a, b, ¢, k, I, m>0).

90 %(““” if a>b.

29. Prove that
1

a

30. Prove that

1 1 9
trteZ (a, b, ¢ > 0).

c

z‘+x2“};"'+x”>',’/xlx2 oo Zp (i >0; i=1, 2, ..., n),
the equality being obtained only in the case
L =Tg= ... =2XTp.
31. Let ay, a3, ..., a, form an arithmetic progression

((1i>0).
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Prove that V aa, < /alaz a‘ga" .
In particular

32. Lel a, b, and ¢ be positive integers.
a b c

Prove that a@+b7¢.ba707e.cirb e > L (a4 b-c).

33. Prove that if a, b, ¢ are positive, rational and such
that the sum of every two numbers exceeds a third one, then

(LH55) (14555 (14 550 et

34. Let a, b, ¢, ..., | be n positive numbers and

s=at+b+t+c+ ...+ 1.

s n2

s ., s
Prove that — T35 - R >n~—1 .

39. Prove the inequality
(@bt ashy | ... +apbn)?<(ai+ a} + ... +ap) X
X (D} 4 b3+ ... by).
36. Prove the inequality
@+t . GV (@it a+ ..+ ap).
37. Prove that

| 1 1 2
(%11 2o lL‘---JrJUn)(';;“}‘ 73 %x—n) n-.
38. Let
T b Tyt b a2 =D,
TyZo -t Tyx3 - oo . + TXp A Tol3+ ... 4 TpgTpn=4q.
Prove that
39. Let a, b, ¢, ..., 1 be n real positive numbers and

let p and ¢ be also two real numbers.
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Prove that if p and ¢ are of the same sign, then

n(aP* o} B LIPS (P D IP) X
X (a1 b1+ ... 4 19).

And if p and g have different signs, then

n (@ bR 1P (aP WP L IP) X
X (@@ + b9 ... L 19).

40. Prove that
1° (1 + a)*» > 1 + aA (o is any positive number; A > 1
is rational).

2° (1 + a)* <
tive, ad << 1).
41. Let u, = (14—%) , n is a positive integer.

o (@>0 real, A rational and posi-

1° Prove that
Unt+1 => Uy.

2° Prove that u, is a bounded quantity, i.e. there exists
a constant (independent of n) such that u, is less than this
constant for any n.

42. Prove that
V2> 3>y 4>y 5506 >... >0 n>
> nt > ...
43. Prove that

2> V3>Y4i>)5> .. .>" YV n> nt 1> ... .
44. Let us have

A%y + A9y + . . .+ Apx, = Y
Aoy + AgoZy + . . . + Aopp = Yo
ATy + apoxs + . . . + appx, = Yn,

where a;; > 0 and rational, z;; > 0.
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Furthermore, it is given that

apy + apa + . ..+ ap, =1,

apr +as, +...4+a,=1 ((k=1,2,..., n).

Prove that
YiYz -+« Yn = T1Zs - . . Zp.
45. Let
a; >0, b,>0 (i=1,2,...,n).

Prove that

V(al “{“ b]) (a2 —]L bz) SN (an lL bn)>{ya1a2 e Ay -}-

4/ bibs ... by.

46. Prove that
r4ra 4 .- Ty \k J;k+xk+...+x,’;‘
( 1 3 n ) < 1 ) n

’

n and k are positive integers, x; > 0.
47. Let the function ¢ (¢) defined in a certain interval
possess the following property
t1+ ty ¢ (t1) 1 @ (2a)
? ( 2 ) <

n

for any two f; and t, not equal to each other.
Then

(P(trL t2+---+in) <(P(t1)+(P(t;H—---—'r @ (tn) ’

n

where ¢, 5, . . ., t, are n arbitrary values from the given
interval not equal to one another.
48. Find the greatest value of the sum

S =sina, + sinay + ... 4+ sinq,
if
a;>0and ay +a, + ...+ a, = m.
49. Let x, p and ¢q be positive, p and ¢ being integers.
Prove that )
P —1 x4 —1

>

p q
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if p>q (z5%1).
50. Let x > 0 and not equal to 1, m rational.
Prove that

mr"t(xz—1)>2"—1>m@x—1)

if m does not lie between O and 1.
But if 0 < m < 1, then

meml(z—1) <2 —1<<m(x—1).
51. Prove that
@+2"=14 mzx
if m does not lie i‘n the interval between O and 1;
14+2"<<1+ mx

if 0 < m << 1 (m rational, z > —1).
52. Prove that

1 1

( ok e S o 4 )—p_<( o +xd+ ... 42 )?

n n

q = p, both ¢ and p being positive integers.
93. Find the value of z at which the expression

T —2) + (z—z)" + ... + (z — z,)°

takes on the least value.

4. Let z; 4+ x5 + ... -+ 2, = C (C constant). At what
Xy, Xy, . . ., T, does the expression z} + 22 + ... 4 27
attain the least value?

9. Let ;>0 (i=1,2,...,n) and 2z + z, +

+...4+2z2, =C.
At what values of the variables z,, x,, . . ., 2, does the
expression -

A A A
.xi+x2+ o-.+xn

(A rational) attain the least value? -

96. Given z; >0 (i =1,2,...,n) and the sum z; +
+x3+4+ ...+ z, = C = const. Prove that the product
4Ty . . . z, reaches the greatest value when z; = 23 =

=ooo=$n=~;;t
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57. Given z; >0 (i =1,2,...,n and the product
ZyToXs . . . X, is constant, i.e., zyz, .. .2, = C.

Prove that the sum x, + 2, + ... 4+ x, attains the
least value when

Ty = Iy = ...zxn::{/a

8. Let z; >0 (i =1,2,...,n) and the sum =z,
+ x5+ ...+ z, = C = const.

Show that

ixh? L. b

takes on the greatest value when

Ty Ty _Tn c
w2 T o matpeteoFpn ]
u; >0 (i =1,2,...,n) and rational.
59. Let
a; >0, z; >0 i=1,2,...,n)
and
axy + axxy + ... + a,x, = C.
Prove that the product x,x, ... x, attains the greatest

value when
C

ATy = 0oXg— ... = ApXp — e

60. Given
a; >0, z;>0 and aix’f‘+ a2x72“2+ T 4,z =

(A; >0 and rational).
Prove that

oxh? ...

takes on the greatest value when

Maizﬁ”‘ A2a2x£“2 }»nanx:‘l”
By o H2 T “n
61. Let z}'z}? ... 2" =C = const.

Show that
ah! +arh®+ .. 4 anan”
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attains the least value if

aft e @t
M AT T,
aqug  agig Ann
{a;, z; > 0; A; and p; > O are rational).
62. Find at what values of z, y, z, . . ., ¢t the sum
224yt 224 ...+ 2
takes on the least value if
ar +by+...+kt=A (a,b,..., k and A constant).
63. At what values of x, y does the expression

u = (ax + by + ¢1)® + (asx + boy +¢2)> + ... +
+ (anx + by + c,)®

take on the least value?
64. Let zy, x4, . . ., z, be integers and let us assume

Tog << Tp < g < .. .<xn.
Prove that any polynomial of nth degree z" -+ a2 ! +
+...+4a, attains at points z,, zy, . . ., Z, the values at

least one of which exceeds or equals g—}l :

65. Let 0 << % At what value of x does the product

sin z cos x reach the greatest value?
66. Let
4 b 4 4 n
rt+yti=5; 0<r<s, Oy<H, O<z<5-
At what values of x, y and z does the product tan x tan y x
X tan z attain the greatest value?
67. Prove that

1 1 1
n-+1 +n+2+ et 3n4-1 >1
(n a positive integer).

68. Let a > 1 and n be a positive integer.
Prove that

pn s Uk
a"—1>n(a ? —a ?).
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69. Prove that
n 1 1 1
s<lts+5+.. . tm—g<n
(n a positive integer).

70. Prove that

1 1 1
T+ 1 < 1 1 (a, b, ¢, d>0).

1 1
T_}_—b- —E_+—c_l_ a+c+b+d

9. MATHEMATICAL INDUCTION

This seclion contains problems which are mainly solved
using the method of mathematical induction. A certain

amount of problems is dedicated to combinatorics.
1. Given

Unt1 = 3Un — 2Un-i

and
Vo = 2, UV = 3
Prove that
v, = 2" + 1.
2. Let
Un+1 = 3un — 2un—l
and
uO == 0, uy = 1.
Prove that
u, = 2" — 1.
3. Let a and A > 0 be arbitrary given numbers and let
1 A 1 A
ai=?(a+—a-) ' az=7(ai+“g{) 1 orey An=
1 A
=7 (an-i +an—i)
Prove that
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for any whole n.
4. The series of numbers

g, Ay, Ao, . . .

is formed according to the following law. The first two
numbers a, and a, are given, each subsequent number being
equal to the half-sum of two previous ones. Express a, in
terms of ay, a, and n.

5. The terms of the series

ag, az, asz, . . .
are determined as follows
ay = 2 and a, = 3a,_y + 1.

Find the sum

a +ay + ...+ a,.
6. The terms of the series
agy, Aoy . . .

are connected by the relation

a, = ka,_, - l(n =2,3,...).

Express a, in terms of a4, k, [ and n.
7. The sequence ay, a,, . . . satisfies the relation a,;; —

—2a, +a,_ = 1.
Express a, in terms of a,, a, and n.
8. The tern.. of the series

a, Qz, a3, . . .

are related in the following way a,,3— 3a,+2+3a,+1—a, = 1.
Express a, in terms of ay, a,, az and n.
9. Let the pairs of numbers

(av b) (ai.’ by) (az, bz) e
be obtained according to the following law

a+b ay+b a;+b ag+b
aig _+2— ’ b1=""'1_‘2—+-—" a2=-1'_2—'-1-, b2=-2—;:—1, s o0 o
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Prove that

2 1
a, ;a+-§-(b—d) (1—27)’
2 1
bn:a”{"—?)—(b"—a)()l”} 2_4_1{)
10. The terms of the series

Zo, yO’ Zq, !/17 Lo, y27 LR

are determined by the relations

— in2 — ¢ vyl
Lpn = Ln + 2yn—1 SIN® &,  Yn = Yn-t *{‘ Z'ru—l COs™ «&.

Besides, it is known that z, = 0, y, = cos a.
Express z, and y, in terms of a.
11. The numbers

Loy L1y L2y - - -v Yos Y15 Y2, - - -
are related as follows
Tn = QTn-1 + BYn-1,
(@b — Py 7= 0).
Yn = YZp-1 + Oy 4

Express z, and y, in terms of x,, y, and n.
12. The terms of the series

Loy Lyy Loy « - .

are determined by the relation

Ty = O&p_q an—2°

Express x,, in terms of z,, z; and n.

13. The terms of the series z,, x;, . . . are connected by
the relation

_ PLn_y -+ qlnp—2
p+q

Express x, in terms of x,, ; and n.

14. The terms xo, 24, 23, . . . are determined by the equa-
lity

Ln

__azp-1+P

In = .
n YZn-1+ 6
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Express z,, in terms of z, and n.
Consider the particular cases

15. The numbers:
ag, Ay, Ay - - -,
bo, by, bg, . . .
are determined by the following law
= nyte g, Bt

a, and b, are given, and a,>b,>0. Express a, and b,
in terms of a,, by and n.
16. Prove the identity

n 1 1 1 1 1
il T Bz T T @y et Tage T

17. Simplify the expression
11—l —-—2... 01—z —2) (1 —2%)...x
X 1—a™+22(1—23) ... 1 —2™+ ...+
4Pl —2*) (=2 . — a4 2

18. Prove the identity

n—-1
z2 1 r—zx

n: — 3 Ny .
2 l—z _ 2

2 x 2n

e gt
19. Check the identity
A4+z)A+2) (148 ... (1+ 22" )=
=14zt t+ad+ ...+ 2"
20. Prove the validity of the identity

1+_‘1_l_+a‘:|;1+(a+1)(b+1)+“‘+

abe

+(“+1)(b+1) v (841 (B41)  (a4-1) (d4-1) ... (k4-1)(I+1)
abe ... skl T abe ... ki '

{—=x
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21. Prove the identity
btetdt. . pktl b ¢ I
T@ b ret kD) a@ih T @in@retg T
d
T ettt o@ibrera T
l
L7 iy sy )

22. Let

(=2 + 100 2<1——z>(1—qz>+

(1 —q™12) =F, (2).

Prove the identity
1+F,(2)—F,(gz)=(1—qz)(1—q%) ... (1—q"2).
23. Prove that

k=n
(1 —an) (1 —an-1) ... (1 —an-k+1)
M —% =n.
k=1
24, Compute the sum

_a  ala— a(a—1)(a— a(a—1)... (a—n-+1)
S"_F+b(b~1)+b ) (= 2 L N T

(b is not equal to 0, 1, 2, ..., n—1).
25. Let
Sh=a;+ (a1 +1)ay+ (a1 + 1) (a2 +1)as+ ... +
F(@+1) (@+1) ... (@ng+1)an

Prove that
Sn=(ai+1)(@+1) ... (@n+1)—1.
26. Prove the following identities:

1° Z z(xz+1) ...(z4+9 = 3 n(nt+1)...(#"+q+1);
x=1
x=n
° 1 1 1 1
2 2 z@+ D) ... &+9 ¢ {T‘<n+1> (n+2)... <n+q>}'

x=1
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27. Prove the identity

_|_

1 1 1\
(2n—1"4n—2_4n)“‘
1 1 1 1 1
—_—— —_— _—1 S
2(1 2"'3 4 °°°+2n_1 zn)'

28. Let us have a sequence of numbers (Fibonacci’s series)
0, 1,1, 2,3, 5,8, 13, 21, ....

This sequence is determined by the following conditions

Unyt=Un+ Un_y
and uyg=0, uy=1.
Show that there exist the following relations
1° unpp=to+us+ s+ ... 4 un +1;
2° Upnpe =Us+ U+ Us+ . o+ Usnyy;
3% Upnyy =14 gty + ...+ Uszn;
4° —Ugp g+ 1=ug—us+us+ ...+ uUgn1— Usn:
5 Ugnot+1=uj—ust+us—u,+ ...+ uUspn-1;
6° Unlnyr=ui+uz+ . .. 4 un;
7° uj, = uglp 4 Usia+ . . . + Ugn_1llan;
8° Uptilinig— Unliniz = (— ,1)n;
9° u?, — Uppillp-g = (— 1)'n+1;
10° u? —up ol alpsqlhnsg = 1.

29. Compute the sum
1 2 Un+2
T2 + 13 + ... F—.

Un+1¥n+3

30. Prove the relations

1° Unsp-1= Up_qUp_1 -+ Unlp;
o 2 2 .

2° Ugny=U, -+ U, _;

(o]
3° Upn-1 = Unlp41— Un_gln-y.
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. 3 3 -
31. Prove that ) +4u;, —u;_, = us,.

-
32. Prove that u,= 2 ct B-1-
K20

33. Find the number of whole positive solutions of the
equation zy +x, + ... + z, =m (m a positive integer).
34. Prove that the total number of whole nonnegative
solutions of the equations
z+2y=n, 20 +3y=n—1,.. . ,nc+mn+1)y =1,

n+Dz+r+2)y=0

is equal to n 4 1.
35. Show that the total number of whole nonnegative

solutions of the equations

x+ 4y = 3n — 1, 4b4x + 9y = 5n — 4, 9z + 16y =
=Tn —9,..., %24+ n+1D2y=nn-+1)

is equal to n.

36. Therc are n white and n black balls marked 1, 2, 3, . . .,
n. In how many ways can the balls be arranged in a row
so that all neighbouring balls were of different colour?

37. In how many ways is it possible to distribute kn
distinct objects into & groups, each consisting of n elements?

38. Ilow many permutations can be made up of n ele-
ments in which the two elements ¢ and b never stand side
by side?

39. Find the number of permutations of n elements in
which none of the elements occupies the original position.

40. In how many ways can n distinct letters be arranged
in r squares (first, second, ..., rth square) so that each
square contains at least one letter (the order of the letters
inside the squares is disregarded)?

10. LIMITS

We take as known the concept of a variable and its limit,
as well as the basic theorems on limits which are usually
treated in elementary textbooks of algebra (the limit of a
sum, product and quotient). Let us here remind the reader



v
10. Limats 11

of one of the indications for a limit to exist: if a variable
increases but remains smaller than a certain constant, then
such a variable has a limit (likewise, a variable which,
when decreasing, remains greater than a certain constant
also has a limit). When dealing with an infinitely decreasing
geometric progression and, in general, with simple infinite
series, one should bear in mind that the symbolic notation

g +uy f+us+...4+u, +...

denotes none other than lim (uy + wy + ...+ u,) if

n-—-»oo

such a limit exists. If there is no limit, then the series
uy +ug +us+ ... Ffu, + ...

is said to be divergent, and it is useless to speak of its nume-

rical value.
1. Let z, = a" and | a| <<1. Prove that lim z, = 0.

2. Prove that

lim —ET—:——O
nt

n—oo

for any real a.

3. Find
lim agnh 4 agnh-14 . d-ay
n »o0 bonh+b1nh_i+"'+bh
(aO;éO, b()# O)
4. Let
p _2—1 3B n®—1
n*—23+1°33_+1...-————n3+1.
. 2
Prove that lim P":_‘o’— .
n-— oo
5. Prove that
. 1k 2R} ... 4 nk 1 . ps .
lim — = %71 (k a positive integer).

7 -»00

6. Prove that

. th 42k 4 .. 4-nk n 1
fim { S )
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(k a positive integer).
7. Let us have a sequence of numbers z, determined by

the equality

_ Xp4t+ZTp-g
Ty = 3

and the values z, and z,.
Prove that

. 2
limz, ::;Z%x_‘ .

n ~oo

8. Let N >0. Let us take an arbitrary positive num-
ber z, and form the following sequence

1 N
x1:-2—(550+?0‘),

1 N
Ty = - (»’C1+—zi—),

Prove that limz,=)}'N.

n—-oo
9. Generalize the result of the preceding problem for the
extracting a root of any index from a positive number.
Prove that if

m—1 N
Xy = X
1 m 0+ mxlt1 ?
m—1 N
Lo == X
2 m t+ mxp-1’
) m—1 N
N A X p—
p m p-1+ mapt?
then
m/ x5
lim z,, = /N.
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10. Prove that

. n 1
hm :O.
n!

11. Let o
h=mn
Sn: k§1 (l/ 1 +—’%*— 1)
Find B
lim §,.

12. Let the variable z, be determined by the following
law of formation

Find

lim z,.
Nn—» o0

13. Prove that the wvariable

=1+ 1}5 + 1}3 +.. +—1}—;———2V‘75
has a limit as n — oo.
14. Let us be given two sequences
Zoy Tyy Loy o v oy
Yor Y1, Y2, « - - (o > Yo > 0),

where each subsequent term is formed from the preceding
ones in the following manner

T4+ Yn-1 ‘/_'_
Iy = L 5 - ’ Yn = Ln-1Yn-1-
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Prove that z, and y, have limits which are equal to each

other.
15. Let

Si=14+q¢+F+... lql<t,
S=14+0+0*... [0l<H!.
Find
1+ q0 + *Q* +
16. Let s be the sum of terms of an infinite geometric

progression, o2 the sum of squares of the terms. Show that
the sum of n terms of this progression is equal to

s{t—[ o5 ]}
17. Prove that

1° lim n®2"==0 if |2/<1 and k {is a positive integer;

n—oo

2° lim / n=1.

18. Find the sums of the following series
o 1 1 1 { .

1 1.2+2,3+3.4+ "l’”m—l- o0 ey

o |1 1 1

2 restrsat T AaTDer T

19. Prove that the series
1 1 1 1
I+ 5+5+5+ - +—+ ...
is a divergenl one.
20. Prove that the serieq
1
1 + + + z+t -+t

n

is a convergent one 1f oc> 1.
21. Find the sums of the following series

1° 1422 +32*+ ... +nx™1- ..
2° 144 +922+ ... L np%a" 1L
3° 1422043324 ... n" T L (2] < ).
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22. 1° Prove that the variable u, = (1 | %)n (n
3, ...) has a limit. i
2° Denoting the limit u, by e so that lim (1 +%) =e,

n-»>oo
prove that

11 t 0
6:1—}—1»}—1*.2+m+ et 1.2.3 ...k +1-2-3

k-k
0 <o<).

23. Let O<x<-g—

Knowing thatl lim SIR% —1, prove that
x-0

: 1

X —S1in .’L‘<—6-x .

24. 1° Prove that the series

Sttt e T 0@ <Y)
is a convergent one.

2° Prove that for any real number o (0 << 0 <<1) it is
always possible to find, and in the unique way, a; (0 < q; <
< 9; a; being integers), such that

6+ o e T

(i.e. to expand the real number in decimal fractions)
3° Show that if a decimal fraction

G B 23 _
10+102+10 ‘ +10"l—'“

is finiie or periodic (i.e.

=gy .« ., Qop = Qp, . .

, for instance, a,+1 = a4, a,+2 =
digltS ay, aq, .

., so that the period contains »
., @,), then ® is a rational number

25. Prove that the numbers determined by the following
series are irrational ones

. 1 1 1 1
1 W=t TF+m T+ - +————l—

l?l—
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where [ is any positive integer.

o 1 1 1 1
2 m=T'|" l1.2 -+ 1-2-3 + jr-2-3-% +

1 . - .
+ ...+ T3 + ..., where [ is any positive integer.

26. Prove that e is an irrational number (see Problem 22).
27. Let

1 1
O=--+77-17

where 1<<l;<{l, << l3... and /; are integers. Prove that
o s rational only when [, (beginning with a certain k)

are all equal to one another.
28. Prove that the variable

1 1
up=1+—5+5+ ...+%——logn

T T ST

12l Iilg ... 1,

has a limit.
29. Prove the following formula:

1
VIV 1V 5 Vi Vi 5

T
5 =




SOLUTIONS

SOLUTIONS TO SECTION 1

1. Proved immediately by a check.

2. If we remove the brackets from the right member
and apply the formula for a square of a polynomial, then
it is easily seen that all the doubled products are cancelled
out, and we get the required identity.

3. If the identity of the preceding problem is used, then
from the condition of our problem it follows that

@+ 0+ )@+ 4B =0,

whence either a? 4 b2 + ¢ + d? = 0, or 2% + y® -+ 22 4
+ 2 = 0.

But the sum of the squares of real numbers equals zero
only when each of the numbers is equal to zero. Therefore,
from the equality a® + b2 + ¢ +d®> =0, we get a = b =
= ¢ =d = 0, and from the equality 22 4 y? + 22 + 12 =
=0wehavezr =y =2 =1¢=0.

Hence follows the required result.

4. This identity can be checked directly, and also can
be obtained from identity (2) if we put in it d =1¢ =20
and replace y by —y and z by —z.

9. If we expand the right member of the equality, then
all doubled products are cancelled out and the validity of the
identity becomes obvious.

6. Put in identity (5) ay = ay =a3=... =a, =1,
b1=a, bzzb,...,bn_izk, bnzl
We then get

n(@+4+v®++...+k4+0 =
=(@a+b+...4+D+ (b —a)?+
+—a?+ ...+ (k— D2
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But since by hypothesis
n(@4+b 4+ ...+ +B =@+b4...+k+ 0
we have
b—a?2+(c—a)2+...+k—0D*=0.

Hence a =b=c=... =k =L
7. Make use of identity (5). By hypothesis

ait+a;+...+a=1, bi+bi+ ...+ =1.
Therefore we have
(a1by + azby + . .. + a,b,)? =
=1 — (a1by — asby)? — (a1bs — azb)®? — ... —

_ (an -lbn - anbn -1)2'

Whence
0 < (a1by + azby + . . . 4 a,b,)® < 1.
Thus,
—1 < ayby + aby, + ... + a,b, < +1.
8. We have

(v +2— 222 —(y — 2+ @+ 2 — 2 — (@ —2)° +
0

+ (@ 4y — 22)* — (z—y)*=0.
But

+z2—22°—@—2°=4(@Fy—2)(—2)

(using the formula for a difference of squares).
Likewise we find

z+z—-2y)—(—2=4(2—y (z—y),
*+y—22°—(@@—y?=4(—2 @y —2.
Consequently,
b(y—o)z—2)+4(cz—y) @—y +
+4@—2(y—2 =0

Removing the brackets, we get

22% + 2y? + 22* — 22z — 2yz — 2zy = 0
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or

z—y)?+@—2>+ (y —2*=0,
whence
x=y =12=0.

9. The first identity is obvious. Let us rewrite the second
one in the following way

(6a® — 4ab + 41?3 — (4a® — 4ab + 603 =
= (3a® + 5ab — 5b%)3 + (5a® — Sab — 3b%)3.
Applying the formula for a difference of cubes to the left
member and the formula for a sum of cubes to the right
member, we find that it suffices to prove the following iden-
tity
(3a® — 2ab + 2b%)2 + (3a® — 2ab + 2b%) (2a% — 2ab +3b%) +
+ (2a® — 2ab + 3b%)? = (5a® — dab — 3b?)? —
— (5a® — bab — 3b?) (3a® + Sab — 5b%) +
+ (3a® + 5ab — 5b%)2.
This identity is proved by directly removing the brackets.

10. To see whether the identity under consideration is
valid, we may rewrite it as

(P* — ' = (p* + pg + ¢*)* — (2pg +¢*)* +
+ (p* + pg + ¢»* — (2pg + p?)*.

It remains to simplify the right member and to show that
it is equal to the left one.

Using the formula A* —B* = (4 + B) (A — B) (A% B?),

we get the following expression for the right member
(p? + 3pg + 2¢%) (p® — pg) [(p® + pg + ¢*)* +

+ (2pq + ¢»?1 4+ (2p% + 3pg + ¢®) (¢> — pq) X

X [(p? + pqg + ¢®)% + (2pg + p®?* = (p + 2¢9) X

X p(p? — ¢ [(p? + pg + ¢»% + (2pq + ¢»)?1 +

+ @2p + 9) q (¢ — p®) [(p® + pg + ¢°)* +

+ (pg + p®* = (P — ¢ {(p® + pg + ¢*)* X

X [p? 4 2pg®— 2pq — ¢*1 + (p* + 2pq) (¢ + 2pq) X

X [2pq + ¢*— 2pqg — p*1} = (p* — ¢*)* {(p® + pg+4¢®)* —

— (p? + 2pg) (¢* + 2pg)} = (p? — ¢H*
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11. Check by direct substitution.

12. Check by substitution.

13. 1° The cases n = 0, 1, 2 are readily checked directly.
At n = 4 let us rewrite the identity in the following way

(ix — ky)* — (ix — kz)* + (iy — k2)* —
— (ily — kx)* + (iz — kx)* —
— (iz — ky)* = 0.
Transform the first two terms
(iz — ky)* — (ix — kz)* = [(ix — ky)? +
+ (ix — k2)? Qix — ky — k2)k (z —y). (1)

By virtue of the equality x + y + 2z = 0, we get
2ix — ky — kz = 2i + k) x.
The expression in square brackets can be rewritten as follows
(22 + 2ik) 2% + k% (y® + 2P).
Thus, we have
(ix — ky)* — (ix — kz)* =
=k (2 + k) (y* — 2°) [(22 + 2ik) 2* + k* (y* + )] (1)
It remains to transform the following expressions
(iy — ka)* — (iy — ka)*, 2)
(iz — kx)* — (iz — ky)*. (3)
But it is easily seen that expression (2) is obtained from the
first one, already considered, by means of a circular permu-
tation of the letters x, y and z, i.e. when z is replaced by
Y, y by z, and z by x. Expression (3) is obtained from (2)
also through such a permutation. Therefore, there is no
need to repeat computations for simplifying expressions (2)
and (3); it is sufficient only to apply appropriate permuta-
tions to the result obtained. We then have
(iy — k2)* — (iy — ka)* =
=k (2i + k) (z2* — z?) [(2i® + 2ik) y® +
+ k2 (22 + z?)], (2')
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(iz — kx)* — (iz — ky)* =
=k (2i + k) (22 — y®) [(2i% 4 2ik) 22 +
+ k* (2* + y?)]. (3)
And adding expressions (1’), (2’) and (3’), we get
k(20 + k) {(2i® + 2ik) [(y® — 2%) 2 + (2> — %) y* +
+ (2 — y?) 2l +
+ Ryt — 2t 2t — 2t
+ 2t —y9} = 0.

2° At n = 0 the relation is obvious. Let us denote, for
brevity, the sum in the left member of the equality by

2 (x+ k),

and the sum in the right member by

2 (= + )™

At n = 1 we have to prove that

8z + Mk =8z + D1,

i.e. we have to prove that

Mk = 2L
Finally, we have to check that
Sk = L.

But
Dk=34+54+6-+9+10 4+ 12 + 15 = 60,

Nl =14+24+4+7+8+11 + 13 -+ 14 = 60.
At n = 2 we have to prove that
2@+ k=D (z+ D
i.e. that
822 + 2z D k + D k% = 822 + 20,1 + D I2,

And so, it remains to prove that

Zkz - leﬁ
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which is easily checked directly.
Likewise, to prove the last case (n = 3) we have only to

show that
M= B
14. The first idenlity is proved in the following way

(@+b+c+d+(a+b—c—d+

+@+c—b—d?*+(a+d—>b—c)P=

=[a+b) +(c+ PP+ [(a+ b)) — (c+ d)I* +

+l(a—b) + (c— I+ [(a —b) — (c — dI* =

=2(a+b62+2(+d?+2(@—0b2+ 2(c—d?=
= 2 [(a + b)%2 + (¢ — b)?] + 2 [(c 4 d)* +
+ (¢ — &) = 4 (a® + b + ¢ + &Y.

The second and third identities are also proved by a direcl
check with some preliminary transformations.
15. Rewrite our equality as follows

[(@+ b+ ) —(a* + 04+ A + [(b + ¢ — a)* —
— (a* + v+ M+ (e + a — b)* —
— @+ b+ +la+b—o)*—
— (a* + b* + Y] = 24 (a®b? + a®c® + bic?).
Consider the first term.
We have
(@® 4 0* + ¢® 4 2ab 4 2ac 4 2bc)® — a* — V' — ¢t =
= 6a’b? + 6a’? -+ Gb%® + 4ac (a® + ¢?) +
+ 4ab (a* + b?) -+ 4be (b? + ¢?) - 12a%bc +
+ 12b2%ac + 12c%ab.

The remaining terms are obtained from the first one by
means of successive substitutions: —a for a, —b for b,

—c for ¢. Adding the terms, we make sure that our identity
is valid.
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16. We have
s(s — 2b) (s — 2¢) + s (s — 2¢) (s — 2a) +
+ s(s — 2a) (s — 2b) = (s — 2a) (s — 2D) (s — 2¢) +
+ 2a (s — 2b) (s — 2¢) + s (s — 2a) (2s — 2¢ — 2b) =
= (s — 2a) (s — 2b) (s — 2¢) -+ 2a (s — 2b) (s — 2¢) +
+ s (s — 2a) 2a.

Transform the sum

2a (s — 2b) (s — 2¢) + s (s — 2a) 2a =
= 2a [(s — 2b) (s — 2¢) + s (s — 2a)] =
= 2a [(s — 2b) (s — 2¢) + (s — 2a) (s — 2b) +
+ 2b (s — 2a)] = 2a [(s — 2b) (2s — 2¢ — 2a) +
+ 2b (s — 2a)] = 2a [(s — 2b) 2b + 2b (s — 2a)] =
= 2a-2b [s — 2b — 2a] = 4ab-2¢ = 8abc.

17. Expanding the expression in the left member in
powers of s, we get

(a+b+c)s>—2s(@®+ b+ %)+ a®+ b+ 3 +
+ 28 — 282 (a+ b+ ¢) +
+ 2s (ab + ac + be) — 2abe.

Since a + b + ¢ = 2s, we have

283 — 25 (a® + b* + ¢ + a® + b® 4 3 + 28 — 4s® -
+2s (ab + ac + bc) — 2abec = —2s (a® + 1? + ¢?) +
+a* + b+ &+ 2s(ab + ac + be) — 2abe =
=a+b 4+ (a4 b+ ¢ (ab + ac + be —
— a%® — b* — ¢* — 2abe.

Directly transforming the last expression, we make sure
that it is equal to abc (see also Problem 20).
18. We have

(20% — 202) (20° — 2b%) = (a® + ¢ — b?) (B® + ¢® — a?) =

= ¢* — (a® — b?»?,



124 Solutions

Using a circular permutation, we obtain
(202 — 2b2) (20% — 2¢®) = a* — (b® — c%)?,
(20% — 2¢?) (20% — 2a®) = b* — (@ — a?)>.
Hence

4 [(0® — a?) (0% — b?) + (0% — b?) (0% — ¢?) +
+(0% — ¢?) (0% — a?)] = a* + b* 4+ ¢* — (a® — b?)2—

—_ (bz _ cz)z __ (62 . az)z — __a4 . b4 . 04 +
+ 2a20® 4 2a%c® + 20%% = —[a* — 2 (V® 4 cP)a® +
+ (¥ — ¢®)? = —[a* — 2 (B® — ¢?) a® +

+ (b — ¢)? — 4a’c?] = 4a%® — (a® — b® + ¢?)? =
= (2ac + a® — b + ¢?) (2ac — a® + V® — ¢?) =

=@a@a+b+c)(at+c=080((0db—a+c) (b+a—ec).
But
at+b+c=2s at+b—c=2(s—rc)),

at+c—b=2(6—0b, b+c—a=2(s—a)

and we see that the identity is valid.

19. We have:

(z+y+2°=2+y"+ 224322y + 2 +
+ 3y? (x + 2) + 322 (x + y) + 6baya.

Hence

@ +y+2°—2—y—2 =3 {2 + 2% + 4’z + y’z +
+ 22x + 2%y + 2zyz} = 3 {z («* + y* + 2xy) +
+2Z2@+y)+ay@+y}=3@&+y {z(z+y +
+2 oy} =3@+y @+ G+

Thus,

(+y+22—a>—yP* —2=3@+y (+2 ¥+ 2.
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20. We have
H+y+232=24+pP+2+3y(@+y+2 +
+3zz(x+y+2) +3yz(x+y+ 2)—
— 3zyz.
Consequently
B +yP+2 -3z =@+y+2—-3@+y+2 X
X (xzy + 224+ y2) = (x + y + 9 X
X (22 + y? + 22 — 2y — 22 — Yy3).

2. Put a4+b—c=2, b+c—a=y, c+a—0>b=
= z. It is readily seen that x +y + 2 =a + b + ¢ and,
hence, we have to simplify the following expression

(x+y + 2 — 23 — y® — 2.
On the basis of Problem 19 we have
+y+2—22—pP —2=3@@+y (@+2 (y+ 2
But x +y = 2b, x + z = 2a, y + 2z = 2¢, therefore,
@a+b4+cP—(a+b—¢—(b+c—a)P—
— (¢ + a — b)? = 24abe.
22. On the basis of Problem 19 we have
2 +yr+2=@+y+2°—-3@@+y (=42 @F+ 2.

Putting here x = b —¢, y =¢c —a, 2z =a — b, we find
r+y+2z2=0, z4+y=0>b—a,
z+z2=a—c¢, y—+2z2=1c¢—>ub.

[ 2

Hence

(b —¢c)2 + (¢ — a)® + (a — b)® =
=3 (@ — b) (a — ¢) (c — D).

23. Readily obtained from Problem 20. But it is possible
to use the following method

(a+ b+ c) (a® + b2 + ) = 0.
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since
a+b+c=0.
Hence,
A+ +c+aba+b) +ac(a+c¢)+be(b+¢) =0.
But
a+b=—c,a+c=—b, b+ c¢c= —a.

Now the required identity is obvious.
24. We have

(@a+ b+ c)? =0,
a® + b2 + ¢ = —2 (ab + ac + be).

Squaring both members of the latter equality, we get

(a® + b + ¢*)? = 4 [a®D® + a®c® + b2 + 2a%bc +
+ 2b%ac -+ 2c%ab]l = 4 [a®b? + a%c? + bic? +
+ 2abc (a + b + ¢)] = 4 [a®b® + a%? 4+ b3c2l.

On the other hand,
(@® + b® + )% = a* + b* 4 ¢t + 2 (a®b® + a%?® + bic?).
Hence
4 (a®b? + a®® + b%? = 2 (a® + b® + )% —
— 2 (a* + b* + Y.
Comparing it with the equality
4 (a®b? + a2c® + b?) = (a® + b2 + c2)2,

we get the required result.
25. Since

(a—b) +®—¢c)+ (c—a) =0,

the result follows immediately from Problem 24%.
26. 1° We have (see Problem 23)

a® + b 4+ ¢ = 3abe.
Whence

(@ + b + ¢®) (a® + b® + ¢® = = 3abe (a® + b2 + ¢?).
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Then, transforming the left member, we obtain
a® 4+ b® + ¢® + a??® (a + b) + a’® (a -+ ¢) +
+ b%% (b + ¢) = 3abe (a® + b® + c?)

or
a® -+ b® 4 ¢ — a?bic — a®c®b — b%c®a =3abc (a® + b + ¢?).
IHence
a® + b® + ¢® — abe (ab + ac + be) = 3abe (a® + b + cP).
But

—2 (ab + ac + be) = a® + b + 2.

Hence follows the final result.
2° The answer follows immediately from Problem 23 and 1°.
3° Let us write the relations

2 (a* + bt + ¢ = (a® + b% + ¢®)? (Problem 24),
a®> + b® 4 ¢ = 3abc (Problem 23)-
Multiplying these equalities, we find
2Ma” b 4 ¢ + a®b® (a + b) + a®c® (a + ¢) +
+ B33 (b + )] = 3abe (a® + b2+ N2
Hence
2[a® 4+ b7 + " — a®bPc — a®c*b — bPcPal =
= 3abc (a® + b?4} c?)?
or
2 (@ + b* + ¢") — 2abc (a®b? + a®c?* + b%c?) =
= 3Jabc (a® + b? + c?)2.
But

a?b?® - % -+ b — %(a2 B ¢)? (Problem 24).

Therefore
2 (@ + b7 4 ¢ = Z— abe (a® + b? + c?)2.

)

—

Using the result of 1°, we finally get the required relation
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27. For the sake of convenience let us introduce the sum-
mation symbol. And so, we put

k=n
o+ g4 ... Fop= k21 op.

Using this symbol, we can now write

R=n R=n

aby -+ asby 4 . ..+ anbn = D) apby = atby -+ kZ]z arby.

But it is obvious that

by = (by 4+ by + ...+ bp) — (b + b+ ...+ bpy)=

= Sp — Skp-1,

therefore our sum takes the following form

kh=n_ X h=n—-1 h=n
abi+ D) ap (Si—Se-t) = @b+ D) ansp— D) anspq+
R=2 h=2 k=3
h=n—1
—+ apSp — a98y = (@1 — A3) $1+ AnSn -+ kZ arsSy —
=2
h=n—1 h=n—1{

- kzz Ap4 1Sk = (ai - az) $1+ kzz (ak _'ak-H) Sk + @nSn =
= (a,— ap) 81+ (ag — as) So+ ... 4 (@n-1— an) Sn-1+ ansn.

28. Readily proved if we remove the brackets in the
left member and use the relation

n
a1+a2+...+an:'§°s.

29. Substituting into the given expression z' and y’
for x and y, we find that

A" = Ao® 4 2Bay + Cy?,
C' = AP® + 2BPpS + C8?,
B’ = Aap + B (a6 + By) + Cyd.

Making up the expression B’2 — A'C’, we easily check the
required identity. ~
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30 We have
i= n 1_—n
Z Pigi = J 2 Pi(1—pi) = Z pi — Epz-np— Z P},
smce
np =py+ pet+ ...+ p
Further
% pigi=np— 2, (pi = p+p)*=
= pn — ,a[( i— p)®+2ppi — p*l=np — Z i— p):—
1=1
—2p 21 pi-+npP=np— Z (pi— p)* — npt.
1= i=1
But
np — np®> = np (1 « p) = npg.
Thus, we get
P11 + pag2 + . . .+ ppgn = npg — (p1 — p)® —
—(P2—p)— ... — (o — D™
31. Indeed
1 1 1 1 L1 1
T =1 T3 3 ey on—1 "1

1 (2n—1)41 (2n—3 1+ (2n—1) .
T 2n { 1-2n—1) + 3 2n—— + + (2n—1)-1 }—

1 1
— o {Tto=rt+5+to=s T o tT)=

1 1 1 1
n (1 I 3 } 5 l e l 2n—1 ) :
32. 1° It is obvious that

sn=1 gt =

=m0 =)+ (5 —1)+
Ha=1)+- +(%—12)
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g Ak ik k
99 Sn:E-k" nsnzzf—_—i— S“(n— +1)
h=1 h=1 h=1

Hence,

nsnzn—}—( n:i - ngz —{—...—{—nj_1 )

33. Add to and subtract from the left member the iollo-
wing expression

(bt a)
We got
1—’;—4"13'—71?‘*”“"!“ 2n1——1 - 21n -
=(t+5+5t+tmo) (gt
(14545t Amor)+
(3 HTt - tm)- (3;+ +---+2in)——=
=1+’;"+%“+%‘+“'+ i1 T 2n -

1 1 1 1 1 1
——(1+7+—3—++_n—): n+41 + n-+ 2 ++_27
34. We have

( -1‘1)( 2“—1)(1+3a—1)°"x

X (1+ (2n—11)a—1 )(1—-2_”0%‘—1—):

 a(e—2)3a ... @2n—1) a (na—2)

T (e—1) 2a—1) Ba—1) ... Croa—1)

__t1ad-ada..@rn—)a2a—2)(4a—2) ... Cna—2)

— (a—1)(2a—1). . .(na—D[(n+ Na—1][(n +2)a—1]. . .[(n4n)a—1]
_ ta-dada...@n—a-(a—1) Q—i) ... \na—1)

C(n+1a—1] ... [(n+n)a—1] (a—1) (2a—1) ... (na—1)
1-a-3-0-9-a ... 2n—1)-a

[+ a—1] ... [(n4 n)a—1]

.2"‘—_:

2",
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But

n_ 12345 .20 ..
1.3.5 ... (2p—1)-2"= —5 e 2 on

1.2.3-4.5... 2

=" = (n+1) (n+-2) ... 2n,
wherefrom we obtain the required identity.

35. Let a <z <<a + 1, where a is an integer. Subdivide
the interval between a and a + 1 into n parts. Then z will
lie in one of these subintervals, i.e. we can find a whole
number p (0 << p << n — 1) such that

p+1
a-+ —f:—gx <a- :

n

Therefore
1 1 2
a2 <ot o <o 2EE,
a1 — a4 PP gy,
— 1
e 1<a+ T <at i,
at L oo a2
Hence
1 —p—1
e R e A e
— 1
[x+nnp]=...=[ + ]za—}-l
Consequently

17, —1
2]+ |24 |+ 2 =
=(n—p)a+p(a+1)=an+p.
On the other hand, from the inequality
p+1

n

atr<z<lat
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we get
an +p < nx<<an + p + 1,
hence,
[nz] = an + p,
and the formula is proved.
36. We have
cos (a + b) cos (a — b) =
= [cos a cos b — sin a sin b] X
X [cos a cos b - sin a sin b] = cos? a cos®? b —
— sin? a sin? b = cos?a (1 — sin® b) —

— (1 — cos? a) sin? b = cos® a — sin? b.

37. Expanding the bracketed expressions in the left
members, we easily prove the equalities.
38. We have

(1 —sina) (1 —sind) (1 —sinc) = .
__ (1—sin2a) (1 —sin?b) (1 —sin2 ¢)
(1-+sina) (14 sin b) (1+sinc)

cos2a cos?2bcos?c
= = cosa cos bcosc.
cosacosbcosc

39. Multiplying both members of the given equality by
(1 + cosa) (1 + cos B) (1 + cosy),

we get

[(1 + cos ) (1 + cos B) (1 4 cos y)I* =

= sin? a sin® P sin? y.
40. Using the formula
sinz cosy = % [sin (z + y) + sin (z — y)],

we get
2 cos (o + P) sin (@ — P) = sin 2o — sin 2,

2 cos (B + y) sin (B — y) = sin 2f — sin 2y

and so on. Hence follows the identity.
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41. Using the formula

sin x sin y =——%[cos (x — y) — cos (z + y)l,

we get the identity

(cos 2b — cos 2a) (cos 2d — cos 2¢) +
+ (cos 2b — cos 2¢) (cos 2a — cos 2d) +
+ (cos 2b — cos 2d) (cos 2¢ — cos 2a) = 0.

Let cos2b = o, cos2a = B, cos2d =y, cos2c = §,
then

@—PB(y—08 +@—=88PB—y +(@—1vy) OB —p) =
(@ —PB)(y—8) +@—y+y—08@B—1vy +
(@—v) (0 —B) =(x—P)(y—19) +
@—yVP—v+—08@B—1y +
+@—v0—p) =0

But (a—ﬁ)(v—6)+(v—5)(ﬁ—v) =(v—-<‘5)(a—v)
and (& — ) (B —y) + (@ —)-(6 — B) = (@ — y) (5 — y);
hence the required sum is equal to (& — vy) (y — 8) +
+(@—1v) @B —1y) =0

42. 1° Summing the first two cosines, we get
2 cos ycos (B — a); the sum of the second two cosines
yields 2 cos (@ + B) cos y. The further check is obvious.

2° Analogous to 1°.

43. We have

sin (A —l——f—) -+ cos (A —l—%) =sin (A+ —g—) +

-+ sin (—%—A——%)_—Zsm < €0s (—Z——A—-—z—) .

With the aid of a circular permutation we obtain (denoting
the transformed sum by S)

-——S-——cos( — A — )+COS

V2 %
—|-cos( —C— )__200( _A+5 B"LC)
B

4 2 8
XCOS(A;—B-{— gc)+81n(4 +C+"2‘)-

_I__
_l_

ToB—T)+
ki
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Making use of the relation A+B+C=n, we can show
that

o (32 in (§4-544).

Therefore we have

—T‘/%———ZSiIl (%—l—-%-—l‘——‘g—)cos( ;B+B;C) L
Facin (345 ) oo (F45+4) -
=2sin (g ) [oos () 4

J THE

44. Carrying out some transformations analogous to the
previous ones, we obtain the following result

. A . B . C A B C
sm—4——+sm—4—+51nT+cosT+cosT—l—cos—lk———-
Y 14 C T B 7 A
=4V Zcos (g +g) cos (g5 ) cos (g +5)-

45. We have
sin 2a = 2 sin a cos a,

sin 4a = 2 sin 2a cos 2a,
sin 8a = 2 sin 4a cos 4a,
sin 2" @ = 2 sin 2" g cos 2" a.

Multiplying term by term and dividing both members by
the product

sin 2a sin 4a . . . sin 2" 1a,

we get
sin 2" a = 2" sin a cos a cos 2a . . . cos 2" g,



Solutions to Sec. 1 135

whence
cosacosla ... cos2"“1a=—sﬂ—?rf— .
2nsina
46. We have
. 2m . I T . 4n . 2= 20
51nT5-—_2sm 15 C0S 7= s1n—15—=2sm—1?cos T
si _8_3'_[-__28. 47t co 4n ] 16n_2 . 8m ﬁ:i
n—g =28in oz C0s o,  sin —z =2 sin ¢ cos o
Multiplying the equalities and noting that sin—l—fi=
= —sin——, co —81——cos-7i‘— we find
= —sl—g, COST7E = 15 n
c Lcos-glcs 4Hc v _ 1
575 15 05 15 908 45 = o1 -
Further
con T .
S5 — 2
and
s'n—ﬁ—ﬂ——2' 3:1:00 3n ] 12n_2i_§g_cs_£ri
in—¢ =2 sin - €0s o, sin—z =2 sin oz cos o= .
Hence
c 3n 6n 1
0S =+ €0S —z= = 5

The rest is obvious.
47. We have

tan (A4-B) sin(A+B)cosA sin(2A4B)+sinB 3

tan A "~ cos(A+B)ysinA~ sin(244+B)—sin B~ 2 °

48. From the given relations we get
sin 2B = —g—sin 24,

3sin? A =1—2sin? B=-cos 2B,
hence

cos (44 2B)=cos Acos 2B — sind sin 2B =
= cosA-3sin2A——2— sin 4 sin 24 =0.
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49. We have
2 cosacos ¢ = cos (a+ ¢) + cos (a — ).

Consequently the expression under consideration is equal to
cos® ¢ -+ cos? (a + @) — [cos® (a + ¢) +
+cos (a + ¢) cos (a — ¢)] = cos? ¢ —
— cos? a cos® ¢ + sin? a sin? ¢ = sin? a.
20. We have, for instance,
a® + a'? + a"® = cos® ¢ cos® P + sin? ¢ sin® P cos? §
+ cos? @ sin® ) + sin? @ cos? } cos® § 4 sin® ¢ sin® §

(the doubled products in the first two squares are cancelled
out). Hence

a® 4 a'® + a" = (cos® @ cos*p + cos® ¢ sin® ) +
-+ (sin? @ sin® P cos? § -+ sin® ¢ cos® ¢ cos? 8) +
+ sin? ¢ sin? § = cos? ¢ +
-+ (sin% ¢ cos? § + sin? ¢ sin? §) = 1.

The remaining equalities are proved similarly.

SOLUTIONS TO SECTION 2

1. Rewrite the identity in the following way

3 (2p3 —¢3)3 3 3 (p® —2g3)3

R R N G Rk
It is evident that the right member can be obtained from
the left one by permuting p and q. Let us reduce the left
member to such a form, wherefrom it would be seen that
after the permutation its value remains unchanged. Then

the validity 8f the identity will become clear.
We have

?+q

' 3 313 3 3\3 9p3¢® 8 8 8
T ap PP+ 2P~} = e (PP + ¢ — 7).
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2. We have
(pf::q;3q3+ (p+a)* (—plz“}_ : )+ (i:lj:;q)
et (et ar)
- (p;:r—;))q;?; T (qu) <—113"+711—)2
— 2
- (pp 5(1 ;333 T p+3 Epi  (p 2P

1
p3¢3

X {p*—pg+q¢°+3pg} =
3. Grouping the last two terms of the sum, we get

2 q3~—p3 + 2 q—p

(p+9)* P3¢ (p+q)* p2g2
__2@=p o 2, __2(g—p)
(Pt 9t P3¢ (P*+4¢"+2pg) = (p+-9)2 p3¢3 °
Adding now the first term, we find
! q4—p4+ 2(9—p) _ 9—p
(p+q3  pigt (p+9)2%p3¢3  pig
4. We have to prove that
142 14y 14z 1
11—z 1—y 1—z
Replacing z by its expression, we find ez _ Since

1—=x —l-)_
y and z are obtained from z by means of a circular
permutation of the letters a, b, ¢, we have

1+y b
1—y ¢’
1—{—z__§_
1—z  a °

Hence, the required identity is obvious.
5. We have

a+b4c+4+d o¢—btc—d
a+b—c—d a—b—c+d °
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C A4+B C4+D
D then =% =%,
there exists the second of these equalities, then the first
one exists as well. Reasoning in the same way (putting
A=a+b+c+d, B=a+b—c—d, C=a—b-+t+c—d,
D=a—b—c-+ d, we find

But if % = and conversely if

a--b a—b a-t+b c+d
cxd  o—ad M T T =4 -
Hence
a ¢ a b
T3 T

6. The denominator has the form

bey® + bez? — 2bcyz + acz? -+ acx? — 2acxz + abx® +

+ aby? — 2abzy = c (ax?® + by?) + b (ax® + cz?) +

+ a (cz* + by?) — 2bcyz — 2acxz — 2abzxy =
= (a + b + ¢) (ax® + by?® + ¢z%) — %% — bPy® —
— a?x? — 2bcyz — 2acxz — 2abzy = (a + b + ¢) X
X (ax? + by* + cz?) — (ax + by + c2)%.

Since, by hypothesis, axr + by + ¢z = 0, the denominator
turns out to be equal to

(@ + b+ ¢) (ax® + by? + cz?),

and our fraction is equal to
1
a4-b4c °

7. Reduce to a common denominator the expression on
the left. The numetator of the fraction obtained will be
equal to

z?y22® (a® — b2) + b2 (22 — a?) (y® — a?) (22 — a?) —

— a® (2 — b?) (y® — b?) (22—b?).
It is obvious that

(a® — 2%) (a® — y?) (a® — 2°) =
= a® — (22 + y® + 2% at + (2% + 2222 + y2z?) a® —
— 2%y,
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Hence
(b2 — 2?) (b — y?) (b® — 2) =
= b8 — (a2 42+ ) b+
+ (222 + z22% + y%2%) b® — ay2zl.
Substituting these expressions into the numerator and

performing all the necessary transformations, we obtain the
required value of the fraction.

1 1 1

8. 8= (@a—b)(@a—c) + (b—a)\b—¢) + (c—a)(c—b) ~

Reducing the fractions to a common denominator, we have

1
So= (a—b) (@a—c) (b—c¢) {b—c)—(@a—c)+(a—b)}=0,
a b c
Si= (a—b) (a—c) + (b—a) (b—c) + c—a) (c—0) -
1

= GTH 90— {a(b—c)—b(a—c)+c(a—b)}=0,

al b2 c2
Sy =

(a—b)(a—c) + (b—a) (b—-c) + (c—a) (c—b)
1

= e —ap—g @bt la—c+ia—b}

Consider the numerator.
We have

a®(b—c) —b2(a—c)+c%(a—0) =
=ab(a—b) —c(@®—b)+c(a—0 =
=(a—>b(ab—ca—cb+ ) =
=(@a—0bla(d—c)—c(b—c)l=
= (a— by (b—2¢c) (a — ¢,

wherefrom it follows that S, = 1. §3, §, and S5 can be
computed analogously, but we shall proceed here in a some-
what different way.

It is easily seen that there exists the following identity

(z—a)(x—Db) (x—c) =2 —(a + b +c)a® +
+ (ab + ac + bc) x — abe.
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Putting, £ = a, x = b and x = ¢, in turn, we get the fol-
lowing equalities
a® —(a+ b+ c)a®+ (ab + ac + be) a — abe = 0,
B —(a-+b+c) b2+ (ab + ac + be)b — abe = 0,
A —(a+ b+ c)ec®+ (ab + ac + be) ¢ — abe = 0.

Further, divide the first of them by (¢ — b) (a — ¢),
the second by (b — ¢) (b — a) and the third by (¢ — a) X
X (¢ — b), and add them term by term. Then

Sz3—(@a+b+¢)Sy,+ (ab + ac + be) §; — abec Sy = 0.

But since it is known that S, = §, = 0, §, = 1, we have:
S3 = a ‘+‘ b + c.

To compute S, let us take the preceding identity and
multiply its members by z. We obtain

z2@x—a)(z—b(x—c)=2*—(a+ b+¢c)2®+
+ (ab + ac + bc) 2 — abex.
Proceeding analogously, we find:
S,—(a@a+b+c¢)Ss+ (ab+ ac + be) S — abe S = 0.
Hence
S, =@+ b+¢c)S3— (ab+ ac + be) S, =
=(a+b+0)?—ab— ac — bc =
= a?® -+ b* + ¢* + ab + ac 4+ be.

Likewise, for computing S5 (multiplying the original iden-
tity by 2?), we find

Sy —(a+b+¢)S,+ (ab + ac + be) S5 — abe S, = 0.
Consequently
Ss =(a—+ b+c)(a®+ b*+ c® + ab + ac + be) —
— (ab + ac + be) (a + b + ¢) + abc =
= (a+ b+ c)(a® 4+ b? 4 ) + abc =
= a3 + b + 2 + a’b + a%c + b%a + bic 4+
-+ c%a + ¢?b -+ abe.
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9. This problem is solved analogously to the preceding
one. Namely, the equalities Sy =8, =8, =0, §3 =-1
are established by a direct check; and to compute S, we
may resort to the following identity

(x—a)(z—Db)(x—¢c)(x—d =
=z —(a+ b+ c+d 2+
+ (ab + ac + ad + bec + bd + dc) 2?2 —
— (abe + abd -+ acd + bed) x + abed
Hence

S, =@+b+ct+d S3=a-+b+c-+d
10. Put as before

am pm cm
Sm -

T (a—b)(a—c) + (b—a) (b—c) + (c—a)(c—b) °

Let us take the first term of our sum o,, and transform it

m (@+b)(atc)  (a+b4c)am+lfam-l.abc
a (a—b)(@a—c) (@a—b) (@a—c)

Making use of a circular permutation, we get similar
expressions for the second and third terms of o,. Adding
now all these terms, we find: 0, = (@ + b 4+ ¢) S+t +
+ abc §,,_4- Hence (after some transformations)

op=(@a@a+b+4¢c)Sy+abcSo=a-+b+c
(SZ=19 So=0),
o, =(a+b+¢c)Ss-+abcS = (a+ b+ c)?
since S3=a + b + ¢, §,=0,
o;=(a+b+c¢c)S,+ abc S, =
= (a + b+ ¢) (a® + b* + ¢ + ab -+ ac + be) + abe,
o,=(@a+b+¢) S5+ abc S5 =
=(@a+b+c)l(a+ b+ c)(a®+ b® + ) + 2abcl.
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11. Transform the left member of our identity in the
following way

(a—a)@—f)e—y) , (b—a)(b—P) (b7
abc{ @a—0) (a—bd)(@a—rc) + (b—0) (b—a) (b—rc) +

+ (c—a)(r—P)(c—7) 4 0—a)(0—F)0—7)  aby
(¢c—0) (c—a) (c—b) (0—c¢) (0—a) (c—b) abc f°

Consider the first four terms of the sum in braces. Expand-
ing the numerator of the first term in powers of a, we get

> — (a4 P+ v) a®+ (af + ay + By) a — afy.

Performing an analogous operation with the remaining
three terms and adding them, we find that the sum of the
first four terms is equal to

Sz — (@ + B+ y) Sz + (@f + ay + By) S1 — afySo,

where S is the known sum (see Problem 9, where it is neces-
sary to put d == 0). Proceeding from the results of this
problem, we find that the sum of the first four terms under
consideration is equal to unity, and, consequently, the
sought-for expression takes the form

abe {1 b = abc —afy.

abc
12. Consider the following sum:
Sy = o + b +
YT e—Ble—v(@—8 " B—a)B—y)(B—0)
) Y4 + 64
P = 0—Bh =8 | - 0—B =7
From Problem 9 we have: S, =a + f + y + 8. Put a =
= abe, P = abd, y = acd, 8§ = bed. Then
ot adbdct
(@—Pp) (@—y) (@—0)  (abc — abd) (abc — acd) (abc —bed)
a2b2c2
~ (c—d)(b—d) (a—d)

Using a circular permutation, we get analogous expression

for the remaining three terms. Thus, the given identity
is proved.
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13. 1° Transform one of the terms in the following way:
1 1

ab  ac
(+-%) ()
1
1 (_a")

1 1
abc (_(11__ 1 ) (7“_"5‘>
Then the required sum is equal to

1\2

; { (=)
U9 (=)

1
a(a—>b)(a—c)

1
a

But (see Problem 8) §, = 1, and, hence, we get:
1 1 1 1

a@—b)(a—c) T b((b—c)(t—a) + c(c—a)(c—b)  abe ’

However, this result can be obtained in a somewhat diffe-
rent way. Let us consider the four quantities: a, b, ¢ and 0,
and form S, for them.

We then have

1 1 1
So = a(a—b)(a—rc) + b(b—a)(b—rc) + ¢ (c—a)(c—b) +

1
t g o—no—9

since Sy = 0. Hence we get the previous result.
2° Likewise the sum can be transformed as

()’
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And so
1 1 1
a2 (a—b) (a—c) + b2 (b—a) (b——-c)+ c2 (c—a) (c—Db) -
ab-+ ac-+be

a2b2¢2

A similar method can be applied when computing other
sums of the form

1 1 1
ak (a—b) (a—c) bk (b—a) (h—c) ¢t (c—a) (c—b)
14. We have '
ak bh
o @—0@—a T 0—at—a06-2 T
ck zk
T e—he— T e ae he—g
at k=1 and at k=2 (Problem 9).
Hence
ak bk
CohE—aG—a T Go—ab—aE—b T
et — o k=1, 2
t a9 - eoae—ne—g =L

15. We have

b+c+d _ (atbtcefd—x)f(z—a)
(b—a)(c—a)(d—a) (z—a) = (b—a)(c—a)(d—a)(z—a)
1
=@dbtetrd—a) T e—a
1

+ (b—a)(c—a)(d—a) °

Applying a circular permutation to the letters a, b, ¢, d
and adding the expressions thus obtained, we find that
the sum in the left member is equal to

1
(a+b-}-c—{—d——x){ (a—b) (a—c) (a—d) (a —x) +

1 1"
+ (h—a)(b—c)(h—d) (b—u) + (c—a)(c—b) (c—d)(c—x)

\ 1 }
T A= @d—b[d—ad—a) |
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since the second sum equals zero.
It remains only to make sure that
1 + 1 N
(@a—b)(a—c) (a—d) (a—x) (b—a)(b—c)(b—d)(b—2z)
, 1 1
T (c—a)(c-—b) (c—d) (c—ux) + (d—a) (d—0b) (d—c) (d—.u) -
1
teoee—ae—a ~
It is possible to reduce these fractions to a common deno-
minator and, on performing necessary transformations in
the numerator, to obtain zero. But we can, however, proceed
in a different way.
Multiplying the left member by (a — z) (b — 2) (¢ — z) X
X (d — x), we get

1
(a—b) (a—c) (a—d) (b——x) (C—x) (d——x)+
1
+ (b—a) (b—c) (b—d) (@a—2z)(c—x)(d—x)+
1
- (c—a) (c—b) (c—d) (@—z)(b—2)(d—ux)+
1

+ Ty E—e @ b—2)(c—2)+1.

It is obvious that we deal with a third-degree polynomial
in z. It is required to prove that it is identically equal to
zero. For this purpose it is sufficient to show (see the beginn-
ing of the section) that it becomes zero at four different
particular values of z. Replacing z successively by a, b,
¢, d, we make sure that our polynomial vanishes at these
four values of x, and, consequently, it is identically equal
to zero.

16. Transposing z? to the left, we get there a second-
degree trinomial in 2. To prove that it identically equals
zero it suffices to show that it becomes zero at three diffe-
rent values of z. Putting x = a, b, ¢, we make sure that
the identity is valid.

17. Solved analogously to the preceding problem. How-
ever, Problem 16, as well as this one, can be solved by making

use of the quantities S, (see Problem 8 and the following
ones).

10—1225
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18. Put

a—>b b——c_ c——a_z
c I b

The left member of our equality takes the form

1 1 1y y+z x+z |, -ty
(@+y+2) (v +5+7) =3+ 5+
Consider the fraction yi'z. We have
y+z (b—c . c—a c ¢ b2—bc-ac—a%
x —( PR )°a——b~a—b' ab -
b2—a2—c(b—a) c
=>=%" ab( =y (—a—bto)=
2
=—a%(—a-—b—c+20)=—i-cb—,

since a4 b4 c=0. Using a circular permutation, we find

2 2 2
y+z+x—!—z+x—{—y:20 _L_Za +2b 2 a3—{—b3—|-c3).

z y z ab ' bc ac ——abc(

But if a4+ b+ ¢ =0, then a® + b + ¢ = 3abc (see
Problem 23, Sec. 1). Consequently

y+z , z+z , -ty
z + Y + z == 67

and the equality is solved.

19. Miltiplying the given expression by (a + b) (b + ¢) X
X (c+a), we get (@a—b(a+c)(b+¢c)+ (a+¢) X
X (a+b)(b—c)+(a+b)(c—a)d+c)+
+ (@ — b) (c — a) (b — o).

This expression is a second-degree trinomial in a which
becomes zero at a = b, a = ¢ and a = 0 and, consequently,
is identically equal to zero, i.e.

a—b b-—c+c—a (a—by(b—c)(c—a)
a+b " bte ct+a ' (atby(b+c)(cta)
We assume here b 5= c. If b = ¢, then it is easy to make

sure directly that the identity holds true.
20. We have

b—ec  (b—a)t(a—c) 1 1
(@—b) (a—e¢)  (@a—b)(a—c)  a—b a—c °

0.




Solutions to Sec. 2 147

Treating the remaining two terms in a similar way, we
arrive at the proposed identity.

21. Answer. 0. Solved analogously to Problem 19.

22, It is required to prove that

dm(a—b) (b—c)4bm (a—d) (c—d) b—d _

cm (a—b) (@—d)+-am (b—c) (c—d) a—c 0.

Reducing to a common denominator, let us prove that
the numerator equals zero. However, if the numerator
is divided by the product (¢ — d) (a —c¢)(a —d) (b —¢) (b —
—d) X (¢ — d), we get the following expression

am bm
Y P e S e s e
cm dam
T e—h =0 T @—a@—0@—0
At m =1, 2 this expression is equal to zero (see Problem 9).
23. Let us first prove that

j_Z 2ema)  sl—a)E—a)

aq e 210 ) 10203

gy rE—ay)(r—as) ... (—an_q)
+(=1) Qg - - - Op _—

_ n (@—oay)(z—ag) ... (r—op)
=(=1) 040y - .. O ) (+)

Likewise, it is evident that the second bracketed expression
is equal to

(ttoy) (z+ag) ... (24 ap)
QUoLg - - - Ol ’

And the product of the bracketed expressions yields

iy (#2—a}) (22—ad) ... (x2—al)
(—1) : ocfa%..z. ai )

Replacing here z by 2® and a; by a and applying the
equality () in a reverse order, we get the required identity.
24, Given

(B )+ (S5 +

a2 4 b2 ¢2

+(T+1)=0' (*)
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The first bracketed expression is equal to

(b—c)2—a? (b—c——a)(b—c a)
2bc 2bc )

the second to
(a—c)2—b2 (a——c-—b)(a—c—} b)
2ac 2ac

Likewise, the third one takes the form

(@4b)2—c2 (a+b+c) (a+b——c)
2ab 2ab

Consider the sum of these expressions

_latb—0te=b) (atb—c)lcib—0)

2bc 2ac
(a+-b—c) (a+b+c)
+ 2ab
at+b—c
=———{c@+b+ c)—b(c+b—a)—a(a+c—0b)}=

2abc
__ (@a+b—c)(c+a—b)(c—a+Db)
- 2abc )

Thus, we are given that

(a+b—c)(@a+c—b)(c+b—a) -0
2abc 7

wherefrom follows that at least one of the factors in the
numerator equals zero. Suppose a + b — ¢ = 0; then all
the three bracketed expressions in the equality (x) are equal
to zero, and, consequently two of the given fractions are
equal to 1, while the third one to —1. The remaining
two possibilities yield the same result.

25. Reducing the original equality to a common deno-
minator and cancelling it out, we get (after some trans-
formations)

(@+d) (a+c) (b+c)=0. (1)

But the second equality (which is to be proved) can
also be reduced to the form

(@"+b") (@"+4c™) (" + ") =0. (2)
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It is quite obvious, that with an odd n’ equality (2)
follows from (1), since if, for instance, a4 &=0, then
a=—>b and a"+b"=a"+(—a)"=a"—a" =0.

26. Rewrite the given proportion in the following way

(bz+cy)yz  (cataz)zz  (ay-+bx)zy
—ar -+ byd-cz~ ar—bytcz azxtby—cz °
. A € E A+C
But from the proportion FT=p=7F follows BTD =

_C+E _ALE (... A
= CD‘{"F =BT (1t is easy to check, putting - =

=—D—=—§—=K and expressing A, C and E in terms of A,

B, D, F) .
Therefore we have
c(z2+y%)+2(extby)  a(z®+yY) 4 z(by+tea)
c a
__ b (2% {-22) 4y (cz4-ax)
— 7 .
Subtracting 22 + y? + 2z% from each term of this equality,
we get

z(az+-by—cz)  z(by+tcz—az)  y(cztax—by)
c - a T b )

Take the original equalities
ay -+ bz . bz -+ cy cx+az

z(az+by—cz) z(—aztbytcz)  ylaz—bytecz)

Multiplying these equalities, we find
ay—+bx  bzdcy _ cx+az

¢ — a T b

Hence
¢ = (ay + bz) p,
b = (cx + az) p,

a = (bz + cy) p.

Multiplying the first of these equalities by ¢, the second
by b and the third by a, and forming the expression b® 4
+ ¢ — a?%, we find b® 4 ¢ — a® = 2pbez.

Analogously, we get

¢® 4+ a® — b® = 2pcay, a® + b® — c* = 2pabz,
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Hence, finally

x . y . Z
a0 c2—a?) b2t 2—b%) | c(a®ibi_cP)

27. Since a + b + ¢ = 0, we may write
(@ + b+ c) (ae + bf + cy) = 0.

Expanding the expression in the left member, we find

a*a + b*p + c*y + ab (o + B) + ac (@ + y) +

+cb (B + v) =0.
But a +p=—y, a4+ vyv=—8, p+ vy = —a, therefore
a’a + b2 + cy — aby — acPp — cba = 0, or a?a + b%p +
+czy—abc(% —!——[2- +—ll) = 0, and since% +% -+ —} =0
(by hypothesis), we have: a’a + b?f + c*y = 0.

28. From the equalities

(b2 4+ c2 —a?)x = (2 4+ a® — b®) y = (a® + b2 — c?) z
follows

z _ Yy . z
1 o 1 —_ 1 *
b2+02_a2 62+a2_b2 a2+b2__cz

Put for brevity
b2+ ¢ —a?=A4, 24+ a>—b*=PB,a®+ b2 —c®=_C.

It is evident that our problem is equivalent to the follow-
ing one: if the equation 2 + y® 4+ 28 = (x + y) (x + 2) X
X (y + 2) has the solution

x=a, yYy=>=b, z=c,
then it also has the following solution

1 1 1

rt=7g» ¥=7p» 2=7-

We know the following identity (see Problem 19, Sec. 1).
+y+2P—2—pP —22=3@+y) (+ 2@y + 2.
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Using this identity, we can easily prove that the equalities

B4 yyP 42 =@+ y (=4 2 (y + 2), (1)
+ty+t2P=40+yP+75) =

=4 +y (@x+2)Hy+2, 2

+y—2)(@+2z2—y) (y+2z—2) =—bzyz (3)

are equivalent, and the existence of any of them involves
the existence of the remaining ones. Thus, it is sufficient
to prove that

(+5+7) =4 (x+7) (7+7) (F+7)
i.e. that

(AB + AC + BC* =4 (4 + B) (4 + C) (B + C)-ABC.

But
A+ B =2 A4+ C =2b, B+ C =2ad%
Therefore we have to prove

(AB + AC + BC)?® = 32a%b%*-ABC.
Let us first compute 4B 4+ AC + BC, and then ABC.
We have
AB + AC + BC = A (B + C) + BC =
= (b2 + ¢® — a?) -2a® + [a® + (B — )] X
X [a? — (b* — )] = 2a%b® + 2a%? — 2at +
+ at — bt — c* + 2b%?® = —at — bt — * +
+ 2a%b? + 2a%c® + 2b%® = 4a?b® — (a* + b* — ¢?)? =
=@a—b+e)(—a+b+c)a+b—c)(a+ b+ o).
By virtue of equality (3)
(@a+c—b(b-+c—a)(a+ b—c) = —4abec.

Therefore
AB + AC + BC = —4abc (a + b + o).



152 Solutions

Compute ABC. Put

a® + b? + ¢? = s,
then

ABC = (s — 2a? (s — 2b% (s — 2¢% =
= — 2 (a® + b% + ?) s® 4 4 (a®b* + a’c® + b**) s —
— 8a?b%*? = 4 (a*b® + a%?* + b2%c?) s — s — 8a?b’c* =
= s {4a*b? + 4a’? + 4b%* — (a® + b® + )%} —
—8a?b??® = — s {a* + b* 4 ¢t — 2a?b? — 2a%c* —
— 2b%*} — 8a?%* =s(a-Fc—b)(b+¢c—a) X
X (@a-+b—c)(a+ b4 c) — 8a%b%* =
= —4abc (a + b + ¢) (a®* + b*> + ¢*) — 8a?b*%® =
= —4abc {a® + V® + A+ a?(b+¢) + b (a + ¢) +
+ ¢ (a 4+ b) + 2abc}.
But
@+ba+ec)d+c)=a*b+c) +
+ b% (a + ¢) + ¢% (a + b) + 2abe.
Therefore, by virtue of equality (1), the bracketed expres-
sion is equal to 2 (a® + b® + ¢%).
But, by virtue of equality (2),

2(a3—{—b3—|—c3)=%(a—{—b—|—c)3.

Therefore ABC = —2abc (a + b + ¢)3.

But, as has been deduced, AB + AC + BC =
= — 4abc (a + b + ¢).

Therefore,

(AB 4+ AC + BC)® = 32a?b%**-ABC.
29. 1° We have:
P, =a,P,y + P,y P,—P,,=a,P,,
On = a,0n1 + OQnozy On — OQnoz = a,0n_y.

The left member of the equality in question is transformed
by the following method

Pn+2_pn Pn+1—Pn—1 —a pn+1 Anat L) At
. - + ——— ——— e .
Pn Pn+1 2 Py n Pn+1 ntetEnt
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We get quite analogously that the right member also
yields a,,+{-a,+,. Thus, the identity is proved.
2° We have

Py Ppy  PpOpy—OQpPrg (=11

Qr  Qr-1 QrOQk-1 ~ QrQr—y
Putting here £k =1,2,...,n and adding termwise, we
obtain the required result.
3° We have

PrisOQn_a — Py _30nt2 = (an+2Ppt1 + Py) On_s —
— P 5 (On+18pt2 + On) = @iz (PnytQnog — PusaQnsy) +
+ P,Qn_s — P50, =
= apt2 {(@n+1Pn + Pry) Onos— Ppop (@041Q0n + Onn)} +
+ (@ Proy + Ppp) Onz — Pp_s (2,00 11+ 0n-2) =
= Qpt10pt2 (PrOn_s — Pr_20n) +
+ @pio (ProyQnoz — Py _20n 1) +
+ a, (Pp_On-2 — Py _20n 1) =
= Qpt1n+2 {(@nProy + Pr_g) Onoz —
— Pr5(a,0n1 + Qud)} + @i —1)" + @, (—1)" =

= (an+20n+1an '+' An+2 + an) (_,1)n

4° It is known that P, = a,P,_1 + P,_,. Therefore

P, P,_s 1 1
=) = a = a —
Pn_ nt- Py n Py n Tt an_1Ppn_o+Pn_3
Pn-—2 Pn—z
, 1 1
= q =a
n a 4+ P,_3 n+an—l+'_ 1
n-1 Pn—2 . + ) —'_ PO o
2 Pl
- an-1 +'. 1
-+ 1
aH“—"l;
On

The expression for is found in a similar way.

Qn—i
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30. On the basis of the results of the preceding problem
we have

Py

P
P - (am An-1y -+, aO) Z(’lo, Ay - .., an) ="

Qn -

Consequently, P, ., = Q,.
31. We have to prove that

P121+1“‘Pn-1pn+1=PnPn+2_Pﬁs
or
pn+1(Pn+1_pn_1) :Pn(pw}-z - Pn)-
But

Ppyy= aP, + P4, Pris = aPpyy + P,.
Consequently,
Ppiy — Ppy = aPy, Pris — Py = aPpyy.

Hence, follows the validity of our identity.
32. By hypothesis

e 1 P, 1
T (@b, ...y la,b, .., Qp  (a,b, ..., 1
Or )
sty
UREEL
Thus, z is obtained from 0— if 1 is replaced by I
n

Pp _Wn_y+ Pny
Qn lQn—i +Qn—2 |

s JP&L) PrttPre  piQudPuPuy
( On )On 1+ Ons Q%+ PpQny

33. It is obvious that at £ = 0, 1 our formula holds true.
Assuming that it is valid at £ = n — 1, let us prove that
it takes place also at ¥ = n. And so, we assume

—_ Pn—i
bo+ 3 b + .  On-t

Therefore

+——— in this fraction. But

xr =
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However, according to the rule for composing P, and Q,
we have

Pny _ bnyPno+an_1Pns

Qn-1 bpn-1Qn-2+an-1Qn-3 °’
where P,_s5, Pn_3, Qu_3, On_3 are independent of a,_; and
bn_1.
On the other hand, it is clear that the fraction

bo+
+ an—1 a,
bn-1 _’__6;'
is obtained from the fraction
bo+
’ + An—1
+ bn-i

by replacing b,_, by bn_i—{—‘;—” .
n

Therefore
a

(bn—l + ﬁ) Py o+tan_4Py_3
aq n —
bot 3 + . = Z =

. an-1 a (bn—i + -b—) Qn-2+an_1Qn-3

"t Fan n
n-1 b
n
an an
bp-1Pn_2 +an—1pn—3+ P Pn—1+_ Pn—z

bn—ion—2+an—10n—3+ b Qn-2 Qn—1+ Qn 2

— ann—1+an n-2 __ Py
bnQn-1+ anQn—2 Qn

34. Denoting the value of our fraction by g-’l

, we have
n
Pi =T, Qi =T + 17
P,=r(r+1), Q:=r*+r+41.
Using the method of induction, let us prove that

r‘n+1__'1
F L e
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At n = 1 these formulas are valid. Assuming their validity
at » = m, let us prove that they also take place at n =
=m + 1.

We have

Pm-H = bm-HPm + am+1pm—l-

In our case we find

r 1 9 rm-i.__i rm+1__'1

m__
r—1 r r—1 r r—1

Pm+1:(r'+‘1)r

Analogously we obtain that

rm+2__1
Qm+1=——r—_j— .
35. Put
1 1 1
Ur N
Then we find
ug
Lr— —
g s R
Therefore
1 1 1
wt =
T Uy
Further
1 1 1 1 1 1
R
where
b u?
2 uj+ ug+-Io
Thus
1 1 1 1 1
TN g 3
|—— Uy !
Uy + ug -+ o g g — — qu
2 3

Using the method of induction, we also get the general
formula.



Solutions to Sec. 2 157

36. Let us denote the fraction

aq a
- 2
T gyt

an
bn
P, .
by %, and put the fraction
Qn
C1% cic0n
16292
Cibi +"E2b'_2+ . Cn—-1Cnln
cnbn
) 244 . . P, P;,
equal to o It is required to prove that —=—6,—for any
n n n
whole positive n.
We have
Py ag Py ayhy i
Qr by’ Q2 bbgfay’ 77
P  ciay Py cycpayby

Q1 ciby 7 Qi cqea(bbetag)’ T

We may put P1 = a4, 01 == bi’ 1)2 = aibz, 02 = b1b2 + as,
and then the following relations take place (see Problem 33)

Py = bn-Hpn -+ an-Hpn—h

Qn-H = bn-HQn + an+iQn—1-
Put

P, = ciay, P, = c1c2a1by;
Q{ = ¢1by, O; = ¢1¢9 (b1by -+ as)
Let us prove that for any n we then have
Py = ciey...coP,, On =cicy...c,0,.
Let us prove this assertion using the method of inductlion,
i.e. assuming its validily for a subscript smaller than, o
equal to, n, we shall prove the validity for the subscript

n+ 1.
We have

Pn+1 = Cn+1bn+ip;l + cncn+—lan+1P;t -1
On+1 = C:z+1bn+1QN‘1‘c:Lcn Han—HQ;l—i-
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Hence (with the asumption)
Pnyy = cppabppicics o o cnPy +
+ Caln+1Qn4+1C€1Co « .« . cn—ipn—l =
= ¢1C3 + -« Cppt (Bpt1Prn + @ui1Pry) =
= €1 - - - Cnt1Pr1y
Likewise prove that
01,1+1 = €€y . . . Cn+10n+l-

Now it is easy to find that

Pn _ P
Qn  On°
37. 1° Put
2008 —5—r =-g—".
' 2cosz—-., _ 1 "
2cosx
We have ‘
Py
—==2C0S Z.
Q4
Therefore we may put
__sin2z 0 __sinz
1™ sinz ° 1™ sinz -
Further
Py 9 oS 7 — 1  4cos2z—1
Qs 2¢0sz  2cosx
Consequently, we may take
> __ Sin 3z __sin2r
Pa= e C=5nz -

sin(n41) 2 sin nx
Let us prove that then P, = —mr Q= s

Assuming that these formulas are valid for subscripts
not exceeding n, let us prove that they also take place at
n + 1. We have (see Problem 33)

for any n.

sin(n+1)z sinnz 1 )
Pryy=2cosz sin z sinz _ sinz o (n+2)=.
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sin(n+1)z

T, and there-

In the same way we find that Q=
fore

P, _sin(nt1)z
Q, sinnz

for any whole positive n.
2° Let us denote the continued fraction on the right by
Pp

We have to prove that
Qn

Qn 1+b2+b2b3+ ...+b2b3...bn.

We have
Py _bptt

T’ 0, 1

P1
Q1

Therefore we may take: P, =1, Oy =1, P, = by + 1,
Q, = 1. Then, using the method of induction, it is easy
to prove that

P, =1+ by, + bybs+ ...+ bybs...b,,
On =1,
and, consequently, our equality is also true.
38. 1° We have
sina+4sinb+sinc=sin(a+b+¢) =
= (sina-sinb)+ [sinc—sin(a+ b+ c)|=

. —b
=2sma'2{_bcosa2 — 2 sin —— F osg%igf_—.
. b —
:zsmeir_(cose_f_cosfzb_Jr%s):
2 2 2
. .. a+b . at+c . b+c
=4 sin 5— Sin —— sin —— )

2° Analogous to the preceding one.
39. Consider the sum

tan a + tan b + tan c.
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We have
sin (a4 b) +sin c

tana+tan b+ tanc= cosacosb ' cosc

__sin(a-} b)cosc4-sinccosacosb
- cos a cos b cos ¢ T

__sin(a-}-b) cos c4-cos(a-}-b) sin ¢ —cos (a-+-b) sin c}-sinccosacosb
- cos a cos bcos ¢ _

__sin(a+b+4-c)+sinc[cosacosb—cos(a{b)]
o cos a cos b cos ¢ T

__sin(a+b+c)4sinasinbsinc
o cosacosbcos ¢ )

Hence follows the required equality.

40. The equalities 1°, 2° and 3° are easily obtained from
Problems 38 (1°, 2°) and 39 puttinga = A, b =B, c =C
anda+b+c¢c=A4+ B+ C = mn.

Now let us prove 4°. Rewrite the left member in the follo-
wing way

A B C A B
S=tan—2—tan—2—+tan?(tan7—l—tan 7) .
But since
A+ B-+C=m,
we have
c n A+B\ A+B 1
lan - = tan (—2————2—)—cot 5 = y
tan
2
Hence
A B tan—‘/zl—qL tan—?
S=tan§—tan _2_+ A1 B :'1,
tan
2
since
A B
t A+B tan—;z—-}—tan—z-
an —5— = y T -

1—tan§- tan 5
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o° Indeed
sin 24 -+ sin 2B - sin 2C =
= sin 24 + 2 sin (B + C) cos (B — C) =
=2sinAcosA + 2sind cos (B —C) =
= 2 sin 4 [cos A -+ cos (B — C)] =
= 4 sin A sin B sin C.
41. 1° It is necessary to find how a, b, and ¢ are related if

a . b . ¢
— sin —= sin —=20.

cosa-cosb+cosc—1—4sin 5 5 5

To this end let us reduce the left member of the equality
to a form convenient for taking logs, i.e. try to represent
it in the form of a product of trigonometric functions of the

quantities a, b and c.
We have

. b —b
cosa+cosb=2cos%——cos f_z__:

. 2 @ 2_?__ s @ . 2_2_
=2 (cos 5 €0s® = — sin® 3 sin 2),

K c
cosc—1= ——2sm2§-.

Therefore the left member takes the form

28 2b 908 00 o .o C
2 cos 5 €0S” 5 2 sin 5 Sin® 3 2 sin 5

——4sinisin—b—sin L.
2 2 2
b . . o b . . .
=2 l'cosz—g-cosz;-— (st%smz—z— + 231n—;- sin % sm—g-—l—
inz S\ ] = 22 2_’1__(-1'£~-_°_2¥
-+ sin 2)]——2[005 5 C0S* sin < sin o +sin 2) ]_
a b . a . b . c
—2[(005 E—cos—§+s1n751n-2—)+sm7]><

><[(cos—a—coi sin - i b in— | =
5 Sz——' 1 —Q-Sln*g') -—-sm—é—]—

o a—b . C a-t-b . oCc\
=2 (cos T—[—sm?) (cos —2———sm—2—)ﬂ



162 Solutions

2 [eon 5 on (3 §) ] oo 5 con (3—5) |-

n-+b+ c—a sin n+atc—>b
4 4

X
n-*_aj;b_csin a+b{l;c—n .

By hypothesis, this expression must equal zero and, conse-
quently, at least one of the factors must be equal to zero. But
from the equality sin & = 0 follows a = kn (where % is
any whole number). Therefore, among a, b and ¢, satisfving
the original relationship, there exists at least one of the
four relationships

a+b+c=l4k+1)n, a+b—c= 4k —1) =,
a+c—b= @4k —1)n, b+c—a= 4k —1)mn
2° We have (see Problem 30)

tana-t+tanb-}tanc—tanatanb tanc=

= — 8 sin

X sin

sin (a4 b ¢)

cosacosbcosc ’

By virtue of our conditions
sin(a+b+¢)=0and a + b+ ¢ = kn.
3° Transform the original expression. We have

1 — cos2a — cos® b — cos?2c + 2 cosacosbcosc =
=1 — cos?a — cos® b — (cos®c — 2 cos a cos b cosc +
-+ cos? a cos® b) + cos’acos? b =1 — cos®a — cos? b —
— (cos ¢ — cos a cos b)? -+ cos® a cos® b =

= (1 — cos? a) (1 — cos? b) — (cos ¢ — cos a cos b)? =
= (sin a sin b — cos ¢ + cos a cos b) X

X (sin a sin b 4 cos ¢ — cos a cos b) =

= [cos ¢ — cos (@ + b)] [cos (a — b) — cosc] =
a+§+csina+g—csina+;_bsinc+;-a.

= 4 sin

Consequently, there exists at least one of the following
relations

a+b+c=2kn, a+b—c=2kn, a+c—b=2kn,

b+ ¢ —a=2kn.
42. Put

—tan®, y—tand, z=—tan
x_tanz, y——tanz, z_tanz.
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Then

2z 2y 2z
1__x§=tana, -1—__—y—2=tanﬁ, T_—ZE:tany,

and our problem takes the following form. Prove that

tan o |- tan 4 tan y =tan o tan f tany
if

tan—itan-ﬁ—l—tan—-tan——}—tan b n—;—:-i.

Rewrite the last equality as

tan%(tan—ﬁ-—{—tan ) (1 tanEtanz)z—-O

Dividing both members by 1—tan—g—ta‘1 - » We get

2 2 2

a. Bty _ a_ By A
tanztan —1=0, tan cot —— _tan(2 —2—)

Hence

o Bty =
5 g —g=kn

(if tangents are equal, the corresponding angles differ by
the multinle of m) and

a+p+4v=(2k+1) n.

And co the proposition is proved (see Problem 40, 3°).
43. Put b=tanf, c=tany, a=tana. Then

b—c¢  tanf—tany
7o —I+tanptany — 20 B—7),

and, hence, our equality is equivalent to the following one

tan (B — y) + tan (y — @) + tan (@ — B) =
= tan (f — vy) tan (y — a) tan (@ — P).

Put
p—y=2, y—a=y, a—p=z
Let us finally prove that

tan x + tan y -+ tan z = tan x tan y tan z
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if
z+y+z=0.
But then we have

tan z}+tany

{—tanztany — tanz.

tan (z 4 y) = — tan z,

Hence follows the required equality.

It is obvious, that the last {two problems can be solved by
direct transformations of the considered algebraic expres-
sions.

44. We have
tan Ba_sinBa_sina(3-—4sin2a)___t 3—4sin2a
" cos3o” coso (1—4sin2a) AN T Sint o

Divide both the numerator and denominator of this
fraction by cos® o and replace —00—:2—0‘ by 1 4 tan? a.
We get
3—tan2a /34 tan « ) V3 —tan o

tan 3o =tan ¢ —————— = tanaoa — . .
1—3tan2a 1—)3tana 14V 3tan

Hence

tan3a=tanatan(% {-oc) tan (%-—— )

45. Multiplying both members of the equality by a + b
and replacing unity in the right member by (sin? a -+
-+ cos? )2, we get

. b . a
sm"'a—{—cos“oc—{—-z sm“oc—{—-z- costo =

=sinta 4 costa -+ 2 sin? @ cos ',
whence

b . . a
— sin‘o —2 sin®a cosza—{nb— costa=0,

Vit 1/ L eogta)’
( — sin OL—V 5 €0s OL) =0,
b a

7 costa,

— sinta =
a
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or
sinfoe costa
= =M
Substituting it into the original equality, we find
1
T
Therefore
siné o cossot, 1
a3 - b3 (a+b)4 - a+b)4 (a+b)3 °
46. From the second equality we have
(ay cosay + ascosa, + ... + a, cosa,) cos 06 —

— (aysina; + assinay, + ... + a, sina,) sin O = 0.

On the basis of the first equality and since sin 6 5= 0, we get

a; sin oy + assina, + ... 4+ a,sina, = 0. (*)

Multiplying the first equality by cos A and the equality ()
by sin A, and subtracting the second result from the first
one, we have

ay cos (ay + A) + ascos (g +A) + ...+
+ a, cos (o, + A) = 0.

47. It is obvious that the left member is reduced to the
following expression

(tan p — tan y) + (tan y — tan @) + (tan @ — tan B) =
48. 1° We have

ro—r=—t_ L ___5
p—a p p(p—a)
Hence
a2 ap(p—a)
rq—T s
Therefore
0=t b = E {a(p— )b (p—b)+e (p— )}
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But
s*=p(p—a) (p—b) (p—c).
Hence
a b c
(o-_—zs{ (p— b)(p—6)+(p a) (p— +( —a)(p—b)}’_
(p—b)+(p—c) aH—(P (p—a)+(p—b)
=s{ et e+ (P—2)(r—1)
=2 (rq+rp+re).
2° We have
azr, b2ry, c2re. o
0‘:(a—b)(a—c)“!_(b—c)( b—a) + (c—a)(c—b)

a2 b2

=3 {(p—a) =9  GHE—a0—a

02
T2 6=b }-

But (see Problem 9)

a2 b2
(Y Y e R ey ey o
c2 B p?
T =0 =8 (r—a (b (p—0)
Therefore
e _w_p_p
T (p—a)(p—b) (p—c) 2 s r
3° We get

B { 1 1 \ _ s(abtac-+bc—p?)
ra+rb+rC"'S (p_a+p_b+p——c) T (p—a)(p—b)(p—c)

Further
%4—%+%=%{a(p—a)+b p—b)tec(p—o)}=
=%—(2p2—a2—b2~—cz)=

=%(—p2+ab+ac+bc).
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The rest is obviousi.

4° Consider the first sum
1 be (p— a)2 ac(p—>b2 . ab(p—c)2 .
s2 \(a—b) (a——c)+(b——c) (b—a)+(c—a) (c—0) o

1 be ac ab
sy {pz [(a—-b) (@a—c) + (b—c) (b—a) +_(c——-a) (c—-b)] —

0O —=—

1 1 1
'“2pdw[m_wnw_q+wm—qw_4y+@_aﬂm—w]+'
a b c B
+abe [(a—b)(a—-C)+(b—0)(b—a)+lc—a) (c—b)J}'
But (see Problem 8)

(a—b) (a_c)+(b_c) (b—a)+(c——a) (c_b)=0,

a b c
Y s s sy

Therefore
__p? ac ab

be .
e o e R ey o R ey e B

further
be ac ab
e he—  F—0b—a T —a) b
1 1 1
=ae{| oo+ ro=av=9 T e=aE=n T

1 1
'*w_@m_mw_q]+am}=1'

2 1
0‘:p—2=— .
s r

And so

Let us go over lo the second sum. We have

1 a’r, b2ry
0= raTbre {(a—-b) (@a—c) T (b—rc) (b—a) +
c2re s a?
(c—a) (C“b)}  Talble { (a—b)(a—c) (p—a) T

b2 c2

R e e R oy ey e S
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But
a2 b2
@ he—a@—p G—agt—at—pnT
+ S et E =
(c—a)(c-—b)(c—p) ' (p—a)(p—b) (p—c)
Therefore
g — SP—a)(p—b)(p—c) p? 21
o s3 (p—a)(p—0b)(p—c) ~— 2 r2°
5° We have
ar, bry Cre _
0-—“(a——b) a——c)+(b c) (b— a)+(c—a) (c—b)
a b
=S { (a—b)(@a—c)(p—a) T (b—c)(b—a)(p—b) +
[ a
+ c—ac—by(p—oa S~ _° { (@—0b) (a—c) (a—p) +
b ¢
T o—0t—a0—n " t—ae—be—p
4 p _ p
(p—a)(p—b)(p—c) (p—a)(p—0b)(p—rc)
— S _pP_r
(p—a)(p—0b)(p—c) s r
Further
b+, ctayrp , (a4b)r.
0= (a—b) (a——c)+(b—-c (b— —Jl (c—a)(c—b)

_ (b+4¢) (c+a)
= {(a—b) (@ —c) (p—a) + (b—c) (b—a) (P—b)+

(a-} b) _ ! i
+ e ) =5 @+ eeaae—a
1 1
T o= b—a =8 T t—a) =5 (r—0

a b
B (e x Ty e Bl ey ey

c
ARy B
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But
‘ + ’ +
(a—b)(@—c)(@a—p) ' (b—c)(b—a)(b—p)
1 1
+ (¢c—a) (c—Db) (c— p) +(P—‘a) (p—b) (p—c)

0.

Therefore, the first braced expression is equal to

1 (3 .
=2 (=) =5 The second braced expression is equal
to 22— Hence
§
o= s(a-+b--c) _p2 -—21’2__&2____1_’3__12
T =)=t (p—) s s s s 1

49. Rewrite the supposed identity in the following way:
sin(a + b — ¢ —d) sin (a — b) =
= sin (@ — ¢) sin (@ — d) — sin (b — ¢) sin (b — d).

Using the formula sin A sin B = —;—{cos (A — B) —

— cos (A + B)}, we find
sin(@+b—c—d)sin (a—b)=

— 3 {cos (2b—c—d) —cos (2a—c—d)},
sin (a—c¢) sin (a —d) =-;— {cos (¢ —d) —cos (2a—c—d)},
sin (b—¢) sin (b—d) =5 {cos (c—d) — cos (2b—c— d)}.

The rest is obvious.

° . 6 1 2 __ b4c
90. 1° We have: 14 tan? - = 5~ TTcosd — 5 °

where a4+ b4 c=2p.
Hence

1+ tan? o 41+ tan® 241 4 tan2 L —

_ bto+@+o+@td) _,
P

?
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and, consequently, tan? —!—tanzq) -+ tan? - b4,

2
2° tanzg— bte_ 4_ p— . Therefore
0 (p—a) (p b (p—c
tan-z—ta ]/

But, as is known

A B C __]/(p—a)(p—b) (p—¢)
tan 5 tan —5- tan 7‘ = 3 .

Y _ oA B C
a5 tan 5 tan 5 tan 5 -

Hence, tan 0 tan — tan -

91. The left member of our equality can be rewritten as

1 . .
St sin(e—asm@_q 5N (b—¢)—sin(a—c)+
+-sin (a —b)}.

But we have

sin (b—¢) —sin(a—c¢) = 2si11b;acos b+(;—2c .

Therefore, the braced expression is equal to

. b—a b+a—2c b—a b—-a___
2 sin —5— €08 ——— — 2 sin —5— €08 —— =
b—a . b—c¢ . ¢c—a

=4 sin 5— Sin——sin —;

But
sin (a—b) sin(a—c)sin(b—c) =

— 8 sin 22 sin 2= sin 22 cos 252 cos “E cos 2
o 2 2 2 2 2 2

The rest is obvious.
92. 1° The fraction in the left member has the form
1
sin (a—b) sin (a—c) sin (b
+ sin bsin (¢—a) + sin ¢ sin (@ — b)} =
= — ! . -ESinasin(b——c),

sin (e —b) sin (a—c) sin (b —¢)

s {sin asin (b—-c)+
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wherec summing is applied to all the expressions obtained
from the one under the summation sign by means of a
circular permutation. But

sin a sin (b —c)=~;—[cos(a—b+c)—cos (a+b—c)l.
Therefore we have
Z sin a sin (b—c)=—;-{cos (a+c—b)—cos(a+b—c)+

+cos(b4a—c)—cos(b+c—a)+cos(c+b—a)—-
—cos(c+a—2)} =0,
and our identity holds true.

2° Thegivenidentity can be proved similarly to case 1°. But
we can get the same formula immediately from formula 1°,

replacing a by % —a, b by g— — b, and, finally, ¢ by g— — c.

53. 1° We have to prove that >\ sin asin (b — ¢) X

X cos (b + ¢ — a) = 0. Here summation is applied to all
the expressions obtained from the original one by means of
a circular permutation. But

sin a sin (b—c)=—é—{cos (@a—b+c)—cos(a+b—c)}.
Therefore
Z sina sin (b —c) cos (b—[—c—a):% z cos (b+4c—a) X
X cos (a —b—f—c)——%zI cos(a+b—c)cos(b+c—a)=
=% Z [cos 2¢ 4 cos (2b — 2a) — cos 2b — cos (2¢c — 2a)] =

=—i—{ c0s 2¢ — cos 2b -+ cos 2a — cos 2¢ -+ cos 2b —

— co0s 2a -} cos (2b — 2a) — cos (2¢ — 2a) + cos (2¢c — 2b) —
— cos (2a — 2b) + cos (2a — 2¢) —cos (2b—2¢)} = 0.

2° Can be obtained from 1° by replacing a by -g——a, b
by %——b and ¢ by %——c.
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3° Likewise we find
D) sinasin (b—¢)sin (b+c—a) =
— - {sin2 (b—a) +sin2 (c—b)+sin2 (@—c)}.
It only remains to show that

-—é—{sinZ(b——a)+sin2(c——b)—l“Si“z(a*—c)}:

=2 sin (b-—¢) sin (c— a) sin (¢ —b).

4° Proved analogously to 3° or by replacing a by —g———a,

b by 5—b and ¢ by o —c.
54. 1° We have

2sin3A cos(B——C)—.:ZsinzAsinAcos (B—C)=
—:—;—ZsinzA{sin(A—{—B——C +sin (A — B+ C)}.

But since 4 + B + C = &, we have

D) sin? 4 cos (B — C) =%— >, sin? 4 (sin 2C + sin 2B) =

= > sin® 4 (sin B cos B + sin C cos C) =

= sin? 4 sin B cos B 4 sin? 4 sin C cos C +

-+ sin? B sin C cos C 4 sin® B sin 4 cos A +

-+ sin? C sin 4 cos A -+ sin? C sin B cos B =

= sin A sin B (sin 4 cos B + cos 4 sin B) +

-+ sin A4 sin C (sin A cos C + cos A sin C) +

~+ sin B sin C (sin B cos C -+ cos C sin C) =

= sin 4 sin B sin (A 4+ B) + sin A4 sin C sin (A 4 C) +
+ sin B sin C sin (B 4+ C) = 3 sin 4 sin B sin C.
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2° We have
Z sin® A sin (B —C) = Z sin? 4 sin 4 sin (B—C) =
= Z sin® A sin (B +C) sin(B—C) =

2_2_2 sin? 4 {cos 2C — cos 2B} = Z sin? A (sin? B —sin?C) =

1
sin2C~ sin2 B

=sin® 4 sin® Bsin®C ) ) =sin? A sin® Bsin?C x

1 1 1 1 1 1
X {sinzc_sin23+sin2A—sin2C+si112 B sin2A} =0.

55. 1° We have
sin 3z = 3 sin x — 4 sin® z.
Therefore

> sin 34 sin® (B —C) ————2 >, 8in34 {3 sin (B—C)—
—sin3(B—C)) =~ S sin3 (B +C)sin (B—C)—
——i— Y sin3(B+C)sin3(B—C)=
— :g. S {cos (2B +4C) — cos (4B + 2C)} —

——18- ) (cos 6C — cos 6B) =

=—2—{0082(B+2C)——c052(C+2B)+cos 2(C+24)—
—c0s2(A+2C)4cos2(A-+2B)—cos 2 (B+24)} —
— —;—{cos 6C —cos 6B+ cos 64 —cos 6C + cos6B—cos6A}.

But
cos (2B + 4C) = cos (2B -} 44),
cos (2C + 4B) = cos (2C + 4A4),
cos (24 + 4C) = cos (24 + 4B).
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And so, we finally have
E sin 34 sin® (B — C) = 0.
2° Since cos 3z = 4 cos® x — 3 cos z, we have
Z sin 34 cos? (B—C) =
=2 3 sin3(B+C){cos 3(B—C)+3 cos (B—C)} =
—..:%— D) sin3(B+C)cos3 (B—C)+

—I—%Z sin3 (B+C)cos (B—C) =

I

. . 3 .
+ ) (sin 6B+ sin 6C) -+ 3 {sin (4B + 20) +
+ sin 2B+ 4C)} = —i— (sin 64 + sin 6B + sin 6C) =
=sin 34 sin 3B sin 3C.

SOLUTIONS TO SECTION 3

1. The validity of the given identity can be checked, for
instance, by the following method. From the formulas (x)

(see the beginning of the corresponding section in “Problems”)
we get

VeVi=y/ 3 5 VEri=Y 51 5

Therefore we have

Y T\ 2
2+713 _ ( %+l/%)_=(1+1/3)-'.v§_
Vi+V2+13 Viﬂ/gﬂ/% 2B+V3)

_U+V3):hVe _1+V3
2V3(t+13) Ve
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Likewise we get
2—V3 _ (1/_%—"]/';:)2 _
VEVEEVE ey 5y g

_U=v3Pve _ Vst

2(3—V3) Vo
Consequently
2+V3 n 2-V3 )2___(1+V§+V§——1 2_
(Vv vayeT) - v )
_(2V3 2_,
“(_1/_6_) -

2. Let us prove the proposed identities by a direct check.
1° Put /2 = a, i.e. @® = 2. It is required to prove that

1 —a+ a?)? =9 (a —1).

We have
1—a+4+0a?)2 =14 a®+ at + 20> — 2% — 200 =
=3 (a2 — 1),
since
a? = 2, a! = 2a.
Hence

1 —a+a?)® =3(@* —a+1)(x®—1) =
=3(@ —a+1)(x+1)(x—1) =
=3 (@ +1)(x—1) =9 (¢ — 1).
2° We have to prove that
(/247/20—y/25)*=9 (y/5—y%).
Squaring the left member, we find
Y&+ 400+ Y6252 ¥ 40—2,)50—2,7 500 =
=YV%4+2Y50+55+4y5—2.50—10Y %=
=9 (Y5—Y3).



176 Solutions

3° Proved as in the preceding case.
4° We have to prove that

(%/5+1 )’*__: 3+2Y5
YV 5—1 3—2¥5

v

Put

cu

=.

We have

V541 )4_ (41 1+4a+602-44ad+alt
({/3__1 T (a—1)4 1—4af6a2—4ad ot

3420+ 3024 208
 3—2a-+302—203"’

since a*=>5.
Further

(%/3+1 )’*_3+2a+a2(3+2a)_3+2a__ 3.2y
75 1) T 3—2ataZ(@—2a) 3—2& 3_2%5

9° It is required to prove that

(14y/3—9)" =5 (2—y/27).

V 3=a, ie. ab=3.

Put

We have
l+a—a) =1+ a2+ at+ 20 — 20% — 203 =
=1+ 2a — a? — 203 + at.

Further
14+ a—a?)? =14 3a — 5a® + 3a® — ab.
But
al = 3a, a’ = 3.
Therefore

1+ a—a?)=10—>5a% =5 (2 — /27).

6° Put ;2 = a and prove the first equality which can be
rewritten in the following form

51+ a+ a®)? =01+ a?s.
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The right member is equal to
1 + 522 + 10at + 10a® + Sab + al? =
. =91+ a? + 2a* + 2a° 4 af),
since
Further
ab =2, ab® = 2a, af = 2a°

and, consequently,

14+ a®d =501+ a® + 2a + 4a |- 2a?).
It only remains to prove that

14+ o+ a?)? =1+ 4o + a® 4 2a® 4 2a4,

The last equality is readily proved by removing the bra-
ckets in the left member and performing simple transfor-
mations. To prove the second equality we have to show that

i’/%"‘ i/§=( 5 125+ l/izs+ ‘/125 ]/125 "
or

; 5(1+4,4)=(/T64 8+ 2—1)
ut

ﬂ =a, o =2 o =2a a =22a% a®=2d.
Then we have to prove that
(t 4+ +a—1N2=501+ a?).
Expanding the left member, we find
1 + a2 + ab + a® + 207 + 2% — 204 4 204 — 20 — 2a.

Making use of the equalities enabling us to replace high
powers of a by lower ones, we find the required identity.
3. Put

= A.

B _C _ D
a b ¢ d
Then

A =ah, B=0b\A C =ch, D = d\.
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Consequently

V Aa+VBo+ Y Cc+VDd=V A(a+b+c+d).
But
A+B4+C4+D=A(a+b-+c-+d)
and
A = A4+B+4-C+D
a+ bt+c+d ’

i.e.

-~ VAFBFCLD
K=V N .
Vv Va+btetd

Replacing J/'A in the equality
V Aa+V Bo+V Ce+V Dd =V A(a+b+c+d)

by the found value, we obtain the required identity.
4. Put for brevity

,3/ax"—l—by"—l—cz2=A.

We have

3 [ azd by | ezl . . 71 . 1 1 -
IV e B cxw e RZ)
since

by = o3 t, 1,1 _
ax®=by3=cz* and T+_§'+z =1.

Likewise we find

A::yy_l‘)’ and A=z,"c.
Hence

A 3/ - A 3/ A 3/ -
=V g=vbh S=ve
Adding these equalities termwise, we get

A(Hot5) =V a+ Ve
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Hence, finally,

A=Y a+ Y b+ ¢.

5. Put

Then

where off = -é-

Prove that

We have

i — 2228 = (o™ 4 ™) (a4 ) — LB

o

= M7 + ﬁm+n __I_anﬁn (am—n + ﬁm—n) .
. am—n;_ pm-n

But

consequently,

Am-n m+n m+n
Amln — =55 =& o P = Glmgn.

The second relation is proved in the same way.
6. Put

1+V5_, A1=V5 S

2 - 2

Then
a+p=1 aop =—1

Furthermore

a?—a—1=0, pP2P—Pp—1=0
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and

un=‘1'/£§(an"|3n)-

Proof. 1° We have

_ 1 n -1__gn-1y _
un+un-1—‘—v— ﬁ)+V5 ﬁ )
={(@"+a™ ) —(B"+p" )}
V {(@” }
Multiplying both members of the equality a?—a—1=0
by a™1, we get

o -+ 1= ocz, ™ -+ o1l = 1

Analogously, it is easy to conclude that
B B = B,

Therefore

1
Un +Up-g === (@™ —B") = Unyy.

V5
2° We have
UpUn-ph + Up—1Un-p-1 =

= 5 (" —B") (" *—B"H) + (1B (nht—proh )} =
— __g_ {an + ﬁn _ O(,hﬁn'h . Bkan—k __I_ o2 + ﬁn—Z — Bh_1an_h_1 —

— Br-k-lgh-l) —
=—§—{a"+a"-2+ﬁ”+ﬁ”- — " (5 + ) —
—an (S 5) } =
=4 {arpar g o —pr REI gn B b B
_L (o pomaygr +ﬁn_2_5nah-lﬁ(&§ 0 _n B b I

= 5 {a"+amt LB B,
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since afp+1=0. Then we perform the following trans-
formations

_%_{an+an—2_i~ﬁn+ﬁn—2}:__;_{an—l(a_,l__i_)_{_ﬁn-l (ﬁ+%) }:
— e a— B B ) =252 @ ) =

1
=%
3° Obtained from 2° by putting n= 2k, and then repla-

cing k by n.
4° We have to show that

((363" 637‘) _( ﬁ'n)B_ (an+1 ﬁn {-1)3 I o,n 1_ ﬁ‘n 1)3 —

(an—l —_— 511,—1) =Up_,.

The left member is transformed in the following way
1 n
5 (03" — Bo™) — 3" (a3+1——)+3a2"ﬁ ( 25_'_1_“_26)
—305"52”(@52 1_-5[5—2) B3n(63+1_ 63)

It is easy to show that oczﬁ—l—i———s-—() [32—{—1——52_.0.
On the other hand, we can easily make sure that

@l — g =B+ 1 — gy =0+ P 1=
— (a+B) (a2 —ap + )+ 1 = —af + f4-1 = 5.

Hence follows the validity of our identity.
5° We have to prove that

(0" — Bt — (o2 — B™?) (@™ — ™) (@™ — B3
X n+z Bn+2) —_ 25
First prove that
(-2 — B2) (@2 — B°%) - o - B — (— 1)" (a4 BY),
(@t — B (ot — Bn) = o B2 - (— )" (o B?).
But
o 4 B = (@ + B)! — 20P — 3, a’+ Bt =
— (aZ + 52)2 _ 2a2ﬁ2 —_ '7.
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Therefore
n-2 ﬁ‘n 2) ﬁn 1) n+1 — ﬁn+]_) (an+2 . ﬁ‘n+2) —

QP B — (— 1) 4 (@2 + ) — 21,

(a

On the other hand
(an_ ﬁn)4 — it — 4a3nﬁn + 4 — 4anﬁ3n + ﬁ4n —
= o B h— b (— )" (2 B7).

Subtracting the last-but-one equality from the last one
termwise, we find the required result.

6° and 7° are proved analogously to the previous cases.

7. 1° We have

1 1

2 (@ b?) % —a] [(a2+ ) 2 —b] =

L
2 (a®+b?)—2 (a+ b) (@ + b?) ® +2ab=
(a*+b%) —2(a-+b)V a*+ b+ (a+ b+
(a® + %) +-2ab— (a+ b)?

+ |

(singling out a perfect square).
Consequently

1 1

2[(a®+6)* —a] [(a®4 1) % —b] = (a+b—V @+ 7).

Hence follows the first identity.
2° Multiplying the braced expressions on the left, we get

_E_ 1
3@ +63%° —3(a+b)(a®+b%)° +3ab=
2 2 1 4
=3 (a®—ab+8?)° (a4 b)® —3 (a>—ab+-b?) 3 (@a+b)°3

2 1

4 (a4 b) — (@2 — ab+ b?) = [(a-1-b)® — (a2 — ab+b?) 3 3.
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The rest is obvious.

8. It is easily seen that ax=]/za;_b,

hence

Za—— 1/2a—b
1__

1—azx
1+az 5 2a—b

+l/ ol {—- b

2a-—b
2a — 2a-—
b——a) —2 / b—a

Analogously, we find

b 2a—b
1+'Z{1/ b

1—-}—b.1:

1+b .I/-Za——b

1—bz

b 2a—b

1'"'2{1/ b

2a—b
“4"’]/ b

—

1/,1__b2 2a—b

arb]/-za b a-|— l/-za—b

V a2 —2ab - b2 -

(since b—a > 0).
sions, we find

a-|—b]/2a

V(b—ap

Multiplying the two obtained expres-

2a——b

2a—b
a—b l/ b
b—a

b—a

9. Factor the expression

b—a)?

—20b4b2
(b—a2

n® — 3n — 2.

We have

P —-—3n—2=n—n—2n—2=n(m*—1) —

—2(n+1)

Likewise

n—3n -+ 2 =

=+ 1) —n—2) =

= (n 4+ 1) (n — 2).

(n —1)?2(n 4 2).
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Now we may write:
—3n—24(n2—1)Vn2—4 _
—3n4-24 (n2—1) Vn2—4
(12 (- 24 (r2—=1) Vn2—4k _ (n+1)Vn—2
=12+ +(2—1) Ve2—4  (n—1)Vnt2
DV 2+(n-0Vrt2 (4 Vn—-2
(n—1) VoF2+(r+1)Vr=2 (n—1)Vnt2

10. Consider the second one of the fractions contained in
the first brackets, namely:

1—a . 1—a V1—a
—l/i——_ﬁi—i-{-a—'\/l——--_a_z (1—a) V1+a—V1—a )
And so, the transformed expression takes the form
[ V’.l—l—a L V1=a ].VT—_——&E——i:
ViFae—V1i—a ' Vita—V1—a a
— Vi4+at+V1—a . V1i—a2—1 _
Vite—V1i—a a
_ 2a (Vi—a2—1) _
(Vita—V1—0)? @
_ 2(V1—a2—1) — 1
(Atatl—a—2Vi—a?) )
11. From the formula (x) it is easy to get:

VATVE+V VB2 A2VEE
In our case

A=z, B=4x—4, A*—B=2a*—4x1}4,

. (z=2if z>2
lap—B=V“F£y={2—xifx<2

In the first case we have
— — P
Vx+2Vd—1+Vﬁ—2Vx—1=2Vﬂﬁ%%_=
=2V z—1.
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The second case yields

VireVooi+Ve—ayasi=2)/ “H===2.

It is easy to see that at x = 2 the expression under con-
sideration is also equal to 2.
12. In this case

A=a-+b-+c, B =4ac + 4bc,
A?— B = (a + b + ¢)? — 4dc — 4bc =
=q2 4+ b%2 + % + 2ab — 2bc — 2ac =

=(a+ b — )
If
a+b—c>0,
then
YV A2—B=a-+b—ec.
If
a+b—c <0,
then

VA _B=c—a—b».

Hence, we easily obtain that the given expression is equal

to 2)/a + b if a + b > ¢, and to ZI/—c-if a4+ b<<c At
a + b = ¢ these values coincide.
13. Let us denote

AR VR
3TV TTE=w 7V TrE=v

Then
z=u-+v.
Consequently
2 = (u—+ v)d =u+ v®+ 3uw (u -+ v).
But
w4+ 1P =—gq, w = ——-‘-;)—.
Therefore
2 =—q—pzx
or

@ +pr+q=0

which is the required result.
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14. We can proceed, for instance, in the following way.
Put

Vz+a+Vz+b=z.

Then (multiplying and dividing theleft memberby})/ z + a—
— V' z + b) we find.

a—b
Vx+a-—]/x+b =
or
Va:-{—a——]/x—}—b:a:b.
Hence

2V eFa=s+32, 2V atb=2—23"

z z

i.e. both roots are expressed in terms of z without radicals.
15. Put

Consequently
r r__ . r _ a'+b’+c’
a'=ak, b =bA, ¢ =ch, A= P
Therefore

Va+Vo+Ve+Vd +VE +V =
=(1+VA) (Va+Vb+Ve).
Our fraction takes the form
1 _ (1=VX) (Va+ Vb —Ve) _
(1+VR) (VarVe+Ve) - G- (atb—ct2Vab)
__(U=V7%) (Va+Vb—Ve) (at+b—c—2Vab) _

(1—A) (a2 +b2+4-c2—2ab—2ac—2bc)

~ (Vatbte-Va'1o'Fe’) (Va+Vb—Vet)atb—c—2Vab) Vafbic
(a+b+c—a’—b’—c’) (a2+b24-c2—2ab—2ac— 2bc) ’
16. Put

V' 2=p+V7q.

2 =p3+ 3pg + (Bp2 + 9V,

Hence
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since ¢ is not a perfect square, it must be 3p* 4 ¢ = 0,
which is impossible.
17. 1° We have

tan (-32— oc) tan (n—l—%——~a)::tan(-%—a):cota,
cos (—zi[-—- )——cos (n+—g——~o¢) = — oS izt— —oc) -
= —sina (2°, 4°),

cos (271 — o) = €0s ( — o) = €0S (1%, 39,
cos(a—-g—)=cos (%—a)-—-sina (3°, 4%,
sin (m—a)= —sin (—a)= 4 Sina (2°, 3%,
cos (n -4 a) = — cos a (2°),
sin(oc—~—g—)==—~sin (%—-—a)=-—cosa (3°, 4°).
Now we get

—co(foostjina 4+ sin?o+cos’a = — 1+ sin*a 4 cos>a =0,

2° In this case we obtain
sin (3n—a) = (—1)%sin (—a) = —sin(—a)=sina (2°, 3°),
cos(3nta)=(—1)cosaa= —cosa (2°),
sin (—32”——05) = sin (n—l—T—a) = — sin (—g——~oc) =

= —cosa (2° 4°),

coS (—5%[———05) = CO0S (2:n;+12[——oc) = C0S (—Ti——oc) =sina

2
(1° or 2°, 4°).
Thus, we have
(1 —sina — cosa) (1 + cos a + sin &) + sin 2a =
= [1 — (sin @ 4 cos )] [1 + (sin & + cos a)] + sin 2a =
= 1 — (sin @ + cos a)? + sin 2a =
= 1 — sin® @ — cos®? & — 2 sin o cos & - sin 200 = 0.
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3° Analogous to the previous ones.
18. Indeed, we have

. 9 A
1-—cosoc=251nz-§-,

sin 5 +]/1—cosa .

But in our conditions

$okat (0<% <n)

whence

Then
. 0/ . (04 .o
Sin —- = Sin (lm—l———zo—) = (— 1)"5111—29 )
where
sin -?2220.
Therefore, indeed

.o h.,/ {—cosa
S]HTZ(—1) ——T—".

The second assertion is proved analogously.

19. Let us prove the validity of some of the proposed for-
mulas. Let us, for instance, prove that A;,; =0 if n =0
(mod 2). Put » = 2I. Then

)

%Am:cos( +a'c )—l—cos (ﬂél-}—n—:—,én)—{—

o (8 e ()

BT R S
+eos (X4 lntom )+cos(2ln——l—g—|—%n);—-
o () ()

+(—1) cos (—%ﬁ—i—;z-n) + cos ( lZ —3% n) 0.
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Let us prove, for instance, that A,, =0 if n=1, 3, 4
(mod 7). We have:
13 3

1 1 3
7A“ = COS (—7— nn— 7 n) -+ cos (—7—nn — En) +
95 3
-+ cos (—7-nn ——En) .
If we replace here n by a number, which is comparable with
it by modulus 7, then all the cosines will acquire only a
common factor equal to 1. Indeed, let us assume that

n=a (mod 7), i.e. n = a + 7N, where N is an integer.
Therefore

oS ( kr;n —[3) _ cos (k(oc—}-77N)n: —ﬁ) _

= COS (I-f%—a-!—l—kNﬂ——-ﬁ) =(—'1)ch05 (-kaTn__ﬁ) —

= (—1)" cos ( "‘;” —5),

since in our case £ = 1, 3, 5 and, consequently, is odd; (f is

equal either to 134n or to 12 . Therefore, in order to prove

that A;, = 0 atn=1, 3, 4 (mod 7), it is sufficient to prove
that it will take place at n = 1, 3, 4. The validity of this
is readily checked.

First put n = 1. Then we prove that

cos (%n——-i—Zn)+cos (%n—~%u)—l—cos ( ? n'c-13—4n) =0.

After transformations we get:

3 T -+ cos 1744~c=cos (n————n)—i—cos -+

11
cos-iza'c—{—cos14
) 3 3
+cos—2—— 14ﬂ+COSEﬂ 0.
Let now n——3 Then we have to prove that
S(i 9 2 5L 3 )=
€oS | = n— )—}—cos( n— n)—l—cos( n— )__
7 15 27
cos14n+cosi4n—{—cosnn=cos (u—|——1—4—)+

-+ cos (2n——1'z)=—cos-;—2——l cos — =0,
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Reasoning in the same way, we make sure that at n = 4
we also obtain zero.

In conclusion, let us prove that Ag; never becomes zero,
i.e. at no whole values of n. We have

1 1 T 1 1 )__
—(Z'AQICOS(Znﬂ—Téﬂ)—}-COS(—Znﬂ-l—nﬂ 163'[ =
1 7 n 1 1
= CO0S (-l!—rzn—mn)—l—(—ﬂ cos (—Znn—}—wn).

Consider the following cases:
1° Let n = 0 (mod 4), n = 4N. Then

-;—Aszcos (Nn—-—n)—l—( ) N cos (Nn—}—fgn)-:

1
=(—1)Ncos En-]—(—l) COS & U =

:(—1)N(cos f(—).n—{—cos{(—).n).

The bracketed expression is not equal to zero, since it
represents a sum of cosines of two acute angles.
2° Let n=1(m0d4) i.e. n =1+ 4N.

—;—Asz—.cos( +Nn— —|—cos( +3Nn —-%J‘L)

")
=(—1) {cos(%—% )—I—cos( 3n )}
:(—1)N{cos1ﬁn+cos }

It is obvious that the braced sum is not equal to zero,
and, consequently, in this case 4 is also not equal to zero.
It only remains to consider the cases: n = 3 (mod 4) and
n=2 (mod 4), but we leave them to the reader.

20. It is required to prove that

2p (k) =0

ifk=n, n—1, n—2, n—4, n—95, n—6, and the
sign before p (k) is chosen accordingly.
It is evident that

D p(k)=A3 (k+3)+C ) (—1)* +D 3 cos ZE.
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The first two sums on the right are equal to zero. It remains
to prove that

2 cos—z—n—k-—O

If k is a whole number, the following cases are possible:

1°k is exactly divisible by 3, k = 3I;

2° k, when divided by 3, leaves the remainder 1, k& =
=3l+ 1;

3° k, when divided by 3, leaves the remainder 2, k =
= 31+2.

In case 1°

2nk 1.
COoS ——3'——-

In cases 2° and 3° cos—z—g—,c-=cos -—2:?-—

Let us first assume that n is divisible by 3. Then

Z cos 2:;]: _ cos32nn coS 2n (r;——i) oS 2n (r;— 2) +
+cos 2n(n —|—cos (’;_ )—cosw.
But
= —1 (mod 3)
and
2nk 2nck’
€OS —3— == C0S —5—
if
k = k' (mod 3).

Since by the assumption n» = 0 (mod 3), we have
n—1=—1,n—2=1,n— 4= —1,

n—5=-+1,n—6=0,
and our sum takes the form

2n
'1 _‘COST

21 2n 2n
— €08 ——3——|—cos—3—+cos—3——1=0.
It remains to prove that our sum is also equal to zero in
the cases when n = +1 (mod 3). The proof is similar to the
previous case.
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21. We have
: °__gi °__ 309 =sin (X — ) —sin ™ cos >~
sin 15°=sin (45 30)_sm(4 6)_sm 7 C0s 5
no.on V2 VY3 V2 o1 1V6—-V2
—COSTSIH-B———— ) . 5 —_ 5 .-—2—__.____._[;__ .
Analogously we find cos 15°.
We have
sin 18° = sin —= = cos 2n
- 10 5 °
But
. X 1 . 21
2s1n-3-cos—5—=sm——5——,
2 sin =% cos 2% = sin - = sin -
sin — 7 =sin & =sin .
Multiplying these equalities termwise, we find
1 2n 1
COSTCOS '—5———‘7;.
On the other hand
cos = — cos 2% — 2 inﬂsini—2cosi 0os 2% 1
5 —C0S 5 =4sinTg 0 5 S5 =7
Thus, if we put
sin —% = cos =% — CO8 = ==
In —5-= 5= =T, g =Y
we have
1 1
y—-—.’L’=—2—', .’L'y=-z.
But
1 )
E+y)l=(@—y)’+éey=7+1=7.
Consequently,
5
.’L‘—l—y—-———l/z—'.
Using this relation and the relation y—x=7.12—, we get
i T °o__ ——-1—]-'\/-5-
T =8in ;5 =sin 18 =

Now cos 18° is readily found.



Solutions to Sec. 3 193

22. Indeed
sin 6° = sin (60° — 54°) = sin 60° cos 54° — cos 60° sin 54°,
But

sin 54° = co0s 36° =1 — 2 sin® 18°=1—26‘i().v5 _—_1—1—41/5 ,

o *_ v [¢) 1 —
cos 54° =]/ 1—sin? 54 —_——Z-V1O—2 V5.

To obtain the result we have to substitute these values into
the first formula; cos 6° is found in the same way.
23. Bear in mind that

(1) —%<arcsin T +% , ———g-< arctan x < +% ,
0<Carccos z<m, 0 < arccot x < m,
(2) sin(arcsinz)=x, cos(arccos )=z,
tan (arctan xr) =z, cot (arccot x) = r.
Let us now prove that

cos (arcsin z) = /1 — z2.
Put

arcsin z = y,
then

siny = x.
We have got to compute cos y. But it is known that
cosy=)1—sinty=VY1—22,
and the radical is taken with the plus sign, since

J T
—5 <Y T35
and, consequently,
cosy = 0.

Let us, for example, also prove that
1

cos (arctan r) = ———.
V14 z2

Put
arctanxr = y, tany = z.
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We have to find cos y. We have

1 — 24, 2
oty =1+4tan’y =1+ 2*
Consequently
<2 7 — 1
cos*y=—75
and
cos y =cos (arctan x) = !
S I = COS . View:2

where the radical is taken with the plus sign again. since

cosy = 0.

The rest of the formulas are proved in the same way,
24. By definition,

—%<arctan;r< —I—%,
0 < arccot x < .

Therefore
T 3n
— < arctan x + arccol x < - — -

Let us compute sin (arctan x -+ arccot x). We have
sin (arctan r - arccot z) =

= sin (arctan x) cos (arccot z) -

+ cos (arctan z) sin (arccot ) =

. z ] r + 1 1 _
Vi Viga2 o Vigaer Vidaer o

However, if the sine of a certain arc is equal to 1, then this
arc equals

iy 4
5 "I“ 2kﬂ,

where &k is any whole number, i.e., in other words,
arctan x -+ arccot z

can attain one of the following values

—Tn —3n n i5%1 1 On
T 2 2 ' 2 2 27
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But only one of them, namely %, is contained in the

3n

2 and +5- Therefore it is obliga-

interval between — 5

tory that
arctan x -}- arccot x = —;L
Likewise, let us prove that

. ] 8
arcsin x - arccos r = -

First of all we have
. 3
—%‘-g arcsin x -} arccos xg—;—.

On the other hand,

sin (arcsin x 4 arccos r) =
= sin (arcsin z) cos (arccos z) +
+ cos (arcsin z) sin (arccos z) =

=22+ YT =2V =2 =1,

wherefrom follows that

. 4
arcsin x + arccos r = 5 -

25. First of all it is easy fo prove that the quantities

arctan x + arctan y
and

Tty

arctan
1 —=zy

differ from each other only by en, where ¢ is an integer.
Indeed,

tan (arctan caut’ ) Tty )
1—uzy 1—zy
tan (arctan x + arctan y) =
__ tan(arctan z)4-tan (arctany) = z+y

~ 1 —tan (arctan z) tan (arctany) = A—zy °
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But if two quantities have equal tangents, then they differ
from each other by a term divisible by m.
Therefore, indeed,

—L ten. (%)

Let us find out the exact value of &. Since

arctan x --arctan y = arctan 1

—-%<arctanx<+%, —%<arctany<+-’2t—,

we have
—a < arcltanz -+ arclany < +n

and, consequently,
Tty
arctan T—zy +en| < m.

And since

+y T
1 —2zy <+7

then |e| << 2 and, consequently, € may attain only one of
the following three values

07 +17 -

To find the value of e let us write the following equality

—|—en)

— % < arctan

cos (arctan x - arctan y) = CO0S ( arctan

Hence
cos (arctan x) cos (arctan y) — sin (arctan x) sin (arctan y) =

T4y
{1 —zy

= CO0S (arctan ) COS &7,

On the basis of the results of Problem 23 we have
1 1 z y

Vite Vit  Vita 1/T+_y§=
x+y
l/i-’r‘ 1—xy
Consequently

_ {—zy x+y 2
AR VT Ewro Y ) V1 (15 )

+COS ETT,
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We have
1/1+ ERa 2_ A+2?) (1+yd) _ VIt d+y?)
1—$y (1—zy)2 V—zy)?

V(A—zy)=1—zy it 1—zy >0, i.e. if zy <1,

and
V(1—zy)=—(1—zy) if 1—zy <O, i.e. if 2y >1.
Therefore, cosen =1 if 2y <1, and cos en = —1 if

zy > 1. Since en can attain only the values 0, n and —m,
it follows that if xy << 1, then & = 0, and if zy > 1, then
e = +1. What sign is to be taken is decided in the follo-
wing way: if zy > 1 and z > 0, then also y > 0, then
arctan x > 0 and arctan y > 0, and arctan 1$:rxyy <0

The left member of the equality () is a positive quantity,
consequently, the right member must also be positive, and
therefore en must exceed zero, and ¢ = +1. Quite in the
same way we make sure that if xy > 1 and z << 0, y < 0,

then ¢ = —1.

26. We have
2
1 1 1 b)
4 arctan — = 2 arctan =+ 2 arctan ?_—-2 arctan =
o 11
o o o %
= 2arctan 15 = acrtan - +-arctan =
)
——arctan—__zii-_z—-—a ctla 129
= 1_—23 = arclan g -
144
Further
120 1
arctanh—g—l— arctan ( ——'z"gg) =
120 1
= arctan 19 239 — arctan 1 = - .
1_*_120 1 4
119 239

27. Using the formula of Problem 25, we easily obtain
the result,
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28. First of all let us notice, that since arcsin z is con-

tained between — % and + _721 , and 2 arctan x lies between

—n and +m, we have
3 . 2z 3n
—T<2arctanx+arcs1nm—< +T .

Let us now compute the sine of the required arc, i.e. find
what the expression

. ] 2z
sin (2 arctan x | arcsin Traz )

is equal to.
We have

sin (2 arctan x + arcsin

=)

= sin (2 arctan z) cos (arcsin -%7 ).—l—

. . 2z
-+ cos (2 arctan x) sin (arcsm 1122 ) :
First compute sin (2 arctan x). Put

arctan x = y, tany = x.
Then
sin (2 arctan z) = sin 2y = tan 2y -cos 2y.
But
2tany
1 —tan2 y’

1 —tan2 y

tan2y= m .

cos 2y =

Consequently,

. 2 tan 2z
sin (2 arctan x) =——1_’_mngy:—-1 T

Further

cos(arcsini?:zz):]ﬂ_(ﬁ%z_)zz

LU= a2t

= A+z22 1+a2 °

since x > 1.
Further, it is obvious that

1—z2
cos (2arctan x) = TT22
2z

2z )__
1+22) 14227

sin (arcsin
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therefore

2z .
14 22 ) o
2z z2— 1 — 22 2z

1
Tz 14 22 + 1422 1+ 22 -

sin ( 2 arctan x - arcsin

0.

Thus, the sine of the required arc is equal to zero, consequ-
ently, this arc can have one of the infinite number of values:

.., —3n, —2n, —mn, 0, +m, 2%, 3m, 4n, . ...

But among these values there are only three (—a, 0O and n)
E’zﬁ and + %T—[ On the
other hand, x > 1 and, consequently, 2 arctan x > 0 and

. 2 .
arcsin 'ﬂ.%i > 0, and therefore the required sum

lying in the required interval between —

2z

1 22

2 arctan x4 arcsin

will also be greater than zero and, consequently, can be
equal only to .
29. It is evident that

—n< arctan x -} arctan -é—g -+ .
Let us form
sin (arctan Zz -+ arctan %)
The required sine turns out to be equal to (see Problem 23)

. 1 .
sin (arctan x) cos (arctan-?) --cos (arctan x) sin (arctan —i—-) =

1
L x ] 1 + 1 z .
Ve /Lt Ve /ot
T Voem VT Y g

T VitE Vire ! Vite s V/ifs
~1

z2 1
1422 + 14 2
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if >0 (since in this case ]/;c_‘:x) And if x <0, then
V 2= —z and we have sin (arctanx+arctan% ) = — 1.

Hence follows that

arctan x 4 arctan %_—: ~+ %—1— 2km,

where plus is taken when z > 0, and minus when z << 0.

But since, on the other hand, it must be

—an< arctan x -}-arctan %g -+ m,

our problem has been solved.

30. Compute the expression

sin (arcsin x -+ arcsin y).
We have
sin (arcsin x -+ arcsin y) = sin (arcsin x) cos (arcsin y) +
+cos (arcsin z) sin (arcsiny) = z Y 1 — 2 +y V' 1 — 2.

Thus, considering the two arcs

arcsin x | arcsin y
and

arcsin (z V1—y2+y V' 1—22),

we may assert that their sines are equal to each other.
However, if
a—p

sina =sinf, 2sin 5 —5

and, consequently, eilher a;B:lm or anrB :(2k’+1)—2£[

(k and k£’ integers), i.e. either
a = p + 2kn

a = —p 4+ (2" + 1) m.
Therefore we may assert that
arcsin z + arcsin y = arcsin (z ' 1—2 +y V' 1—2?) + e,

or
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where 1 = +1 if € is even, and = —1 if & is odd. To de-
termine & more accurately, let us take cosines of both
members. We get

cos (arcsin x +- arcsin y) =

= cos [narcsin (z)/ 1 — 2 +y V' 1—22) +-en].

Hence
Vi—a® Y 1—y'—ay =
= (—1)°cos [arcsin (z V1 — 2 +y V' 1—2?)]-

Further

Vi—a*V1—y—azy=
= (=Y 1—(@VI=p+yVI—2)".
The radicand on the right can be transformed as
{— (VT Py VT ) =
=1—22(1—y)—p*(1—2") -2y V 1—2* ) 1 —y’=
=(1—2)(1—y) =22y V1—-2*V1—y 4 2% =
=(V1I=22V1—y*—ay)’.
If it turns out that
Vi—22V 11—y —zy >0,

then
W—(x VI—p4+yV1—2%)°=
—VVT—Vi—p—a)=VI—2 VT g—ay

Therefore, in thi< case

(—1)8 - +1’
i.e. € is even.
And if
Vi—2*V1—y*—xy <0,
then

(—1)8 = _1v
and, consequently, ¢ is odd.
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Let us now consider the expression

1 — 22 — y2
We have

1—22—p*=1—>— P4 2%y — 2%y’ =
=(1—2) (1 =) 2% =

=(VT=2VT—p—ay) (VT—2-VI—p+y).

The quantity 1 — 2> — y® can be greater (smaller) than or
equal to zero. Let us consider all the three cases.

1° Suppose 1 — 22 — y2 >0, i.e. 22 4+ y? < 1. If the
product of two factors is positive, then these factors are
either both positive simultaneously, or both negative simul-
taneously. And so, we have either

Vi—z2 Y 1—pP—ay >0, V1i—2V1—p+ay>0
or
V1= V11— —ay <0, V1=V 11—y +ay<0.

But the second case is impossible, since, adding the last two
inequalities, we get

‘/'1—.1'2 V1_yz< O,

which is impossible. If, however, the first two inequalities
exist, then

Vi—z )Y 1—y2—zy > 0.

Consequently, in this case & is even.
Thus, if 22 + y2 << 1, then in our formula ¢ is even.
2° Let now 1 — 22 — y* << 0 and, consequently, either

V1—22 ) 1—pP—ay >0, VIi—22)1—y2+2y<0
or
VIi—2 )V 1—yi—ay <0, V1I—-2Y1—ypF+zy>0.

But from the first two inequalities we easily obtain zy << 0
If this inequality is fulfilled, then it will obligatory be

Vi—2 ) 1T—y*—ay >0,

and, consequently, € is even,
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From the second pair of inequalities we get xy > 0, and
g is odd.

3° Finally, suppose 1 — z* — y® = 0. Then again two
cases are possible: either xy <C 0 or xzy > 0.

In the first case /1 — z2.)/ 1 — y® — 2y >0, and, hence,
¢ is even. Likewise, the second case gives an even ¢ (¢ = 0),
since there -exists the following relation:

arcsin z + arcsin Y'1— 2% = —g— (x> 0).
Thus, we can judge whether & is even or odd. Now let us
consider the value of e. We have

| arcsin x 4 arcsin y | << m.
Consequently

|narcsin (zV1—=y2+y Vl—x2)+en| < m.
Hence

le| < 2.
And so, &€ may attain only three values: 0, +1, —1.
Comparing the results obtained, we may now assert that
if 22 + y®’<lor if 2y <0, then ¢ =0, n = 1,

and if 22 +y?>1 or if 2y >0, then ¢ = +1, n = —1.
To find out when ¢ = -+1 and when ¢ = —1, let us notice

that at £ >0, y > 0 arcsin x 4 arcsin y > 0 and, con-
sequently,

—arcsin(z )V 1—y2+y V 1—2a?) 4-en >0,

and therefore in this case ¢ = +1. If, however, z << O,
y <0, then it is obvious that ¢ = —1.
31. We have (see Problem 24)

arccos z - arccos (% + —é— V3— 3x2) —

= ;T — arcsin £ — arcsin (i+—;—]/3—3x2);

2
on the other hand (Problem 30),

arcsin x -+ arcsin ( % + -;— |/ 3— 3x2) ==marcsin § } emn,
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But

— (24 2yT=2) - L (Y T=2-V3a),
and since x>—;—, we have 4x’°>1: 32°>1 — 2* and

V3z>)1—2z.

Therefore

1/L— T+ 3y T=7 VT—2)' =5V (VT=2—V3a) -
(BT

and §=1/_3 )
2
Consequently
. g_ k] 8
arcsin § = - .

The only thing which is left is to find m and & (see Prob-

lem 30).
Let us prove that

xt%p§+¥gvi—wﬂ2>1.
We have
xz—i——?--{—%U—xz)—}-% V3zV1—22>
3 .1
=7ty @ty —=2)=7.

Consequently,

Therefore,
arccos I - arccos (%—l—— 3— 3x3) =5 — (__;L+ n) :—_—;i .
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32. We have tan A:%, tan B = —;— Let us compute

cos2A. Since
1

24"
1 4 tan A—cos?-A’
we have
1t ., 1 50 2 4 49
~oZ A =1 —1—4—9.“[-@ and cos A'—gﬁ-
But
. 8, 2%
cos 24 = 2 cos A——1__5—0—1_-—23.
Further
sin 4B = 2 sin 2B cos 2B.
But
cosZB——Zcos2B—-1|———1———1———4-
o 1 4tan2B 5
. . . . o p  2tanB __3_
sin 2B =2 sin B cos B=2 tan B cos B—1-—————+tan23_ =
Consequently,
. 4 3 24 .
sm4B=2-3-€_—_2——5 and sin 4B = cos2A4.

33. By hypothesis we have
(a4 b)?=9ab or (%r—b)z-—-ab.

The rest is obvious.

34. Put
logon=2z, logman=y.
Then
a*=n, mYa!=n.
Hence

TR

a=m'.a¥, a¥=ma.

Taking logarithms of this last equality to the base a, we get
the required result.
35. Put
z(y+z—z) _ yGt+z—y) z@ty—z) 1
log z log y o log z ot
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Then
logz =tz (y +2 —x), logy =ty (z + z — y),

logz =tz (x + y — 2).
Hence

ylogxz 4+ xlogy

I

2tzyz, y log z + z log y = 2txyz,

z log x + x log z = 2txyz.
Consequently

ylogx +xlogy =ylogz+ zlogy = zlogx + z log z,
log z¥y* = log z%y* = log x*7".
Finally

xVy* = ZV%y* = x°z".
36. 1° Put log, a = z. Then
b* = a.
Taking logarithms of this equality to the base a, we get
z log, b = 1.

But z = logy, a. Consequently, indeed, log; a log, b = 1.
2° We have

a'%a® = p.
Therefore
logb (logb a) 1
a logy, a — (alogb a)logb(logb a) _ (aloga b)logb (logb a) _
log; (log, a)
=b ° """ —=log.a.

37. From the given relations it follows that
yl-logz — 10, zl-losv = 10.
Taking logarithms of these equalities to the base 10, we get
(1 —logx)logy =1, (1 —logy) logz = 1.

whence

t gt
logy 1__1 — 1—logz

log z

logz=1—

and, consequently,
1

z=101-logz,



Solutions to Sec. 3 207

38. The original equality yields
a®> = (¢c — b) (¢ + b).

Hence

2 logen a = logews (¢ — b) + 1,
2 log._p a = log._;, (c + b) +- 1.
Multiplying these equalities, we find
4 log.ypa-log._va = log.ip (¢ — b) + log.p (¢ + D) +
+ 1 + log.ip (¢ — b) log._p (¢ + D).

log._y (¢ 4 b) logeyy (¢ — b) = 1.

However,

Therefore
4 logeip alog._pa=2logerpa — 1+ 2log._pa — 1-42.
Finally
log.1p a + log._, a = 2 log.y+p a log ._p a.
39. Put
log, N =1z, log. N =y, logyzN =z
The last equality yields

Hence
logq N == (1 +log,c), log.N =%(1 + log. a).

Therefore

0]

%—1=logac, %y——L——logp a.
Consequently
(ﬁ_ 1) (El_ ):1
2z Z
or
i___x—z
y z—y°
40. We have
l(; = ! = ! =
ajas. . .ant = logeaiay...a,  log, ay -logy ag+ ... -logyan,
_ 1
- 1 1 1

g, = Tog,e " Tog, =
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41. Let

a, = aq", b, =0b -+ nd.
Then

loga, = loga-+ nloggq, loga, — b, =

—=loga -+ nlogg —b—nd =loga — .
Hence

nlogg —nd =0, logsqg =4d, p?=q.
And so

B=q‘

SOLUTIONS TO SECTION 4
1. We have
(5 =)+ (G=5 — o) + (5o —e) =0,
Hence

z—ab—ac—bc z—ac—ab—bc r—bc—ab—ac 0

at+b + a-tc + b+ec

or

1 1 1
(x—-ab——ac—bc)(a+b + P - b+c)=0’

Assuming that
1 1 1
a-+b + atc + b+c

is not equal to zero, we obtain
z = ab + ac + bc.

If, however,
1

1 1
at+b + a-tc T b+c =0,

then the given equation turns into an identity which holds
true for any value of z.

2. Rewrite the equation as follows

N e
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We have

r—a—b—c¢ r—b—a—c¢ x—c—a-—b_

T t— =0

ac

Hence

1 1 1
(e—a—b=0o) (g +ort+75)=0
and, consequently,

z=a-+ b+ c.
It is assumed, of course, that none of the quantities a, b
and ¢, as also 615+E12 +515 is equal to zero.
3. If we put in our equation
6x +2a =A4,3b+c =B, 2x 4+ 6a=C, b+ 3c =D,
then it is rewritten in the following way

A+B _C+D
A—B~ C—D

Adding unity to both members of the equation, we find

24 2
A—B~ C=D °

Likewise, subtracting unity, we get

28 2D
A—B ~C—D "

Dividing the last equalities termwise, we have

A C
F =D
i.e.
6r+2a  2x-+6a
3b+c b+ 3¢
Hence
6 2 6 2
( 3b+c b+ 3¢ ) L= ( b4 3¢ T 3b+4c ) a.
Finally
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4. Add 3 to both members of the equation and rewrite
it in the following way

(EE2 ) (S5 ) 4 (25241 -

bz
=4— at-b+4c
Hence
A 1 1\ , a+btc—=x
(@+bte—a) (g4+5+7) =4 atbte
Consequently
4
(a+bte—a) (45 ++—5m5rs) =0
and, finally,
xr=a-+ b+ c.
5. Taking ’,’/b -+ x outside the brackets in the left mem-

ber, we get

p b+z cop

‘/b-er bx  a .
Consequently,

(b+z) P be
1 prom—
1+ —
T Yy

Hence

p+1 14

Further

6. 1° Squaring both members of the given equation, we
find

r+1+z—1+222—1 =1.
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Consequently,
2/ 22 — 1 =1 — 2z,
bx? — 4 =1 4 4a® — 42,

9
Since squaring leads, generally speaking, to an equation
not equivalent to the given one, or rather to such an equa-
tion which in addition to the roots of the given equation may
have other roots different from them (so-called extraneous

roots), it is necessary to check, by substitution, whether
—Z—is really the root of the original equation. The check shows

that —Z— does not satisfy the original equation (here, as befo-

re, we consider only principal values of the .roots).

2° Carrying out all necessary transformations similar to
the previous ones, we find that z :% is the root of our
equation.

7. Cube both members of the given equation, taking the
formula for the cube of a sum in the following form

(A + B)? = A® + B® + 34B (A + B).
We have
a—{—]/x+a—l’x+3,/a2—x(l/a+l/x {—/a— )

Since

H
o

VatrVzav a—vVa=¥7,
we have

2a-+33/ a®—x-3/ b=, x:az—@——;zéﬂ?.

We assume that ¢ and b are such that

(b—2a)3

2 ——
a 275

=>0.

Since the equality of cubes of two real numbers also
means the equality of the numbers themselves, the found
value of z satisfies the original equation as well.
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8. Squaring both members of the equation, we find

—Vat — 2 = 2 — 2z
Hence
xd — 2% — 2% (x — 2)2 =0,

22 [22 — 1 — 2 — 4 + 4] = 2® (42 — D) = 0.

Thus, the last equation has two roots x = 0 and =z =%.

Substituting them into the original equation, we see that
the unique root of this equation is

o

9. Getting rid of the denominator, we obtain

(Va+Va=b)Vo=Va(Vo+V r—a)

or
Vox—b=Va(x—a), bx—b=a(x—a), z=atb.

As is easily seen, this value of z is also the root of the origi-

nal equation.
10. Multiplying both the numerator and denominator by

Va+z+Va—z we get
" (Vatz+Va—z)=2zV0.

Hence
Va—22=z)b—a.

Squaring both members of this equality, we find two roots

. 2a'\/5
R

$==0, x

However, the first of these values is not the root of the ori-
ginal equation, the second one will be its root if

b>1.



Solutions to Sec. 4 213

Indeed, we have
_ 20Vb 1= 4 /UEVE? L~ 1+ VD
Vatz—= 1/ +1+b“Va R V—'VTIB’
_ LY
Y= VR S A=

—Va V’” (if VD—10).

Substituting the obtained values for Va + z and YVa — z
into the original equation, we make sure that our assertion
is true.

11. Adding all the given equations, we have

at+b+t+c+d
3 .

T+y+z+v=
Consequently

v=(x4+y+z4+v)—(x+y-+z)-- a+b+c+d —a ==

Likewise, we obtain

a+c+d—2b y_a+b+d—2c p Obte—2d

R

12. Adding all the four equations, we get

4.231 = 2a1 ‘+- 2a2 "l— 2a3 + 2a4,

a4+ a; + a3+ a,
5 .

Xy =

Multiplying the last two equations by —1, and then adding
all the four equations, we find

ay + Gg—az—a,

L9 = 5

Similarly, we get

To = a4 —as +ag—a, _ 4y—ag—azta,
3 == 2 y x“-‘- 5 .
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13. Put  + y 4+ z + v = s. Then the system is rewrit-
ten as follows

ar +m(s —zx) =k
by + m(s—y) =1
cz+m(s—z)=p
dv 4+ m (s —v) =q
so that
ms+zxz(a—m)=k ms+yd—m)=1,

ms—+z(c—m)=p, ms+v(d—m) =q.
Hence _

k m l m p m

S — -_ S 2 = e S
a—m a—m !’ y b—m b—m '’ c—m c¢—m '’

q m

v= d—m d—m S (*)

Adding these equalities termwise, we find

_k l p q
S=a—m + b—m + c—m + d—m
1 1 1 1
—ms ( a—m + b—m + c—m * d—m )
Consequently
1 1 1 1
8[1 +m( a—m + b—m + c—m + d——m)]:

. k l p q
_—a—m+b—m+c——m+d—m )

Wherefrom we find s, and then from the equalities (+) we
obtain the required values of the unknowns z, y, z and v.

14. Put
Zy—ay  Zog—ag Zp—ap
my m2 m

Hence
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Substituting these into the last one of the given equations,
we get

Ty + Ty + ... +Zp =a=
=(ay+a,+ ... +ap) +A(m +my+ ...+ my).

Consequently,
a—ay—ay—...—a,

mytmg+t...4+mpy ’
and then we readily get the values of

Ly, Loy - - oy Tp.

15. If we put
1, 1 1 o
7—.7:, 'i/——y, —;‘—Z, — =1V,

then the solution of this system is reduced to that of Pro-
blem 11. Using the result of Problem 11, we easily obtain

3 2
T=aTvrc—oa’ Y=aFprFd—2
, 3 3

:a—[—c—l—d—Zb’ v:b+c+d——2a'

16. Dividing the first equation by ab, the second by ac
and the third by bc (assuming abc % 0), we get

y,z_¢ oz, z_ b x.y_a

-b_+_a_~—a_b_’ F_l_?&ac’ c+b—bc'

Adding all these equations termwise, we find

x Yy z 1 ¢ b a
stite=z(wtatw)

Hence
Z_ (2 ¥ 2\ _(2oy\_L(e b L)__c_
c'"(a+b+c) (a b)_z(ab+ac+bc ab
2. p2__¢2 . 2 p2__ (2

Consequently, -z——_—?——tﬂc—c—, ie. z2="1 +2ab ° and then
analogously

~a2+02_b2 b2+02_a2

y= 2ac y T= 2bc

17. First of all we have an obvious solution z =y =
= 2z = (. Let us now look for nonzero solutions, i.e. for
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such in which z, y, 2 are not equal to zero. Dividing the
first of the given equations by yz, the second by zz and the
third by zy, we obtain

a

[ b c ’ b a_ ”

Hence
a b c ’ ”
}‘+;+—z‘=d+d +d.
Therefore
a ’ " b n__ g1 £ __ B
Finally

a b c

T=Fgro—a’ YTaigo—a *Tija—a-

18. Rewrite the system in the following way

ay--br 1 aztcx 1 bz4cy 1
xy ¢’ zz b’ yz  a °
Hence
a b 1 a c 1 b c 1
—_—L——:_— — — T — — T
z 'y ¢c’' =z T z b’ y + z a’

Consequently (see the preceding problem)
__ 2a2bc _ 2ab%c . 2abc2
x_ac—{—ab——bc’ y"—bc—}—ab——ac’ Z——bc—{—ac—-ab ’
19. The obvious solution is z =y = z = 0. Dividing
both members of each equation of our system by zyz, we get

1 4 4 1 1 1 1 1

Zt T wTE miu =

Adding pairwise, we find

2 1 1 2 1 1 2 1 1
xy=a2+b2’ yz=b2+c2’ xz=a2+c2'
Consequently
2a2b2 2b2¢2 2a2c2
xy=a2+b2’ yz= b24-c2 ’ xz=a2+c2 ) ()
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Multiplying the equalities, we obtain

222 8adbict
XY“z" = (@2 -+ b2) (b2 4-¢2) (a2 4-¢2) °

Hence
4 271/2 a2b2c2
T Vi ) @2 ) (@2 4e?)

TYz =

Using the equality

_ 2a2b2
LY = a2+b2 ’

we find for z two values which differ in the sign. By the
obtained value of z we find the corresponding values of y
and z from the equalities (x). Thus, we get two sets of
values for x, y and z satisfying our equation.

20. Adding all the three equations, we find

(z+y+2z@+b+c)=0.
z4y+2=0,

Hence

whence
a—b a—-=c¢ i h—a
T e btc

T agbter YT agbyer
21. Adding all the three equations termwise, we get
b+c)x+ (c+ a)y + (@ + b) z = 2a® + 2b® + 2¢3.

Using the given equations in succession, we find

2(b+c)x =20+ 2%, 2(c+ a)y = 2a® + 2¢°,
2 (a + b) z = 2a® 4 203,

whence

=0 —bc+c y=a>—ac-+c? z=a*®— ab+ b2
22. Consider the following equality

z y z __ (6—=3) (6—n) 6—Vv)
a+6+ b+ +”b—+'6“‘1 - 0+a)(0Fb)O+c) °

Let us transform the equality, by reducing its terms to a
common denominator and then rejecting the latter. We get
a second-degree polynomial in 6 with coefficients depending
onz,y, 3, A W, v, a, b, c, which is equal to zero. If now we
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substitute successivly A, p and v for 0 into the original
expression, then, by virtue of the given equations, this
expression (and, consequently, the second-degree polyno-
mial) vanishes. However, if a second-degree polynomial
becomes zero at three different values of the variable, then
it is identically equal to zero (see Sec. 2) and, consequently,
the equality

z y z (0—A) (0—p) (B—v)
a6 + b+0 + c+0 —1=— CEYCEYCE)
(by virtue of existence of the three given equations) is an
identity with respect to 0, i.e. it holds for any values of 6.

Multiplying both members of this equality by a + 6, put
8 = —a. Then we find

_(a+M @+tp @4V
(a—b) (a—c) '

Likewise we get
_G+M)G+w bty (e tD) (etp) (e +)
b= (b—a) (c—a)(c—b) °

Of course, we assume here that the given quantities A, p,
v, as also a, b and ¢, are not equal to one another.
23. The given equations show that the polynomial

a® + za? 4+ ya + 2z

vanishes at three different values of a, namely at & = a, at
o = b and at @ = ¢ (assuming that a, b and ¢ are not equal
to one another).

Set up a difference

a® 4+ za? + ya + 2 — (@ — a) (@ — b) {& — ¢).

This difference also becomes zero at a equal to a, b, c.
Expanding this expression in powers of a, we obtain

x+a+b+c)a2+ (y—ab—ac — bc)a -+
+ 2z + abc.

This second degree trinomial in a vanishes at three different
values of @, and therefore it equals zero identically and,
consequently, all its coefficients are equal to zero, i.e.
z+a+b+c¢c=0, y—ab—a — bc =0,

2 + abe = 0.
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Hence
x=—(a+b-+o),
y = ab + ac -+ be,
z = —abc

is the solution of our system.
24. We find similarly

t = —(a -+ b+ ¢+ d),

z = ab 4+ ac + ad + bec + bd + cd,
y = —(abc + abd + acd + bed),

2z = abcd.

25. Multiplying the first equation by r, the second by p,
the third by g and the fourth by 1 and adding, we get
(@ +a*q+ap +1r)z+ (b°+ b+ bp +- 1)y -+

+ (P4 cg+ept+nz+ (@ +dq+dptr)u =

=mr - np + kq + L.
Let us choose the quantities r, p and ¢ so that the follo-
wing equalities take place

b* + b +bp +r =0,
A+ cqg+ep+r=0,
4+ d*q +dp +r = 0.
Hence, we obtain (see Problem 23)
q=—(b+c+d), p=2bc+bd+cd r = —bcd,
and, consequently

X = = N
Braqtaptr | @—bh@a—o@—d

where

N = —mbed + n (be +~ bd +cd) — k(b + ¢ + d) -+ L.
As to the equality
@ +a*qg+ap+r=(a—0b)(a—c(a—ad),
it follows readily from the identity
o® + ga® + pa +r = (@ — b) (@ — ¢) (@ — d).
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To find the variable y, the quantities g, p and r are so chosen
that the following equalities take place

a® + a*q +ap +r =0,
¢ +c*q+cp+r=0,
@? + dq +dp +r =0.
The remaining variables are found analogously.

26. Put
x4 —I— Lo -I" e o "I"‘ z, = S.
Adding the equations term by term, we get

s+2s+3s+ ... +ns=a+a,+ ... + a,.
But

1—|—2—|—3-1—...-1—n=-'ﬁ2iﬂ (an arithmetic pro-

gression).
Therefore

s =;l—(—%:—17 (ay +a,+ ... + a,) = A (for brevity).

Subtracting now the second equation from the first one, we
find

xy+ 2o+ 23+ ... + 2, —nxy = a, — a,.
Hence
nxry = A + Ay — Q4
and
A+a2——a1

n
Subtracting the third equation from the second, we get

. A+a3——a2
o n

Xy=

)
and so on.
27. Put
 +xy+ ... Fx, =5
Then we have
—s + 2z, = 2a, —s + 4z, = 4a,
—8 + 823 = 8a, .. ., —s -+ 2™z, = 2ma.
Hence

8 S L §
z, ==a+-§-, x,==a+—4-, a:3=a+-§-, ...,xn=a+%.
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Adding these equalities, we get

s=na-ts (—é——l—%-}- +-—2—1,-;)

But
1 1 1 1
vtz t. o Ftw=l—g
Therefore
s = 2™na.
Consequently

Zy =0+ 5 =a-+2""na =a (14 n-20Y),

x2=a+—2—=a+2"‘2na=a(1+n-2n'2) and so on.

28. Let
2y +x9o+2354+ ... +z, =5 =1.
Then

S —ZTy =2, §s—2x3=23,...,8—Zp_4=n—1,

s — x, = n.
Consequently (since s = 1)

Ty = —1, z3=-2,... 2, = —(n —1).
Hence
zo+ 234+ ... Fz,=—1+2+ ...+ —=1D]=
_ n(n—1
= ——F0.
Finally
n(n—1)

gy =1— (g +234+ ... +2,) =1+ 5 -

29. Suppose the equations are compatible, i.e. there
exists such a value of x at which both equations are satisfied.
Substituting this value of = into the given equations, we
get the following identities

ar +b =0, ax+ b =0.

Multiply the first of them by &', and the second by 4. Sub-
tracting termwise the obtained equalities, we find

(ab’ — a’'b) x = 0.
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If the common solution for x is nonzero, then it actually
follows from the last equality

abl — a'b = 0.

If the common solution is equal to zero, then from the ori-
ginal equation it follows that

b=0b =0,
and therefore in this case also
abl — a'b = 0.

And so, in both cases, if the two given equations have a
common solution, then

ab’ —a'b = 0.
Hence, conversely if the condition
abl —a'b =0

is satisfied, the two given equations have a common root
(the coefficients of the equations are proportional), and,
consequently, they are compatible.

30. To prove that the given systems are equivalent it is
necessary to prove that each solution of one of the systems
is simultaneously a solution for the other system. Indeed,
it is apparent, that each solution of the first system is at
the same time a solution for the second system. It only
remains to prove that each solution of the second system
will also be a solution for the first system. Suppose a pair of
numbers x and y is the solution of the second system, i.e.
we have identically

IE +U'E =0,

mt + m't =0,

E=ax+by+c¢, & =az+by-+c.

Multiplying the first equality by m’ and the second by /',
and subtracting them termwise, we find

(im' — ml’) & = 0.

Likewise, multiplying the first equality by m and the se-
cond by I, and subtracting, we get

(im’ — ml') &' = 0.

where
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But since, by hypothesis,

Im'" — ml' =0,
it follows from the last two equalities that
£§=0
and
g =0,
i.e.
ar + by +¢ =0
and

ax+ by + ¢ =0.
Thus, the pair of numbers z and y, which is the solution of
the second system, is simultaneously the solution of the

first system.
31. Multiplying the first equation by b’ and the second

by b, and subtracting termwise, we find
(ab) —a’'b)x +¢cb' —c'b = 0.

We get similarly
(ab) — a’'b)y + c'a — a’'c = 0.

These two equations are equivalent to the original ones.
It is evident that if ab’ — a’b % 0, then there exists one
and only one pair of values of x and y satisfying the last
two equalities, and, consequently, the original system as

well.
32. Multiplying the first equality by &' and the second

by b, and subtracting, we find
(ab) — a’'b) x = 0.
Since, by hypothesis, ab’ — a’b 5= 0, it follows that x = 0.

In the same way we prove that y = 0.
33. From the first two equations we get

p c'b—cb’ __a'c—ca
v ab’—a’b ? y_ abl___alb .

If the three equalions are compatible, then a pair of num-
bers x and y being the solution of the system of the first two
equations must also satisfy the third equation. Therefore,
if the three given equations are compatible, then there
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exists the following relation

» c'b—cb’ y a'c—

¢ —ar TV w—aw ’b +c'=
or
a”" (c’b —cb') +b" (a'c—c'a) +c¢" (ab' — a'b) =0. ()

Conversely, the existence of this relation means that a
solution, which satisfies the first two equations, satisfies the
third one as well. This relation may be rewritten in the
following ways

a’ (cb" — c¢"b) + b (ac” — ca”) + ¢’ (ba”" — b"a) = 0,

a (cllbl — clbll) + b (allcl _ c”al) + C (bllal _ allbl) — 0.
Hence it follows that the solution of each pair of the three
equations is necessarily the solution of the third equation,
i.e. our system is compatible provided the condition ()
is observed.

34. Subtracting from the first equality the second, and
then the third one, we find

(@—by+@—-v)z=0, (@a—c)y+ (> —c*)z=0.
Since a — b %0 and a — ¢ 5% 0, we have the following
equalities
y+(@+bz=0 y+(@a+ecz=0
Subtracting them term by term, we have
(b —c)z =0.

But by hypothesis b — ¢ s~ 0, therefore z = 0. Substitu-
ting this value into one of the last two equations, we find
y = 0. Finally, making use of one of the original equations,

we get
x = 0.

35. Multiplying the first equality by B, and the second
one by B, and subtracting them termwise, we get
(ABy — AB) x + (CB;y — C\B) z = 0. (1)
We find analogously

(AC, — AC) z + (BC, — B,C) y = 0. 2)
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Suppose none of the expressions
ABy — AyB, (CBy — CB, AC, — A,C

is equal to zero. Then we get

xz z:

C.B—CB;  AB,—A;B

[multiplying both members of the first equality by the
product
(AB, — A,B) (C,B — CB,)]
and .
x y

C.B—CB, ~ CA,—AC,
Thus, in this case the required proportion really takes
place.
Let now one and only one of the expressions

AB, — AB, CB, — C.B, AC, — A,C

vanish. Put, for instance, CB; — C;B = 0. Then from
equalities (1) and (2) we get x = 0. Further, suppose that
two of the mentioned expressions, for instance, C\B — CB,
and CA, — AC, are equal to zero, and the third one, i.e.
AB; — AB is nonzero. We then find x = y = 0. In these
cases our proportion, or, more precisely, three equalities,

x frmmend A, (CiB - CBi),
y =MA(CA, — AC)),
z = A (4B, — A,B),

will also take place.
Thus, in these cases two given equations determine the
variables z, y and z “accurate to the common factor of pro-
portionality”.

If all the three quantities

A31 — AiB, CBi — C1B and A01 — A]C
are equal to zero, then there exists the following proportion

A B _C
Ai—Bi—Ci.




226 Solutions

In this case the two equations (forming a system) turn
into one, and nothing definite can be said about the values
of the variables z, y and z which satisfy this equation.

36. From the first two equations (see the preceding pro-
blem) we get

z Yy z

oc—b2  bc—a2  ab—c2 °

Hence
x = A(ac — b, y=MA(bc—a®, 2z=Ahr(ab—c?.
Substituting these values into the third equation, we find
b(ac — b®) +a(bc —a®) +c(ab—c*) =0

or
a® + b + ¢ — 3abc = 0.

37. Multiplying the first two equations, we get

72 22 y2

Z - z=1-y-

The same result is obtained by multiplying the third equa-
tion by the fourth one, which shows that if there exist any
three of the given equations, then there also exists a fourth
one, i.e. the system is compatible.

To determine the values of x, y and z satisfying the given
system proceed in the following way: equating the right
members of the first and the third equations, find

x“+%)=u0—g).

Solving this equation with respect to y, we have

—A
Sy
TR
Substituting this into the first two equations, we get
2z 2 oz 2z 2
a ' c p+A’ a ¢ p+AC
Hence
z=q 11 7= =1

p+i p+2
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38. Rewrite the system in the following way
"~ a(z+py) b+ gy) =ap® + by
ap (x + py) + bq (z + qy) = ap® + b¢®
ap*™ (z + py) + bg" 7 (z + qy) = ap™** + bg* .

Now itisobvious that the system is equivalent to the follow-
ing two equations

xr + py = p? =z +qy = ¢*

and, hence, the system is compatible.
39. We have

Ly = @y — Iy,
L3 = Qg — g

|

az_a1+x17
as — a; + ay — xy,

R
w~
|
N
)
]
w
I

T, =@pn_q4 — Qn_9g + ... =+ ay F a; + xy.

It should be noted that in the last equality the upper signs
will occur when n is odd, and the lower signs when n is
even.

Consider the two cases separately.
1° Let n be odd. Then
Tpn =Qpy —Qp_g2+ ... + Gy — ay + 4.
On the other hand,
z, +x = a,.
From these two equalities we get

_ Gp—ap_1+ap_g—... —Ay Gy
Xy = ) )
and, hence,
_4—ap+fap_q4—... —az3+4d
Ly = D) ’
G —ay+ap—...—0a;+0as3
X3 = 9 ’

.................

2° Let now n be even. Then

Tpn =Qn_{ —8p_g + ... — Qg + ay — 4.
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On the other hand,
I, = @, — X4.

Consequently, for the given system of equations to be com-
patible the following equality must be satisfied

) an—i_an—2+--°_a2+a1:anr
1.e.

a, +a,»+ ... +ay,=a,4+a,_3s+ ... + aq

(the sum of coefficients with even subscripts must equal
the sum of coefficients with odd subscripts). It is apparent
that in this case the system will be indeterminate, i.e. will
allow an infinite number of solutions, namely:

zy = A,

Zs = @y — A,

T3 = a; — a + A,

T, = a3 — a; + a; — A,

T, =Qpy — Q-3+ ... + as — as + a;—A\,

where A is an arbitrary quantity.
40. From the first two equations we find

b2 c2 T c2 a2 = a2 b2

b—d c—d c—d a—d a—d b—d

z ] 2z 2

Substituting this into the third equation, we have

a b2 c2 b c2 a2
;"{a—d(b-—d—c—d )+b—d (c-—d —a—d)+
¢ a2

b2
+ L (s — 57 ) } =d@—b) (b—0) (c—a).
After simplification we get
a b2 c2 b c2 a?
a—d ( b—d c—d )+ b—d ( c—d a—d )+

c a? b2 __d(a—b)(b—c)(a—c)
R ( a—d b—d )_ (a—d) (b—d) (c—d) °

Therefore

= —@—d—ac—ad,
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and, consequently,
x = (a—d) (b —c)(db-+ dc — be),
y= (b —d (c — a) (dec + da — ac),
z = (c —d)(a — b) (ad + db — ab).
41. Solving the last two equations with respect to x
and y, we find

_ (e—m)(n—a)

Tt n= z-t¢ !
(b=l (m—c)
y+b= z-}m
Hence
r4+a= (c_':)fz'_a) —(n—a)=(a—n) zzircn
Analogously
. z+4c¢
y+1=(1—0) pat

Substituting the found values of x 4+ a and y + [ into the
first equation, we see that it is a consequence of the two
last equtions. Thus, the system is indeterminate, and all
its solutions are given by the formulas

__ (c—m) (n—a) (b=l (m—c)
o z4-c —n Y= z4+-m T

X

for an arbitrary z.
42. From the second and the third equations we have

(1 —kz+ky=—1(1+kz+ (12 -k yl

hence, taking into account the first equation, (0 — k) y =
= (0 wherefrom either ¥ = 5 or y = 0 (hence x = 0), which

yields (substituting into the second equation) & = —1.
43. We have
sin 2a = 2 sin a cos a,

sin 3a = sin a (4 cos® a — 1),
sin 4a = 4 sin a (2 cos® a — cos a).
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Therefore the first of the equations of our system is rewrit-
ten in the following way

x + 2ycosa +z(4dcos’a — 1) = 4 (2 cos® a — cos a).
The remaining two are similar. Expand this equation in
powers of cos a. We have

8cos®>a — 4zcos*a — (2y + 4) cosa +2z —zx=0.
Putting cos a = ¢ and dividing both members by 8, we get

3__ 2
¢ 2

Our system of equations is equivalent to the statement that
the equation (x) has three roots: ¢ = cos a, ¢ = cos b and
t = cos ¢, wherefrom follows (see Problem 23)

12— y’f t+ 5= =0. (%)

Z
—2—=cosa+cosb+cosc,
y+2
7 = —(cosacosb-+cosacosc-+cosbceosc).
r—2
3 = cosacosbcosc.

Therefore the solution of our system will be
z =2 (cosa + cos b + cosc) -+ 8 cos acos b cosc,

y =—2 — 4 (cosacosb + cosacosc - cosbcosc),
z2 = 2 (cosa + cos b + cos c).
44, Put
a b c
sind  sinB  sinC

Since A + B + C = =, we have
sin A = sin (B + C) = sin B cos C + cos B sin C.
But from the given proportion we have

. a . b . c
smA:T, smB—_—-7, smCz—k—.
Substituting this into the last equality, we find

a = bcosC + ccos B.

The rest of the equalities are obtained similarly.
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45. Expressing a and b in terms of ¢ and trigonometric
functions (from the first two of the given equalities), we get

_ ¢(cos A— cos Bcos ()
b= sin2 C ' (1)
¢ (cos B+ cos A cos () ,
= Sin? C ' (2)

Substituting (1) and (2) into the third equality and accom-
plishing all necessary transformations, we find

1 —cos>? A4 —cos®? B —cos?C — 2cosAd cosBcosC = 0.
Let us now prove that
A+ B+ C =mn.

Transform the obtained equality in the following way

cos’ A 4+ 2 cos 4 cos B cos C =
=1 — cos? B —cos? C — cos? B cos? C + cos? B cos? C,
cos2 A + 2 cos A cos B cos C + cos® B cos? C =
=1 —cos®> B —cos®? C (1 — cos® B),
(cos A -+ cos B cos C)? = sin* B sin® C.

But since we have obtained [see (1)] that

bsin2 C

cos A+ cos BecosC = —T_>O’
we have

cos A 4+ cos B cosC =sin BsinC,

cos A =sin BsinC —cos BcosC = —cos (B -+ (),
cos A +cos (B +C) :ZCOSA——}_%i-C—COSi‘_—g;_—C— =0,
wherefrom follows that either

A+B4C
_+_Z_+__:(21+1)_’5_
or
A—B—-C , T
——— =@+ 1) 5,
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where [/ and I’ are integers. Let us first show-that the second
case is impossible. In this case we would have

A—B—C=@2' +1)n, B=A4—-C— 2I' + 1) =,
cos B =cos(4 —C —a) = —cos (4 — C) =

= —c0S A cos C — sin 4 sin C.
Consequently,

cos B + cos A cos C = —sin 4 sin C < 0

which is impossible, since we have obtained (2)
asin2 C

cosB+cosAcosC=—r—> 0.
Thus, there remains only the case
A+ B4 C=(2l+1)=.

However, by virtue of the inequalities, existing for A, B

and C, we have
0<<2l +1<3,

2l +1 =1

i.e.

and
A+ B+ C = m.

It only remains to show that
a b  c
sind~ sinB ~ sinC
We have shown that
cos A -+ cos B cos C = sin B sin C.
On the other hand,
cosB 4+ cosAcosC=cos(n —A —C) +cos A cos C =
= —cos(4 + C) + cos 4 cos C =

= sin A4 sin C.

Using this equality and also equalities (1) and (2), we easily
obtain the required proportion.

46. Let us first show that equation (2) follows from equa-
tions (1). Multiplying the first of equations (1) by a, the
second by b and the third by — ¢ and adding them term-
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wise we get
a® + b? — ¢ = 2ab cos C,

i.e. the third of equations (2). Likewise we obtain the re-
maining two of equations (2).

To obtain equations (1) from equations (2) add the first
two of (2). Collecting like terms, we find

2c2—2 bccos A — 2accos B = 0.
Hence
¢c = bcos A + acos B,

i.e. we get the third of equations (1). The rest of them are
obtained similarly.
47. From the first equality we get

cosa—cosb cosc

cos A = ! .
sin b sin ¢

Hence
sin?4A-=1—cos%24 =

sin2 b sin? ¢ — (cos a —cos b cos c)2
sin2 b sin2 ¢ o

__ (1—cos? b) (1 —cos2 c) —(cos a—cos b cos c)2
o sin2 bsin2¢

1 —cos2a—cos2b-—cos2c-+2cos acosbcosc
- sin2 b sin2 ¢ )

Consequently

sin2 4 1 —cos2a—cos2b—cos2c-+2cosacosbcosc
sin2a sin2 a sin2 b sin2 ¢ ’

Since the given formulas turn one into another by means
of a circular permutation of the letters a, b, ¢, A, B, C,
and as a result of this transformation the right member of
the last equality remains unchanged, we actually have

sinfA  sin2B __ sin2C
sin2a =~ sin2b ~ sin2¢

But the quantities a, b, c and 4, B, C are contained between
0 and m, therefore

sinA __ sinB  sinC

sina _ sinb  sinc
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48. 1° Let us take the last two of the equalities (+) from
the preceding problem. We have

cos b — cosccosa — sin a sin ¢ cos B,
—cos acos b 4+ cosc = sin a sin b cos C.

Multiplying the first of them by cos a and the second by 1
and then adding, we find

—cosccos®a |+ cosc = sina sinc cos B cos a +

-+ sin a sin b cos C.
Hence

cos ¢ sin a == sin ¢ cos a cos B -} sin b cos C.
But since it was shown in the preceding problem that from
the equalities (+) follows the proportion

sin a sin b sin ¢

sind  sinB  sinC

in the last equality we can replace the quantities sin a,
sin b and sin ¢ by ones proportional to them. We get

coscsin A — sin C cos a cos B -} sin B cos C.

It is apparent, that there exist six similar equalities. Let us
take one more of them, namely, the one which also contains
cos ¢ and cos a. It will have the form

cos asin C = sin A cosccos B + sin B cos 4.

(This equality can be obtained in the following way: mul-
tiply the second of the equalities (¥) by cos ¢ and the first
one by unity, add them, and in the obtained equality repla-
ce sin ¢ by sin C and so on.) Thus, we have

cosc sin A = sin C cos a cos B -+ sin B cos C,
cos a sin C = sin 4 cosccos B 4 sin B cos A.

Eliminating cos ¢, we find
cos A = —cos B cos C + sin B sin C cos a.

The rest of the equalities are obtained from this one using a
circular permutation.

2° The formulas () of Problem 47 make it possible to
express cos A, cos B and cos C in terms of sin a, sin b,
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sin ¢ and cos a, cos b, cos c. Let us find the expressions for

. L A
sin —;‘— and cos 5 - We have

] A cosa—cos bcosc
2sin?~—=1—cosdA=1— ~ .
2 sin b sin ¢

ll

_cos(b—c)—cosa

sin b sin ¢ ’
A cos a—cosbcosce
2——: 4 == _—
2 cos 2 {+cosd =1+ sin b sin ¢
~ cosa—cos (b+c)
- sin bsin ¢
Hence
. b—c . —b
“in A m‘/sm a+2 ¢ sin a+(2
2 sin b sin ¢ ’
. b+c . b4c—
. A B ‘/vSln ﬁ%iLSl[li%_a
05 5= sin b sinc
. . . . . B B
Similar expressions are obtained for Sin—-. ¢cos 5= and
. C C . A4-B
sin—-, oS —3-. Now compute sin ; . We have
sin A+48 A—~inA cosB 'cosAs'1 B _
2 S g g S5 =
sin _____a+b+c sin ______a+b——c
2 2
== - - X
sinasinb
. a+t+c—b . bdc—a a—b
sin ———4— sin ———m— cos
o ( P n 2 )_COS C )
sin ¢ sin ¢ - ' c
COS—2—
Thus, we have obtained the following formula
cos a—b
. A+B ST2 C
S1n ) = p COS 5
cos —

2
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Likewise we find

COS a+b
cos ATB _ 2 . C
5 = e Sin 5

COS —

2
Since ¢ =4 4-B+C—n, we have
A+ B o C—e¢

2 2 2
Therefore
. A+B C—e
sin —5— = cos —;
and, consequently,
cos C—e a—b
0 5 B COoSs 5
CO0Ss ¢ N cO0S ¢
2 2
Hence
cos L8 _os £ cos 22 d
2 T2 B—m 7
—¢ c a—b ¢
coS 5 +-cos 5 cos 5 l cos -
and, consequently,
€ C e\ p—b p—a
tan A tan (T—T) = tan 5 tan 5
Using the formula
atb
s ALTE _ - sin <
co 2 cos £ 2’
2
we find analogously
€ C e\ D p—c¢
tanTcot (T—T)-—tan 5 tan 5 -

(1)

(2)

Multiplying the equalities (1) and (2) termwise and

extracting the square root, we get

1 p p—a p—b p—c¢
tan—,;-e.—]/-tan—z—tnn 5 tan 5 tan 5
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49. We have
a[tan (x+7v) —tan (x4 B)] + b [tan (r + o) — tan (z+ )] +
+c[tan (z +B) —tan (r+a)] =0.

Hence
asin (y—B) 4 bsin (& —v) |

cos (z -+ P) cos (z+ ) cos(z+a)cos(z+7y) '
¢sin (B —a) .
+ cos (z 4+ B) cos (z 4+ a) =0.

a sin (y —B) cos (x + o) - b sin (e —y) cus (x -+ P) -|-

e sin (f—a) cos () -=0.
Finally
asin (y—P) cos o+ bsin (o —7y) cos fp+ e sin (f—a) cos y
asin (y—pP) sina+bsin(ax—7y)sinp fcsin(fp—a)siny °
00. We have

tanx =

0 I 1
cos® 5= — .
1—}‘ tan2 '~2-—~
Therefore
. 1 —tan?2 —;—
cosx:_-2cosz?——1= —
14-tan2 —
2
2 tan% 1 — tan2 -;- 2 tan %
sinx=tan xcos x = — e — .
— tan2 > J-tan2 — 2 *_
1tan2 1Itm2 1{tan2
It is obvious that if tan l;— is rational, then sin r and cos x

are also rational. Show that if sin £ and cos x are rational,

then tan % is rational too.

From the first relationship we have

(1+tan2%)cosx:1—tan2—§—.
Hence
9 £  1—cosx
tan 2  t-tcosz °
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Consequently, if cos z is rational, then tan?® % is rational as

well. But from the second equality it follows that

2tan%:sinx(1+tan2%).
Hence, it is clear that if sin x and cos x are rational, then
tan % is also rational.
5. Since sin%?x 4 cos’x = 1, we have

sin*ue 4+ costa + 2sin®xcos?x = 1,

sin* x + costx = 1—2 sin®? x cos® x.
Therefore the equation is rewritten as
1 — 2sin?x cos®’z = a,
2sin?xcos®’x =1 — a,
sin?2x =2 (1 —a), sin2z = + V2 (1 — a).

For the solutions to be real it is necessary and sufficient
that
1

2

52. 1° Transforming the left member of the equation,
we get

sin x -+ sin 3x + sin 2x = 2 sin 2z cos £ -+ sin 2x =
= sin 22 (1 + 2 cos x) = 0.
Hence
1

(1) sin2x=0, (2) cos x= — 5

2° In this case the transformation of the left member
yields

cosnr + cos(n —2)x —cosx =2cos (n— 1) xcosz —
—cosz =cosz[2cos(n—1)z—1]=0,

i.e. either cosx =0 or cos(n — 1) x _1

2
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53. 1° We have
m (sin a cos £ — cos a sin z) —
— n (sin b cos £ — cos b sin x) = 0,

(n cos b —m cos a) sin x — (nsin b — m sin a) cos x =

’

(n cos b——mcosa)cosx[ tan z —

nsinb—m sin a
ncosb—m cosa

Hence

nsinb—m sina
tan xr = .
ncosb—mcosa

2° We have

sin z cos 3a + cos z sin 3o = 3 (sin @ cos * — cos a sin x).
Hence

sin x (cos 3o + 3 cos @) — cos z (3 sin @ — sin 3a) = 0.
But

cos 3o = 4 cos® & — 3 cos a, sin 3a = 3 sin & — 4 sin® a.
Therefore the equation takes the form

sin z cos® & — cos z sin® a = 0.
And so

tan r = tan? a.
04. It is easy to find that
sin ox = 16 sin® x — 20 sin® £ 4 5 sin x.
Therefore our equation takes the form

—20sin®x + S5sinx = 0
or

sinx (1 — 4sin?z) = 0.

Thus, we have the following solutions

. . 1
sinx = 0, sinx = 4+ +.

2
95. We have

2 sin x cos (@ — 7) - sin a + sin 2r — a).
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The equation takes the form
sin z + sin 2z — a) =0
or

. 3z—a z—a
2Sln———2——’ COS —'2—-—2‘—‘-'0.

Thus, the following is possible

sin 3x2—a_—_0 and sz—a:lm,

i.e.
a-t 2kn

3x=a-}2kn, x= T

where k is any integer.

Similarly, we have

cos - =0, S —Q4+1)5, z=a+(2+1)m,
where [ is any integer.

06. We have

sin z sin (y — x) —_——;- [cos (22 —y) —cos y].

Therefore the equation is rewritten in the following way
cos (2r — y) — cos y = 2a,
cos (2r — y) = 2a + cos y.

97. We have

. . . sin(ot+x

sin (@ 4+ z) 4 sin a sin Ty Eaix)) —mecosacosz=0.
Further

sin (a4 x) . .

o) - _ .

cos (@ 2) {cos (o -+ x) -+ sina sin £} — m cos @ cos z = 0.
Hence
sin (o -+ x)

Cos o — o
cos (a1 z) S OLCOS T mcos A Cosx

=cos a cos z {tan (x4 x) —m}=0.

Assuming cos @ 5= 0, we obtain the following equalities
for determining x

cosz =0, tan (a + z) = m.
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08. Rewrite the equation in the following way
cos? o + cos? (¢ + z) — 2 cos a cos (& + z) =1 — cos? z.

Hence
[cos & — cos (o + z)]2 — sin? 2z = 0,
i.e.

[cos & — cos (o + z) — sin z] [cos &« — cos (& + z) +

-+ sin z] = 0.
Further

[cos & (1 — cos z) + sin x (sin & — 1)] X
X [cos & (1 — cos z) + sin z (sin @ + 1)] = O,
sin®z [cos o tan%—{— sin @ — 1] X
X [cosatan%—l—sina—i—i] =0

(if sin 2 5= 0). If sin x = 0, then cos® @ (1 — cos x)? = 0.
Now we easily find the following solutions:

cosz==1, tanzx=cota, i.e. x=2kn

and
. 2k-4-1
= — O T
2
29. We can readily obtain
sin 9z — 2tan x
=T {4+ tan2zr
Therefore
2 tan x .
(1 "—tanx)(l +m) :———'1-1—tan xZ.
Hence
(1—tanz)(1--tanz)? .
[T tan?z (1 + tan z) =0,
1+tanzx
m{'l —tan?x— 1——tan2 1‘}":—-0,

tan2 z (1 -+ tan z) —0
1} tan2 o

For determining z we have: tan z=0, tanz= —1.
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60. We have
_ sin(A+B)
tan 4+ tan B= s Aces B
Therefore
sin dzx
— 1
tan x 4 tan 4x 4 tan 2z 4 tan 3x — YTy
+ sin oz N sin dzx
cos 2z cos 3z CoS z oS 2z ¢0S 3z coS 4x
X {cos 2z cos 3z - cos x cos 4x}.
But

cos 3z = 4 cos® x — 3 cos x.

Thus, our equation takes the form

sin bzx
coS 2z cos 3z cos

o [cos 2z (4cos®x—3)4cos 4x]=0.

Hence

sin 5z [4 cos2 2z —cos 2r—1] 0
cos 2z cos 3z cos 4z I

Consequently, either sin 5z = 0, i.e. b = km, or

4 cos? 2z — cos 2z — 1 = 0,
that is
8 cos 2z =1 + V' 17.

61. Substituting the expressions containing X and Y for
z and y into the trinomial

ax® + 2bxy + cy?,
we get

ax? + 2bxy + cy®? = a (X cos 0 — Y sin 0)% +
+ 2b (X cos & — Y sin 0) (X sin 68 4+ Y cos 0)
+ ¢ (X sin 6 + Y cos 0)% =
= (a cos? O 4 2b cos 0 sin 0 + ¢ sin? 0) X%
+ (a sin® 0 — 2b sin 0 cos 0 + c cos? B) Y2
+ (—2a cos 0 sin 8 + 2¢ cos 0 sin 0 4+ 2b cos®> 6 —
—2b sin? 0) XY
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Since, by hypothesis, the coefficient of XY must be equal
to zero, we have the following equation for determining 0:

2b (cos® 0 — sin?0) — 2 (a —¢)sin B cos B =0
or
2b cos 20 — (a — ¢) sin 20 = 0.
Thus,

2b

a—c

tan 20 =

62. It is obvious that

z+y _ sin(20+a4-P)
z—y  sin(a—p) °

Therefore

—E—i;%;-sinz (a—ﬁ)—{—i—i—%sinz PB—7 + itz sin?(y—a) =

Z—x

=sin (20 + o + B) sin (@ — B) +sin (20 4 f 4 7) sin (B — ) +
+sin (20 4y +4a) sin(y—a).
But
sin (20 -+ o 4 B) sin (¢ — ) = —;— {cos (20 + 2f) — cos (20 +2a)}.

Using a circular permutation, we easily check the vali-
dity of our identity.

63. 1° Put

sin z siny  sinz A
a b e -7

We then have
sin x = ak, siny = bk, sinz = ck.
On the other hand,
sinz=sin(n —z —y) =sin(z + y) =

= sin x cos y -} cos z sin y.
Hence

acosy +bcosx =c¢, becosz 4+ ccosy = a,

ccosx + acosz=hb.
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Solving this system, we find

b2+02____a2 02+a2_b2
CoS I = o , COSYy= T
a2 1-p2 — 2
COS Z = +2ab

At k =0 we get also the following solution sin x =
= sin y = sinz = 0.
2° Put
tan z tan y tan z

== f— ::.k.

a b ¢

Hence
tan x = ak, tany = bk, tanz = ck.

Adding these equalities term by term, we get (see Problem
40, Sec. 2)

(@ + b+ c¢) k=tan =z + tan y 4 tan z = tan z tan y tan z.
Consequently,

(a+ b+ c)k — K abe —= 0.
Thus,

R
k=0, k== ]/ 2tode

" abe

Hence either tan x = = tan y = tan z = 0 or

tanx—+]/ a+b+c)a , tany——-i"/ (a+2jc)b ,

(a+b+4c)c
ab )

tan z = +
64. We have

tan 2b = tan (z 4 y) = tan 4 tan y

i—tanxztany °

But, by hypothesis,

tan x tan y = a,
therefore
tan x + tan y = (1 — a) tan 2b.

Knowing the product and sum of the tangents it is easy
to find the tangents themselves (see Sec. 5).
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65. Transform the equation in the following way

1 1
X ——

i
x+— e
Fp2ei=3 243 % 4.4 =3 ’(1+3),

433 Ty
Hence
41 773 2x-3 \2x-3
9 ——3 ’ 2 ==(v/3) °
And so
2 2x—3
(=7) -t
Consequently,
2z —3 =0 and x=%.
66. Taking logarithms of both members of our equation,
we find
(x + 1) logyo x = 0.
Hence

x = 1.
67. Taking logarithms of the first equation, we find
z logio a + y logio b = logy, m.
Finally, we have to solve the system
z logig a + y logio b = logy, m,

z -+ Yy =n.
68. Put
x:bg, y—__-_—a'ﬂ

(from this problem on we assume thata > 0, b6 > 0, a 5 1,
b # 1 and find positive solutions).
Then (by virtue of the first equation):
b&y = a"’lx,
But

Consequently,
bEV = (bY)} = q%t,



246 Solutions

Hence
a*t =a"”, z(t—1n) =0,

Thus, either z =0 orn = & But at £ = 0 we get y = 0,
Rejecting this solution, consider the case = §,
Consequently,
z =0 and y = at.

But

z log a = y log b,

3 _ b\§ logb
b*loga=atlog b, (-;-) = Toga
Hence
log log b
. log b . loga
€ (log b—log a) -—log—log—a—, E= Togh—loga °

Therefore

log b
log loga logd
x=b§= b log b logb—-log a )

Since the ratio of logarithms of two numbers is independent
of the base chosen, in the expression

log b
08 log a
log b

we may consider the first logarithms as taken to the base b.
Then

log b
log log a
b log b L lOgb
~ loga
and
logd
logb log b—-log a
X =
( log a )
Analogously, we find
log a
. logb logb—log a
“—( log a )
69. Taking logarithms of the second equation, we find
logz  logy

loga = logb °
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Putting this ratio to be equal to &, we get
r = a§ y = bE.

Substituting these values into the first equation and assu-
ming a = b*!, we find £ = —1. Thus

1 1
= 57T
70. We have
x
r=yv.
Consequently,
mx
M=y v

Making use of the second equation, we find
mx
yv =y~
Hence, either y=1, and then x=1 or %ﬁc—:n, i.e.

ny
m L]

xr =

Substituting into the second equation, we have:

()= ()

And so
m \m—n R
= () aer = (2)
SOLUTIONS TO SECTION 5
1. We have
xz(b’*‘x)(x“{‘c)=x3(b+c+x)+xbcx-
(z—0b) (x—c¢) (x—b) (z—c)

Therefore the left member of our equation is equal to

b3
(b-+c+ ) [(x b)(x-—c)+ (b—z)(b—c) ' (C—‘z)(c"b)]—'_

z b
+bC.'I? [(x-—b) (x—-c)+ (b—z) (b_c)+(c——x) (c—b)],
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But (see Problem 8, Sec. 2)
z3 b3 3

(z—b) (x-——c)+(b——x) (b——c)—l—(c——x) (c —b) =b+c+az,

x b c
L E R Y R Y e B

Therefore the equation takes the form
(b + ¢+ 2)? = (b + c)
b+c+x2)2—(b+c)?=0,
b+c+z—b—c)b+c+zxz+b+c¢)=0,

and consequently
2y =0, zo =—-2(b+ ¢).

2. Rewrite the equation in the following way

Hence

3
(z—0)(z—b)(z—0) (b—0) (c —a) a—O){ s—ar—ara=n +
b3 c3
+(x—-b) (b—-c¢) (a~—b)+(x-——c) (c—a) (b——c)} =0.
As is known (see Problem 9, Sec. 2)
ad b3 ,
(a —z) (a—0b) (a—c)+(b——x) (b—a) (b-—c)_'-
c3 z3 1

L + = 1.
' (e—z)(c—a)(c—b) ' (z—a)(x—b)(z—¢)

Therefore, the equation is rewritten as follows

(x—a)(x—0b)(x—c)(b—c) (c—a)(a—Db) X

{1 == ) =°

or
b—c)lc—a)(a—>bllzx—a)(x—0>b) (x —c) — 281 =0.
Assuming that a, b, ¢ are not equal, we get

(@a+b+c)a? — (ab + ac + be)  + abe = 0,

__ 8btactbe & V/ (ab+ ac + bc)2 —4abe (a+ b+ c)
z 2@+ b+o) '




Solutions to Sec. § 249

For the roots to be equal it is necessary and sufficient that

(ab + ac + bc)? — 4abc (a + b + ¢) = 0.
Hence
a2b? + a?c® -+ b%?® — 2a%bc — 2b%ac — 2c%ab = 0,
(ab + ac — be)? — 4a’bc = 0,

(_1_+_1___1_)2__4_:(),

c b a be
Consequently,

(Frite

) (A det )

2
V/be

[( 1}; T 1}5 )Z_H [( Vlz o 1}5 )Z_TH':O'
Finally

or

(viz+v15“1}z)(viz+v15+1jz)x

1 1 1 1 1 1
- — - — ] =0.
><(‘\/c Vb Va)(Vc ’\/b+]/a)
3. Rewrite the equation in the form
3 3

2 2
(a—x)1+(x—b)1 —a—b,

(a—2)> 4 (z—b)?

wherefrom we have
1 1

a—z—(a—z)2(x—b2+2x—b=a—b

or

V (a—z) (x—b) =0.
Thus, the required solutions will be

Iy = a, xz-—_—-'b.

4. We have

V4a+b—5x+V4b+a—5x=3) a+b—2x.
Squaring both members of the equality and performing all
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the necessary transformations, we get

Via+b—5z.-Vib+a—5z=2(a+b—2z).
Squaring them once again, we find
(4a + b) (4b + a) — 5z (4a + b + 4b + a) + 252% =
=4 (a® + b? + 4a® + 2ab — bdax — 4bx).
22 — ax — bx + ab = 0,

and, consequently,

Hence

zr, = a, .’L‘2=b.

Substituting the found values into the original equation, we
get

Vo—a+2Vb—a—3)Vb—a=0.
2Va—b+Va—b—-3)a—b=0.

Hence, if a 5= b, then the equation has two roots: a and ¢

(strictly speaking, if the operations with complex numbers

are regarded as unknown, then there will be only one root).
9. Rewrite the given equation as

1+MN22—(a+c+ Ab+ M)z + ac + Abd = 0.

Set up the discriminant of this equation D (A). We have
D@ =(a+c+ Ab+ Ad)2 — 4 (1 + A) (ac + Abd).

On transformation we obtain

DA =MAMb—dad?+ 2\ (ab + ad + bec + dec — 2bd —
— 2ac) + (a — ).
We have to prove that D (A) = O for any A. Since D (M) is
a second-degree trinomial in A and D (0) = (a — ¢)? > 0,
it is sufficient to prove that the roots of this trinomial are

imaginary. And for the roots of our trinomial to be ima-
ginary, it is necessary and sufficient that the expression

4 (ab + ad + bec + dc — 2bd — 2ac)® — 4 (a — ¢)? (b — d)?
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be less than zero. We have
4 (ab + ad + be + de — 2bd — 2ac)? —
~4(@a—c)P(b—d?=
= 4 (ab 4 ad + be + dc — 2bd — 2ac —
—ab 4+ ¢b + ad — cd) X
X (ab + ad + bc + dc — 2bd — 2ac + ab —
—cb—ad + cd) =
=—16(b —a)(d—c) (c —b) (d— a).
The last expression is really less than zero by virtue of the

given conditions
a<<b<<c<d.

6. The original equation can be rewritten in the follow-
ing way
322 —2(a+b+c)x+ ab + ac + be = 0.
Let us prove that
4(a—+ b+ c)2—12 (ab + ac + bc) = 0.
We have
4(a—+ b+ c)2—12 (ab + ac + be) =
=4 (a® + b2 4 ¢ — ab — ac — bc) =
= 2 (2a* + 2b% + 2¢* — 2ab — 2ac — 2bc) =
= 2 {(a® — 2ab + b®) + (a® — 2ac + ¢?) +
+ (b2 — 2bc + A} =
—2{(a — b)* + (2 — O* + (b — ¢*} > 0.

7. Suppose the roots of both equations are imaginary.
Then
p? — 49 <0, p}— 4q, <O.
Consequently
p® + pt — 49 — 4q, <0, p*®+ p} —2pp, <O,

(p - pi)z < Ov
which is impossible.
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8. Let us rewrite the given equation as
(@a+ b+ c)x*— 2 (ab+ ac + be) x + 3abe = 0.

Prove that its discriminant is greater than or equal to zero.
We have

4 (ab + ac + be)®? — 12abe (@ + b + o) =
= 2 {(ab — ac)® + (ab — bc)® + (ac — bc)?} = 0.

9.-By properties of the quadratic equation we have the
following system

p+q9g=—p, pg=q.

From the second equation we get
qg(p—1) =0.

Hence, either ¢ = 0 or p = 1. From the first one we find
if g=0, then p=0; if p =1, then ¢ = —2.
Thus, we have fwo quadratic equations satisfying the set

requirements
22 =0 and 22+ 2 — 2 = 0.
10. We have
22+ y? + 22—y — 2z — Yz =
-—:-;—(sz + 2y% + 222 — 2zy — 223 — 2yz) =

= e —p e —2+ (g — 27 =0

(see Problems 6 and 8).

But we can reason in a different way. Rearranging our
expression in powers of z, we get 22 — (y + 2) = + y® +
+ 22 — yz. To prove that this expression is greater than,
or equal to, zero for all values of z, it is sufficient to prove
that: firstly

y¥+22—yz >0
and, secondly,

(y + 2% — 4 (y? + 2 — yz) 0.
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It is evident that there exist the following identities

PSR P A LT WY

+22—4@ +22—yz) = -3y —2)°

and, consequently, our assertion is proved.
11. We have
al

2
x2+y2+zz——%—=x2+y2+(a—x—y)2——§--

It is necessary to show that the last expression is greater
than, or equal to, zero for all values of x and y. Rearranging
this polynomial in powers of y, we get

fo oyt —art
It remains only to prove that for all values of x
x2—a:c+—a;->O, (x—a)2—4(x2—ax+—-f3i)<0.
We have
xz——ax—}—%‘z-: (a:~—-;—)2+112a2>0,

(x—a)®—4 (xz—ax—{——%z—) = —3 (x—%a)?‘gO,

which is the desired result. However, the proof can be car-
ried out in a somewhat different way. Indeed, it is required
to prove that

3z + 3y® + 3z > qa?
22 + y? + 22 + 2zy + 22z + 2yz = a’.

Consequently, it suffices to prove that
32> 4+ 3y® + 322 = a® + y® + 22 + 2zxy + 22z + 2yz

or

if

2z 4 2y% + 222 — 22y — 22z — 2yz > 0.

And this last inequality is already known to us (see, for
instance, Problem 6).

12. See the preceding problem.

13. By the properties of quadratic equation we may write

a—l—ﬁ:—’p’ aﬁ:q
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Therefore
Sy = —p.
Since o and f are roots of the equation

z* + pz + ¢* =0,
we have

@’ +pa+q=0, p*+ pp+q¢=0.
Adding these equalities term by term, we find

s2 + psy + 2¢ = 0.
Hence

s, = —ps; — 29 = p® — 2q.
Multiplying both members of our equation by z*, we get
zh*? + pahtl 4 gzt = 0.
Substituting @ and P and adding, we find
Sk+2 + PSk+1 + gsp = 0.
Putting here k¥ = 1, we have

S§3 = —pPS2 — q%.
Further

s3 = —p (p* — 29) + gp = 3pq — p*
Likewise we find
s, = p* — 4p*q + 2¢®, ss = —p® + S5p’¢ — Spg?.
To obtain s_g, let us put in our formula ¥ = —1. We have
$1 + pso + gsy = O.
But
So = 2, $ = —p.
Therefore
p

sy =+p—2p=—p, s4=——.

Likewise we get s_,, s_3, s_, and s_;. However, we may pro-
ceed as follows
1 ! ak +pk Sk
S_p = —rovH —_— -
P + pr (aB)* gt ’
wherefrom all the desired values of s_, are readily found.
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14. Let
Vaty p=o.
Then
ot =+ 4y B+ 64 a*pt 44 o+ B.
But
a+p=—p oap=gq
Consequently
W= —p OV Tt4y BV aLVE).
But

(Vat+ V) '=a+p+2Vaf=—p+2)g,

therefore

®= f/ —p+6V a4 7V —p+2V 4.

15. Let = be the common root of the given equations.
Multiplying the first equation by A’, and the second by 4
and subtracting them termwise, we get

(AB' — A'B) z + AC' — A'C = 0.

Likewise, multiplying the first one by B’ and the second by
B and subtracting, we find

(AB' — A'B) 2* + BC' — B'C = 0.

Take the value of x from the first obtained equality and
substitute it into the second one. Thus, we obtain the, re-
quired result.

16. Adding all the three equations termwise, we find

(@ +y + 2 =a®+ b2+ e

Hence
r+y+z==+Va+b*+c
Consequently
a2 b2
z= —, Y= —
+ Va2 o2t c2 + Va2 b2 c2
c2
Z2 =

+ Ve tez
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17. It is obvious that the system can be rewritten in
the following way

(z + 2) (z + y) = a,
(y +2)(y +2) =0,
(z+2)(z4+y) =c.

Multiplying these equations and extracting a square root
from both members of the obtained equality, we have

(z4-2) (x4-y) (y +2) = = 1/ abe.
Hence

y4—z:+va_bc T4 2 iVEE . = V(E.

a b

Adding these equalities termwise, we find

paypr=e (Ll 1)

2
But since
gtz — = LI
we have
. Vabe (1, 1 1
r=x (3 +o—7)
Analogously
o, Vabe (1,1 1 ., Vabe (1,11
y=t5 (g te—35) =5 (v+a-7)

simultaneously taking either pluses or minuses everywhere
18. Put

y+zx=vy, z+z=908, y-+2z=oa.
Then our equations take the form
Y+ B = ayf
a + y = bay
4+ a = caf.
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Solving this system (see Sec. 4, Problem 17), we find the
solutions of the original system

xr=y=2=20

1 1 1 1
rT==3 (p——b+p—-c_p—a) ’
1 1 1 1
Yy=5 (p——c +-p—a_-p—b) ?
1 1 1 1
zzf(p—a_{_p—-b_p——c) !

where
2p =a -+ b+ c.

19. Adding unity to both members of the equations,

we get
1+y+z+yz=0a+1,
1+z+z+4+22=0+41,
l+z+y+ay=c+1
or

1T+y(l+2=a+t,
1+2(l+2=0+1,
(A +y) A+ =c+1.
Multiplying these equations, we get
t+2°0+*0+2=>0+a Q481+

or

1+9Hd+n(1+2)=+VT+a) (1+0b) (I+o).
Consequently,

1+Z—+l/(1+f)+uc+b-

20. Multiplying the given equations, we obtain
(xyz)® = ab cx yaz.

First of all we have an obvious solution 2 =y =z = 0.
Then

xyz = abc.
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From the original equations we find
Yz = ax®, xyz = by%, xyz = cz“.

Hence

2 = qbe,

ar? = abe, by® = abc, cz
x2 = be, y? = ac, 22 = ab.

Thus, we have the following solution set
z =1 be, y=1V ac, z =" ab;
z=—Vbe, y=—Va, z=Vab
z="Vbc, y=—Va, z=—V ab;

z=—Vbe, y=V ac, z=—) ab.

21. Adding the first two equations and subtracting the
third one, we get

22 = (¢ + b — a) zya.
Likewise we find
2y = (¢ + a — b) xyz, 22> = (a + b — ¢) zyz.
Singling out the solution

x=y=z=0,
we have

2z = (¢ + b — a) yz, 2y = (¢ + a — b) a3,
2z = (@ + b — ¢) zy.

Then proceed as in the preceding problem.
22. The system is reduced to the form

zy + zz = a?,
yz + yz = b,
2z + 2y = c2
Adding these equations term by term, we find

2y + 23 + ya=5 (@ + b+ ).

Taking into consideration the first three equations, we get

b2 4 c2—a2 a2+ c2—p2 az 4 b2 —c2
yr=—ap——r0 )b =—p—, xy=—+—2—
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Multiplying them, we have

@yap = EAE A @B @ e

i.e.

(@ F 2= a?) (@ | c2—b%) (@ F b2 —c7)

ryz = -+ 3

Now we easily find

= ) TR @R

8 (02 F cZ—a2) ’
(@ b2 c2) (02} 2 —a?)

y== ‘/ 8 (a2 T 2 —19) ’
_ (@2 c2—b2) (b2 2 —a?)
2=k l/ S (@ b2 —c?) .

23. Adding and subtracting the given equations term-
wise, we find

PHyP=a@ty t+bEt+y =(@+?b@+y),
2 —yY=a(—y) —bx—y) =(@—>(z—y.

Hence
(z+y) (@ —2y +y* —a—b) =0,

(x—y) @@ +zy+y*—a-+ b =0.
Thus, we have to consider the following systems
1°z24+y=0, z—y=0;
2°x +y=0, 224+2y +y?—a -+ b =0;
Fr—y=0, 22—z2y+y?—a—>b=0;
4° 2 —z2y+y —a—b=0, 22 +z2y + y? —a +
+ b =0.

The first three systems yield the following solutions
1° z=y=0;
2 z=4+Va—b y=FVa—b;
3 z=—y=-+Va+b.
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The last system is reduced to the following one
22+ y? =a, xy = —b.
Solving it, we get

z= (eVa—2b+n) at2),
1 _— —_—
y=‘2—(8Va—2b—Tl V a+2b),

where € and 1 take on the values 41 independently of each
other. Thus, we get four more solutions.

24. Reduce the system to the following form
z+y—2(@+z—y =a,
y+z—2)(y+2z—12 =0,
+z—y)(z+y—2) =c

Multiplying and taking a square root, we get
@+y—2(@+z—y @y +z—2) ==+Vabe

Further
y_l—z_x: =+ 1/.%6—1
x+z_y=_—*_“/'a'bc_ ’
rty—z==4 l/%b—
Consequently

s (VEYE) e (VE4y T
s (VEYE).
25. Put

=ty ., _¥EE . _Ezhz __g
zt+y+ecxy 7 y+zt+aeyz T ztztbzz N

Then the system takes the form
by +cp=a, ca +ay=0>b, ap + ba =c¢
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oT
v, B_e¢ a2,y b B, a c
T+b_bc’ a+c—ac’ b+a'—ab'
Therefore
a B,y Va4 p24c2
TR T T e

and, consequently,

*T 7w 0 PT T2 0 YT T
Further
ztytexy 1 czy 1 ct+y ¥
z-+y v o oaty v 7 emy M-y
Finally
1 1 ey
7—'——;[”1—?'

Analogously, we find

1,1 b B
TS v T T—a

wherefrom we find z, y and z.
26. Multiplying the first, second and third equations
respectively by y, z and z, we get

cx + ay + bz = 0.
Likewise, multiplying these equations by z, z and y, we

find
bx + cy + az = 0.
From these two equations (see Problem 35, Sec. 4) we obtain
z y z 2

a2—bc  b2—ac  2—ab

i.e.
x=(a—be)h, y=(b®>—ac)d, z=(*— ab) M\

Substituting these expressions into the third equation, we
find

A% = ¢ — !
~ (c2—ab)2— (a2 —bc) (h2—ac) a3+ b3+ 3 —3abe

Now it is easy to find z, y and z.
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27. Rewrite the system as follows
> —x2) + (2 —zy) =a
(x> —y2) + (2 —ay) = b
(x> — zy) + (y* — 2z2) =c.

a-t-c . at+b—c¢
P—yp=———, YPou=—m—, r—ay= T

i.e. we have obtained a system as in the preceding problem
28. Subtracting the equations term by term, we have

(z —y) (z+y+ 2 = b —d
(x—2)(x+y+2) =c—a
Put x +y + z = t, then
—y)t=0—a% (x—2)t=c®—as
Adding these two equations termwise, we have
[Bx — (z+y+2)]t =b*+c*—2a.
Hence

24 b2 c2— 2a2
X = 3 .

Analogously

24 a2 c2— 22 24 a24- b2 —2c2
T 3t 2= 3t )

Substituting these values of z, y and z in one of the equations,
we find

(a4 b+ )2+ at + b+t —

— a?b? — a%c® — b%* = 0.

Hence

12 — a2+4-b2+c2 + /3 (@a+b+c)(—atbtc)(a—bte)(atb—rc)
— 5 .
Knowing ¢, we obtain the values of x, y and z.
29. We have the following identities

+y+2>—(@+y*+ 2 =2 @y + 2z + y3),
+y+22—@+ P+ =
=3(x+y—|—z)(xy+xz—l—yz)——3xyz.
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Taking into account the second and third equations of our
system, we get from the first identity

xy + xz + yz = 0.
From the second identity we have
zyz = 0.
Thus, we obtain the following solutions of our system
x=0, y=0, z=a
x=0, y=a, z=0;
0, z=0.

30. Let x, y, z and u be the roots of the following fourth-
degree equation

at — pa® + ga? —ra + t = 0. (*)
¢+ y* + 2f o+ uk =,

zr =a, Y

Put

Then
S, — pS3 + gsy — rsy + ¢t = 0.
But by hypothesis
s, = at, s3; = a® s, =a? s = a.
Therefore, the following identity must take place
at — pa® + qa®* —ra +t = 0,
i.e. the equation () has the root &« = a, and therefore one
of the unknowns, say z, is equal to a..
Then there must take place the equalities
uty+2=0 w+yP4+2=0 v+y+2=0,

and, consequently, (by virtue of the results of the last
problem)

u=y=1z=0.
Thus, the given system has the following solutions

x=a, u=y=123=0;
y=a, z=u=2=70:
z2=ua, =Yy =u =0,
u=a, =y =23 =70,
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31. Equivalence of these systems follows from the iden-
tity
(@®+ b2+ 2 —1)2 4 (@’ + b2 4+ ¢'2 — 1) +
+ (@ + b + ¢ —1)2 + 2 (aa’ + bb' + cc’)® +

+2 (aa” + bb" + cc? + 2 (a’'a” + b'b" + c'c")? =
=(a®+a>+a”—1)24 b2+ b'2 4+ b" — 1) +
+(+ "2+ —1)2+ 2 (ab+ a'd + a"b")? +
+ 2 (ac + a’'c’ + a"c")? +
+ 2 (be + b'c¢’ 4+ b"c")2.
It should be noted that nine coefficients: a, a’, a”, b,
b', b"y ¢, ¢’ and ¢” can be (as it was established by Euler)

expressed in terms of three independent quantities p, ¢
and r in the following way

a_1+p2__q2_.r2 b_~2(r+pq) czz(_’q+P’)
o N ’ o N ! N y
o =2zt P p =i=pite—r 2
_ N ! - N ’ ———_—-N ,
a”:M b”zz(_p+rq) cr/=1——p2—q2+r2
N ? N ’ NV

(N=14+p*+¢41?).
32. Multiplying the first three equalities, we get
22222 (y 4+ 2) (z + 2) (z + y) = a®b3c.
Using the fourth equality, we have
(y+ 2 (x+ 2 (x+ y) = abe

2@y +2) +y*(x+2) + 2 (x+y) + 2ryz = abe.
But adding the first three equalities, we find
Byt +y@+2 +2(@+y =a+ b0+
Thus, finally

or

a® + b® 4+ ¢ + abc = 0.
33. Adding the three given equalities, we get

stbomU=AC=D =y

TYya
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Similarly, we have
(y—2) (z+2) (z+y)

a—b—c=
Tyz
be—g— 3= (=Y (y+Z),
XYz

c—a—p=2¥ Wt (ata)
zYz

Hence
(a+b+ec)y(b+c—a)(at+c—b)(a+b—c)=

- _(1_1)2 (1_1)2\(1_1)22 2B
z y x z Y z

Hence, we finally get the result of the elimination
2b%? + 2b%a? + 2a%c® — a* — b* — ¢* + a?b%® = 0.
34. We have
y 2 _ 2 Z Y _
-2-+7—2a, x+Z—2b, y+$~26.
Squaring these equalities and adding them, we get

22 2

2 2 2 2 . .
T e R L i

On the other hand, multiplying these equalities, we find
y2 22 72 22 | z2 y2
2 T 2 Ttz T 72 + -5 + 2 = 8abe.
Consequently, the result of eliminating z, y and z from the

given system is
a® + b? + ¢ — 2abc = 1.

35. We have an identity
@a+b+c)b+c—a)a+c—b(a+b—rc) =
= 4b%? — (b® + c? — a??’.

Replacing in the right member a2, b® and ¢? by their expres-
sions in terms of x, y and 2, and using the relationship

Ty + 2z + yz = 0,
4b%? — (b + ® — a?)? = 0.

we get
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Thus, the actual result of eliminating x, y and z from the
given system is

@a+b+c)btc—ayla+c—b(a+ b—rc)=0.
36. We have
(x +y)P° =2° + y° + 3zy (z + y) =

=2+ + oz + Y [z + y)? — @ + )],
And so

(x+y? =3+ y @+ y®) — 2@+ ).
But

tt+y=a +yP=0> 2+ =c

Consequently, the result of the elimination is

a® = 3ab — 2c.
37. Put
z y z 1
T b ¢ A
Then

a =2\, b=yh, ¢ = zA. (%)
On the other hand, we have
(@ + b+ )2 = a® + b% -+ c® + 2ab + 2ac + 2bec.

Since a +b+c =1, a2 + b 4+ ¢* =1, we obtain from
the last equality

ab + ac + bec = 0.
Taking into consideration the equalities (), we find

xy + xz + yz = 0.
38. We have

(=3 (==5) (=)=

or

oc3—(-f;—|—%—|——lz/—) a2—+—(—2—+—;+%)a—1:y.
Hence
af —1 = y.
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39. From the first two equalities we find
2(d—c)+z(d—a)+y(d—0D) =0,}
w(d—c+zxza@a—c)+y—c)=0.

Multiplying the first equality by y, and the second by «z,
and adding them, we get

(zy +wz)(d —¢c) =22 (c —a) + y2 (b — d) +
+ zy (a + ¢ — b — d).

(+)

We find in the same way that
(zz +wy) (d —c) =22 (a —d) + y? (c — b) +
+ 2y (b +c—a—d),
w(d—c)? =2%(a—d)(c—a)+
+y? (b —d) (c—Db) +
+ a2y [(a — d) (c — b) + (b — d) (¢ — a)l.

Substituting the found expressions for zy + wx, zx + wy
and zw into the third equality, we get

Az? + 2Bzy + Cy® = 0,
where
A=(c—a)(a—d?b—c)2+ (c—d) X
X (b —d)?(c — a)? +
+ (@ —d) (c — a) (d —c) (a — b)?,
C=(b—d(a—ad b0+
F e —b) (b — ) (c — @) +
+ (b —d) (c — b) (@ —¢) (a — b)?,
2B=(a+c—b—d(a—d?@b—c?+
+b+c—a—ad)(b—ad®(—a)’+
+d—c’(@a—t>+la—d(c—0b +
+ (b —d) (¢ — a)]l (d — ¢) (a — D)2

Performing all the necessary transformations (the work can
be simplified by making use of the result of Problem 8,
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Sec. 2), we find
A = (a — d)?(c — a)® (c — d),
B={d—c)(a—d)(b—c)(a—c)(d—D),
C = (c—b)?((b—d?(c—d.
Therefore we have
Ax® + 2Bzy + Cy’ = (c — d) [(a — d) (a — ¢) z —
— (b —2¢)(d—0b)yl> =0.
Hence

z .. Y
(b—c)(d—b) (a—d)(a—c)"

Substituting these values into the equality (x), we get the
required proportion.
40. 1° We have

el O‘—[3—(20032&;—-—6———1):—-3

2 cos 5 €08 —

2
or
4cos2i;i—4cos “;ﬁ coS aé'ﬁ +1=0.
Hence
o atb !;cosz-gc—z__—ﬁ—i]/-16cos2 a_z—B —16
2 8
Since the radicand is equal to — 16 sin? -°—°—"2:ﬁ— and cos a—é—ﬁ

B

is real, the expression — 16 sin? a; must be greater than,

or equal to, zero. But this expression cannot exceed zero.

Therefore we have

sin a;ﬂ =0.

But since 0 < a << m and 0 < p << m, we have & = B and,
consequently,

S 1

cosa =&
and

n

oc-—ﬂ 5

2° Analogous to 1°
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41. By hypothesis

ZCOSEﬂ-COS —¢ =a, 2sin9—ﬂcosp;_ip-=b.
2 2 2 2
Hence
taniﬂi-zﬂa—:-l—)—.
a
But
—tan2 X x
{1 —tan 5 . 2tan2
COS.’L’=———x, Slnx‘—‘-"—————;'.
2 % 2 %
14 tan 5 14 tan 5
Therefore
1 b2 2 b
T a2 a2_—p2 ) ) 2ab
OOS(6+(p)= b2 :a2+b29 Sln(e+(P)= b2 =a2+b2°
I+27 14—

42. By hypothesis we have acosa -+ bsina =c,
acos P + bsin f =c. Adding these equalities termwise

we find

2acos a—é—ﬁ cos a_z_ﬁ + 2b sin aé_ﬁ cos a;B = 2¢.

Hence

Soc——ﬁ______ ¢ _

2 a+p L bsin o+ P

a cos
2

Cco

c

cos%ﬁ— (a—[—btan%—ﬁ) )

Subtracting now the given equalities termwise, we obtain

— 2a sin azﬁ sin “—Z'B 4- 2b sin agﬁ cos OHZ“B = 0.

Since a and P are different solutions of the equation, then
sin OL—;E = 0. Consequently, the last equality yields

a+p
2

—i
T a

tan
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Let us return to computing coszi—i. We have
2

cos? o—p — c2 —
2 cos? a—;—B (a+btan a;—B )2
:CZ (1 + Zzz) 1 . (,‘2

(a—l—b%)z_ a2 42
43. Rewrite the given equalities in the following way
sin 0 (b cos @ — a cos Pp) = cos 0 (b sin & — a sin f),
sin 0 (d sin @ — ¢ sin B) = cos 0 (c cos f — d cos a).
Eliminating 6, we find

(bcosa — acos P) (ccosp — dcosa) =
= (b sin @ — a sin f) (d sin & — ¢ sin B).

Hence

be cos a cos B — ac cos?p — bd cos® o + ad cos a cos f =
= bd sin?a — ad sin o sin § — bc sin a sin B + ac sin? P

or

(bc + ad) cos a cos B + (bc + ad) sin @ sin p = bd + ac.

Finally
bd
cos (ox— ) =——bcizz .

44. 1° We have
ez —1 __ 1+4-2ecosP|-e2
1+2ecosa+e2 e2—1

—_—

2¢21-2ecosP et cosP
221 2ecosa  etcosa

(by the property of proportions, from the equality -Z— =%

atc__a
follows 772 = r) -
Similarly, we have
e —1 _ 142ecosP e
1+2ecosot-e2 e2—1 -—

—2—2ecosf ~ 14ecosp
24-2ecosa 1+ecosa °
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Then
e+ cos B )2 _(1-+-ecosP)2  e2+t-cos2Pf—1—e2cos2f  sin2f
( e-}cos o " (1+ecosa)2 T €2l cos2a—1—e2cos2a  sin2q
Consequently,
e2—1 ___ 1+ecosP — sin P
1-1 2ecos o +e2 14ecosqe  — sing °
2° From the given equality follows (see the result of 1°)
e+cosB __1+4ecosP
e+cosa  d1tecosa °
Consequently,

et+cosp—1—ecosPp  e+cosP41+4ecosf

ef+cosa+1-+tecosoe  etcosa—1—ecosa

(from the equality %=% follows 21¢ _ 4=¢ ) :

b4+-d =~ b—d

Further

(I—e)(1—cosP) _ (1+e)(1+cosP)

(1+e)(1-cosa)  (1—e)(1—cosa)
or

(1—cousB)(1—cosa)= Ei )’ s (1+cos B) (14 cos ).
Finally 5
o 14 e
tan—é—tan 5 :*_—1—__-_—8— .

45. Solving the given equation with respect to cos z,
we find

cos z (sin? f cos @ — sin® a cos f) =
= cos® a sin® f — sin? a cos® = cos? & — cos? .
But
sin? f cos & — sin®? @ cos B = cos a (1 — cos? f) —
—cos (1 —cos?a) =cosa — cos f +
-+ cos a cos P (cos & — cos B) =

= (cos @ — cos B) (1 + cos a cos B)
therefore

cos o+ cos

COS I = .
14 cosacosP
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Further

tan? = — 1—cosz _ 14-cosa cosf—cosa—-cosf
2  14cosz = 1+4cesacosP-tcosa-tcosP

_ (1—cosa)(1—cosf) 9 O o B
~ (14-cosa) (14cos B) = tan -—z—tan 2
and consequently
z _ 2 ian b
tani-——%_—tan 5 tan 5 -

46. We have

sin o = 4Sin2—q)—sin2%: (1—cosq)(1—cosB)=

2
- (1-25) (1-22)

Hence
2 cos B4 cos y cos? o
1—cosa=1—coso cos f cos y T cosBcosy ’
i.e.
1 cos B+cosy
2 — el S Bl
cos™ & (1+ cos B cos y ) =cosa cosBcosy °
Assuming that cos o is nonzero, we find
__ cosy+cosf
Cos &= 1+ cosycosfp

Now it is easy to check that

2 & 2 B 2 Y
tan 2—1;an 2tan 5 -

47. Put tan —g- = a, tan ~62—1= B. Then the first two equa-

lities take the form
zoa? —2ya +2a —x =0, z2p%2 — 2yPp + 2a — =z = 0.
Consequently a and P are the roots of the quadratic equation

xz? — 2yz + 2a — z = 0.
Therefore

2a—z
af =——.

atp==,

Furthermore
a— B = 2L
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Let us now eliminate o and f from the last three equalities.
We have identically

(@ + B)* = (o — B)? + 4oup.

Consequently,

(_2_1/_)2:/1[24«4 20—z

.r x
After simplification we actually get
y? = 2ar — (1 — BP) 22

48. From the first two equalities it is obvious that O
and ¢ are the roots of the equation

z cos o + y sina — 2a = 0 (unknown a).
It is clear that 0 and ¢ are also the roots of the equation
(2a — xz cos &)? = y? sin? a.
Transform the last cquation in the following way
22 cos? o — hax cos o + 4a® = y* (1 — cos? a),
(x? + y?) cos® o — 4ax cos o + 4a® — y® = 0.

Therefore the quantities cos 8 and cos ¢ are the roots of
the following equation

(2?2 + y*) 22 — haxz + 4a® — y? = 0,

and therefore

ha2 - y? 4ax
cosfcosq --——5—, COS 0 |- cos ¢ == T

We then have

L0 L _ .
45“1_%““_%_‘_41 <2:056.1 (;oscp—__1

i

or 1 — (cos 0 -+ cos ¢) +-cos 0 cos p=1. Hence, y® = 4a (a — x).
49. We have

0 o
22 2
- 0— o tan 5 tan 2
tan 5 tan =

0 a
_ 2 2 _Z
{1 —tan 5 tan 5



274 Solutions

But
tanzg: l—cos® _ 1 —cosacosP
2 1+cosH 14-cosacosP '’
tan® & 1—cosa
2 1+ cose *
Consequently
1 —cosacosP 1 —cosa
tan 0+ a . tan 0—n _ 14cosacosP ~ 14-cosa _
2 2 { 1 —cos o cos f§  1—cosa
1+4cosacosp 1-4cosa
1—cosP
~ T+cosP =tan2-g— )

50. We have
atc  cosz4cos(z-|20) _cos(z+06)cosO b

t b4d T cos(z+4+0)-+cos(z+30) cos(z+20)cos) ¢

Hence
atc  b+d
b ¢
o1. We have
on__ CosP 2. cosP
{1+ tan’6 = o5 14 tanl@ = o5y "
Hence
tan20  cosf—cosa cos y
tan2gp =~ cosa cosfp—cosy °
On the other hand, it is given that
tan20  tan2o
tan2¢  tan2y °
Therefore we have
cos B—cos a cosy  tan?a
cos p—cos y cosa  tan2y °

From this equality we get

cos p— cos2 o sin2 y—cos? ysin2a sin2y —sinZ a
"~ cosasin2y—sin2acosy ~  cosasin2y—sin2 g cos y
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But
tan2—ﬂ——- 1—cosf  cosasin2y—sinacos y—sin2y4-sin2a
2 14cosP ~ cososinZy—sin2acosy+sin2y—sin2oa
sin2 g (1 —co3 y)—sin2 y ({ —cos )
sin2 y (1 4 cos a) —sin2 a (1 4 cos y)
in2 % c0e2 % ain2 Y 8sin2 Y cos2 - cin2 %
_TSSln 5 cos 2sm 5 8sin 2cos 5 sin 5
in2 V- cos2 - cos2 X 8sin2 * cos2 X cos2 L
8 sin 5 cos 5 cos 5 8 sin 5 cos 5 cos 5
sin2 — gip2 X (coé2 L cos? Y )
2 2 2 2 9 [0/ 9 Y
= = tan —2—-tan 5
cos? Z cos2 —Y—(sin2 Y _ sin2 _a_)
2 2 2 2
since
e * o2 Y —qin2Y _ginz*
CoS ) COS 7= sin D) sin 5 -
92. Put
6 _ . P
tan-z—:—.):, tan-2—=y.
Then

cose—ﬂ——cosacosﬁ cos g — =¥ _
R ! A BN R

= C0S ®;-cos .

Further
A —cos a cos f 9 1—cosajcosP
1+ cosacosfP ’ y = 1-}cosaycosf ’

22 =

therefore
(1 —cos a cos B) (1 —cos a4 cos B)
(1+-cosacos ) (1- cos aq cos B)

Add unity to both members of the equality. We find

2 2(4-FcosacosacosP)
1+cosf ~— (1-+cosacosB)(1--cosaycosp)’

Assuming cos B %= 0, we obtain
cos & + cos oy = 1 4 cos @ cos a, cos? B,

tan? % =1y’ =
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i.e.
cos o + cosa; = 1 + cos a cos a; (1 — sin? B),
cos & cos @y sin? f = 1 + cos @ cos oy — cos @ — cos oy =

= (1 — cosa) (1 — cos a,),
and, consequently, indeed

sin2ﬁ=( co:.oc _1) (cosfm o 1)'
93. We have

cos (B—y)—cos (a—P)  cos(y—a)—cos (B—7y)
cos (o +P)—cos(B+7v) = cos(B+y)—cos(y+a)

cos (¢ —fP)—cos (y—o)

= cos(yfa)—cos(atp)
Hence
sin(O('—g'Y ——B) _ sin( ﬁ—;—a ——v) _ sin( ?42—(3 ——a)
sin(m—;—Y +B) sin(Bta +7) Sin(j———z*——ﬁ-—{—oc)
or
tan § —tan a-zi—? tan y—tan B—ga tanoz—-’(,aln-—-——-ﬁ—z*_‘Y
tan f +tan —— +V tan y 4 tan B—ga B tan o -+ tan Btv

But from the equahties
a—b . a" —b' _ a”"—b” )
a+b - al+bl - a”+bll

follows

Therefore we have

tana tan B . tan Y

tan-;— ((3—{-‘?) tan— (o ‘Y) tan 0l (OH‘B)

54. From the first equality we have

(tan 6 cos f —sin f) cos + (cosa—tanBsina)sinf}
(tan p cosa —sina)cosf ' (cosP+tan@sinf)sina
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Hence
sin a cos f cos (x — B) tan 0 +- sin P cos @ cos (¢ +B) tan @ =
=2sinPcosPsina cosa. (%)
From the second equality we get
tan0 cos (@ —P) tan f

tan ¢ cos (a-+P) tan a

Therefore we may put

tan O = A cos (& — ) tan B,
tan ¢ = —A cos (¢ + B) tan a.

Substituting the expressions for tan 6 and tan ¢ into the
equality (), we find
1
~ 2sina sinf °

Thus
tan 0 = ;(;Slrfizof)ﬁ :-;— (cot o 4+ tan B),
tan ¢ = — zczzs(zzf)ﬁ :‘;‘ (tan & — cot P).
55. We have

sin? @ + sin® p — 2 sin a sin P cos (& — P) =
= sin® @ + sin®? p — 2 sin a sin P cos a cos f —
— 2 sin? a sin? p = sin?a  — sin? o sin®? § +
+ sin? f — sin? a sin? f — 2 sin « sin P cos & cos f =
= sin? o cos® B + sin? P cos? @ —
— 2 sin o sin P cos a cos fp =
= (sin & cos p — cos a sin B)? = sin? (& — P).
Therefore
sin (& — B) ==n sin (@ + B),
sin @ cos p — cos a sin f= =4 n (sin o cos P + cos a sin P),

tan @ — tan p =-4nr (tan o + tan P).
Finally

1+n
tan o = =7 tan ﬁ
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06. Expanding the given equalities, we get

cos a cos 30 - sin o sin 30 = m cos® 0,
sin o cos 30 — cos a sin 30 = m sin® 0.

Multiplying the flirst equality by cos 30, the second by
— sin 30 and adding them term by term, we find

cos o = m {cos® 0 cos 30 — sin? O sin 30}.
But it is known that
cos 30 = 4cos® 0 — 3 cos 0, sin30 = 3 sin 8 — 4 sin® 0.
Consequently
cos® 0 cos 30 — sin® 0 sin 30 = 4 (cos® 6 + sin® 0) —
— 3 (sin* 0 4 cos? 0).
But squaring the original equality and adding, we get

. 1
cos® 0 4+ sin® 0 = —

m2 "’
Compute cos* 0 -+ sin* 6. We have
cos® 0 -+ sin® 6 =
= (cos® 0 -+ sin?0) (cos* 6 -+ sin* O — cos® 0 sin® 0) =
= cos* 0 -+ sin* 0 — cos? 0 sin® 0.
Therefore
%5 = (cos? B + sin® 6)2 — 3 sin? 0 cos? 6, 1
3 sin? 0 cos?2 6 = 1 — =
sin* 0 4+ cos* 0 =1 — 2 sin® 0 cos? O =

—1 - 2(1) = (14 ).

Thus
cos o = m {4 (cos® 0 + sin® 0) — 3 (sin* O + cos* 0)} =
4 2\ 2—m?
=m {r’z?i T T méf T T m

i.e.
m? 4+ m cos a = 2.

57. From the first equality we obtain
a [sin (0 4+ ¢) — sin (0 — @)] =
= b [sin (0 — @) + sin (0 + ¢)].
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Hence
a tan ¢ = b tan 0.
Consequently
. 2 tan 5
—btan P= tanZ-—e—

2

But from the second equality we have

0 blan & +c
2
tan = = ,
2 a
therefore
2tan§ 2(btan%—+c)
— —_ 2 .
1 —tan2 - [ (btan %4-(:) ]
a|{—
al
Putting for brevity tan % = z and transforming the last
equality, we find
be (1 + 22) = — (b + ¢ — a?) x.
But
2z o
~T——Fx—2 = S1n .
Finally
. 2bc
Sin g -= 2 —he—c2

98. From the third cquality we obtain
sin? 0 sin® ¢ = (cos 0 cos ¢ — sin f sin y)2.
Using the first two equalities, we find
- o s
(1_Smﬁ (1 sin y):(smﬁsmv

sin2 g sin2 g

. B ) 2
. —S1in p sin .
sin2 o S Y)

After some transformations this equality vyields
tan? o = tan® y 4 tan? .

D9. We have
asin® 0 4 bcos? ® =1, acos® ¢ 4 bsin? g = 1.
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Hence
atan?0 + b =1 + tan? 6, btan®¢ + a =1 + tan? q.
Consequently
(a —1)tan’0 =1 —1b, (b— 1)tan®¢p = 1—a,
tan? 0 1—0b\2
= (=)

tan2¢ \1—a

On the other hand,

tan26 b2
tan2¢ a2 °
From the last two equalities we get (assuming that a is not

equal to b)

a+ b — 2ab = 0.

60. Rewrite the first two equalities in the following way
cos 0 cos a + sin 0 sin o =a, sin 0 cos f —cos 0 sin §=0b.
Multiplying first the former by sin P and the latter by cos a,
and then the former by cos f§ and the latter by —sin a and
adding them, we find
sin 0 cos (¢« — B) = a sin f + b cos a,

cos 0 cos (@ — B) = a cos p — b sin a-
Squaring the last two equalities and adding them, we get
cos? (& — B) = a? — 2ab sin (@ — P) + b2

61. Since
cos 3z = cos® x — 3 sin? z cos z,

sin 3z = —sin® z + 3 sin z cos? z,
the equation takes the form
(cos® x — 3 sin? z cos z) cos® x +
+ (—sin® £ 4+ 3 sin z cos? z) sin® z = 0,
cos®xr — 3 costzsin2x + 3 sintzcos?x —sinfax =0

or
(cos®> z — sin?x)® = 0, cos 2z = 0.

62. Since
sin 2z + 1 = (sin =z 4 cos z)?,
we have

(sin  + cos z)? + (sin £ 4+ cos z) + cos®? x — sin?2 z = 0.
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Hence
(sinz + cosa) (1 +2cosz) =0
or
cosz (1 4+ tanz) (1 + 2 cosz) = 0.
And so
tanx = —1 and cosx = — %

are the required solutions of our equation.
63. We have

sin2 z 1—cosz

cos2z  1—sinz
Hence

(mﬁx—ﬂm3m—%wﬁx—sm2@__0

cos2 z (1 —sin z)

or
(1 —tanz) (1 — cosx) = 0.

Hence

tan x = 1 and cosz = 1.

64. We have

cos 3a = 4 cos® & — 3 cos a.

Therefore
cos 6x = 4 cos® 2x — 3 cos 2z.

On the other hand,
1+4cos 2z \3
cos® x = (——2—— ) .
The equation takes the following form
4 (1 + cos 2x)® — (4 cos® 2r — 3 cos 2z) =1

o 4 cos?2x + 5cos2x +1 = 0.
Thus
cos 2z = —1, cos2x = ———i—.
65. We have
sin 2z cos £ - cos 2z sin £ + sin 26 — m sin z = 0.
Hence

sin z [2 cos2x 4 cos 2x + 2cosx — m] = 0,
sinz[4cos’z 4+ 2cosz — (m + 1)] =0,
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And so, one solution is

sin z = 0.
The other is obtained by the formula

—1 + Vim+5

COS I =
5 4

Hence, first of all, it follows that there must be
dm + 5 =0

Further, for one of the roots to exist it is required that
| —1 4+ Viam+5|< 4, i.e. that —4 << —1 +Vim + 5K

<+ 4bor—3<V4m +5<5, i.e. m<5. For t'e other
root to exist it is necessary that

| =1 —Vam +5 <4 A< 1 — Vim +5<4,

m <1
Thusif m < —g, then cosx has no real values; at m = ——-2
it has one real value (cos x = ——i—);for ——%<m<1 COS X
has two real values (cos xr = —&1211"74_—'5') and for 1 <

<m < 5 cosx again has one real value (cosx =

B _1+14/4m+5)and at m > 5 it has no real values.

66. Rewrite the equation as

1
cos (z —at)

{(1+k)cosxcos(2r—a)—

— (1 +kcoslr)cos(r—x)}=0.
But

cos z ¢os (2r — a) = 5 cos (3r—a) —{——;-cos (r—a),

cos 2z ¢cos (T — o) = — COS (3x——oc)—{——;-cos (x+a).
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Therefore
1
cos (z — a) {(1+Fk) [cos (3x —a) + cos (z —a)] —
—2cos(x—a)—k[cos (3x—a) +cos(x+a)]}=0
or -
cos (z — ) {COS (3'1:—(1) — CO0S (x——(x) |-
+k[cos (x—a)—cos (z -+ a)]} =0,
cosigfa) {ksina—sin (2z—a)}=—0.
Hence

sinz = 0 and sin 2x — @) = k sin a.
67. Since sin? x 4+ cos®2 x = 1, we have sin* x + cos* =z +
+ 2 sin? x cos? x = 1 andsin*z +-cos*z =1 — %(sin 22)2.
The equation takes the following form

sin® 2z — 8 sin 2z + 4 = 0.
Hence
sin 2z = 4 + V' 16—4, sin 2z =4 + 2) 3.

Rejecting one of the solutions, we get finally

sin 2z = 4 — 2)/3.
68. We have

= et l ¥ = —_————
log.. a , loge.a Tog. a7’ 0g 2x0 Tog. a%n -

log,
The equation takes the form

2 1 3
log, « + log, x+1 + log, 42 =0.

Put

log, = 2.
Finally, we have to solve the following equation

2 , 3
PR i A

Z Z

Hence
622 -+ 11z +4 —0
2(z+1)(z+2)
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The required roots are

4 1
L= —3, ¥ T3
Thus
_A 1
Iri=a 3 ’ o —=4a 2 .
69. We have
a
xr = yx+y .
Hence
ha?
yx+y=yx+y .
' 2
Consequently, eithery =1 orz 4+ y = ;%l—y But aty =1

z% = 1 and, consequently, z = 1. Thus, we get one solu-
tion

x=1, y=1.
Let us now find a second solution. We have

(x 4 y)® = 4a?,

z + y = 2a.

i.e.

Therefore
20 __ .0 z2\a
r* =y*, ( ; ) 1,
and consequently

x2

. - y,
i.e.

2 = 2a — x.

From this quadratic equation we find

1 1
T=—5 =% Z,/Z——I—Za.

The positive solution is

x=——é——|—]/%—i—2a.

The corresponding value of y is found by the formula

y = %
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70. Raising the first equation to the power g and the
second to p, we oblain

upqvq'l — axq, upqvpz — ayp.

Dividing one of these equalities by the other termwise, we
find

292 __  X(|—-YD
V12— P% = g*17YP

and consequently

py—gx
v=aP*-%,
Analogously, we find
xp—ygq
u=aq p2—q? . (*)

Substituting these expressions for u and v into the third and
fourth equations, we have

aP(x2+y)—2xyq — pp2-q%  2xyp—q(x2+y?) — cP2—g2,
Hence
p (2* + y?) — 2zyq = (p* — ¢*) log, b,
2zyp — q (2* + y*) = (p* — ¢°) log, c.
Consequently
2 + y* = plog, b + qlog, ¢, 2zy = qlog, b + p log, c;

wherefrom we find z and y, and then u and v using the for-
mulas (#).

SOLUTIONS TO SECTION 6

1. Let z = a 4 Bi, y = y 4+ 8i. Then
t+y=a+y+PB+08i r—y=a—y+ (f—9)i
lz +yP+ 1z —ylP=(a+ y)> + (B + 8)® +

+ (@ — )24+ (B — 08)2 =
=2+ P + 2 (y* + &) =2 {|=|> +|y*}.
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2. Let z = a - Pi, hence z = o — Bi.
1° By hypothesis,

a — Bi = a? — P + 2api.
a = a? — P2, —P = 2af.

2o +1) =0, o =a®— p

Assume first f =0, a =a? or a (& — 1) = 0. And so,
first of all we have the following solutions

a=0, p=0 z=0;
a=1, =0 z=1.
Let us now pass over to the case when 2a + 1 = 0, i.e.

Hence

Therefore

1 1 1 5 s 3 B V3
=3, —7”Z_ﬁ’ ﬁ*Z’ 5"'+—-_2"
i.e.
1, .V3 1 /3
L= 2+LT’ — 3t 3

Consequently, there exist four complex values of z sa-
tisfying the condition
=22,
namely
B B 1, . V3 1 . V3
.Z'—O, .7,'—;1., x___2_+L__2_-’ .1—-—7——5-—2—

2° Let us solve the following system
a(a? —3p2 —1) =0, pBa®—p2+1) =0.
We find the following solutions

a =0, B = 0;
o = 0, p = +1;
o = +1, =0
And so
x=0, z=+1, = 4i
3. Put
ay + byi =2, a, +byi=y, ..., apoy + bp_ii = u,
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Then the inequality to be proved may bhe rewritten as
lz4+y+ ... tutw|<
<lz|+lyl+ ... +lul4+lwl]
i.e. we have to prove that the modulus of a sum of several
complex numbers is less than or equal to the sum of moduli

of the addends. Let us first prove this for two addends, i.e.
let us prove that

lze -yl 2] +1yl
But

|z+y|=V (a1 + a2)? + (by+ by)?,
|z|=V &+, |y|=VaF0.
Consequently, it is required to prove that
Ve a) + (b1 + 0P <V a2 -0 +V a+ b2 .

On squaring both members of this inequality and after
some simplifications we get an equivalent inequality

@105+ biby KV (at+ b3) (a3 b))
This inequality is undoubtedly true if
(a1a5 + bib2)* < (a] + b)) (a; + by),

i.e. if
(a;ay + biby)® — (aF + b)) (a; + b3) <0,

— (a4by — a2b1)2 <0,
which is obvious. Thus, it is proved that

lz+y i< |z|+ |yl

for any complex x and y. To prove our proposition for the
general case proceed as follows. We have

le+y+2+4+ ... +u-tw]|=
=le+y+ ... tyytwvi|i<lzt+y+ ...
+ul+ |wl.
Let us now apply an analogous operation to the first term

lz4+y+ ... +ul
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Continuing this operation, we shall prove our proposition
for the case of n terms. The above proof was carried out
by the method of mathematical induction. Let us add to it
another proof. Suppose the complex numbers are reduced to
the trigonometric form, i.e. put

T = py(cos @y + i sin @y),
y=p2(cos@y +-isingy), ..., wW=pnp(CosP,-isin@,).
We then have

x+y-+ ...—l—wr—-kzikaOS(Ph"I“ikZJ1 Pr Sin @,
|2l +1yl+ -+ wl= 3 on,

|lz4y+ ... Fwl= (Z 01 COS Bp)” +(5‘ o sin ;).
It is required to prove that
n 2 D 2 n i 2
= (hzl Pk) — (k;‘i Pr COS (Ph) — (k; pr sin @z) >0.

we have

n 2 n
(Y en) = 2 pE+2 D pspr,
h=1 R=1 s+

n 9 n
(D prcos i) = D) pEcos® gr+2 2} psp: €OS g COS P,
k=1 K=1 st
n 2 n
(D) pusin@,) = h21 or sin? ¢y, 4 2 51 PsP: Sin Qg sin @y,
h=1 —
consequently

A = 2 2 Pspt — 2 2 pspt CoSs ((Ps - (Pf)7

A=2 3 ppi {1—cos (s — @)} =4 D psp; sin? Lo 5 Tt >0.
s=£t s+t

4. Proved by a direct check, taking into consideration
that 2 = — ¢ — 1, € = 1.
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9. It is obvious that
a? + 0% 4 ¢ — ab — ac — be =
=(a - eb + %) (a - €% -+ ec),
22+ 22—y —axz —yz =
= (z + ey + €%) (z -+ €% + ez).
Therefore
(a® 4+ b* + ¢* — ab — ac — be) (2% + y? + 2% —
— 2y — 2z — yz) = l(ax + cy -+ b2) -+
+ (cx + by + az) ¢ + (bx + ay + cz) €] x
X [(ax + cy + bz) + (cx + by + az) € +
+ (bx + ay + cz) €] =
= X2+ Y2 4272 — XY —XZ —-Y7Z,
where
X =ar+cy+ bz, Y =cx -+ by + a3z,
Z = br + ay + cz.
6. 1° Solving the given system with respect to z, y and z,
we get :
I A—|—l3?—}—C Cy= A—{—]if;z—%f()a , _ A+Bt;+(,782 .
2° We have
|AJ2 4+ |B|? + |C|* = A4 | BB + CC.

But
Ad =@+y+2@+y+2 =
=|z> + |y + 2P+ =z (y + 2 +
B .tttz +y),
BB = (x + ye + 2ze?) (x + ye® + z¢) =
=z P4+ ly P+ |z 1+ z(ye + ze?) +
+ y (ze® + ze) + z (ze + ye?),
CC = (z + ye* + z¢) (x + ye + z¢?) =
= |z 4 |y + |2 + z (ye? + ze) +
4y (re -+ z&?) +Z(xe2—}—ya).
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Adding the three equalities term by term, we find
AP+ |BI?+ |C|* = AA + BB + CC =
=3[z + |yP + 121+ zly (1 + e + &) +
+z(1+e2+el+ylz(l+ e+ e+
+z(1+e+ e +zlz(l+ e+ )+
+y (4 e+ gl

But since 1 + & 4+ &% = 0, the last three expressions in
square brackets are equal to zero and

A + |BEE+|CF =3[z + |y 2 + |2[.

7. On the basis of the result obtained in 1° of Problem 6,

we have
. AA +BB 1CC’ ., AA'+BB'g2CC’e
r = ’ y o ,
3 3
g A4 BB’ CC'e2
— 3 .

Further
AA" + BB +CC' = (x4 y+ 2 (" +y + 7))+
+ (x + ye + 3ze%) (2" + y'e + z'€?) +
+ (x + ye* + ze) (' + y'e® 4 z'e) =

= 3 (xz’ + 2y’ + yz').
And so z" = zz' + zy’ + yz'. Analogously y" = yy' +
+ xz" 4+ zx’, 2" = 23" + yx’ 4+ xy’ (the last two expres-
sions emerge from the first one as a result of a circular per-
mutation).

8. Though this formula was already proved (see Prob-
lem 2, Sec. 1), we are going to demonstrate here another
proof, using this time complex numbers.

We have the identity

(@b — By) (2’6" — B'Y") = (aa’ + By’) (YB" + 88") —

— (ap’” + B&’) (ya' + 8v),
let us put here
a =2z -+ yi, =2z 41, y= —(z—ti), §
a =a-+4 bi, ' =c+di, yy = —(c — di), 8’ = a — bi.

I

r — yi.
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Then
ad — Py = 2* - y® + % 4 £3,

a'd — B’y = a® + b 4 &+ d?
aa’ + By = (ax — by — cz — dt) +
+ i(bx + ay + dz — ct),
vB' + 86" = By’ + aa’ = (aa’ + Py’).
Therefore
(aa’ + BY) (vB + 88') = (az — by — cz — di)® +
+ (bz + ay + dz — ct)

Further

af’ + P6’ = (cx — dy + az + bt) +

+ i (dz + cy — bz + at),
ya' 4 8y = —(cx — dy + az + bt) +
. 4 i (dx 4+ cy — bz + at),
i.e.
—(af” + B8) (ya' + 8Y') = (cx — dy + az + bt)® +

+ (dx + cy — bz + at)?.

Substituting the obtained expressions into the original
identity, we find

(@4 +c+d) (@ +y*+ 2+ ) =
= (ax — by — ¢z — dt)? + (bx + ay + dz — ct)? +
+ (cx — dy + az + bt)® + (dz 4 cy — bz + at)?.

Replacing in it d by —d and t by —¢, we get the required
identity.

9. Expand the expression (cos ¢ + isin @), by the
binomial formula. We have

(cos @ + isin @)" = cos™ ¢ + n cos™ ! @ i sin ¢ +

L) (';”; D) cosn? @ (i sin @) 4 = (n—1—.12).(:;z—2) cos" %@ X

X (isin@)+ ...+ ncos g (isin @)+ (i sin @)™
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Separating the real part from the imaginary one in this
expansion, and using de Moivre's formula, we find

cos n@ i sin ne == (cos" (p——n—(—';_—_z—{)— cos" @ sin?q@} ... )+
4 (n cos" ™! @ sin ¢ — = (n:'12)_(g._2) cos" *gsindp+ ... )
Hence
Ccos n(pzcos"(p—z%z—g—ﬂcos"'%psin%pA— e
sin ng =ncos™ ™ ¢ sin ¢ — (n-;g (g——Z) s"Tesindp4 ... .

Taking into account the parity of » and dividing both
members of these equalities by cos™ ¢, we get the required

formulas.
10. First prove case 1°. We have

cOS(P_____(coscp+ism (p)42~(cos ¢—1isin (p).

Putcos@-+isingp==¢. Thencos¢—isingp=e1

2m
-12
cos?™ @ = ( 8+28 ) m:?‘:?n_ Z Ch o e—h.g2m—h,
* k=0
Further
22m COS2m(P—* }J sz82(m k)'l"c + 2 Ck 2(m— k)
k=m
In the second sum put m —k= —(m—Fk’). Then this

sum is rewritten in the following manner.

0
sz R’ ——2(m k) 2 Ck -2(m-— k)

R'=m-1
And so

22m0052m(P_ Z C m( 2(m k)+ —2(m— h))+cm

However,
g2(m~k) L g=-2(m-k) — 2 cos 2 (m —k),
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Therefore,

m-—1
22 o™ p = ¥ 2C%5, cos 2 (m—k) @+ Ch.
K=0

Replacing in this formula ¢ by«—g-—(p, we get formula 2°,

Formulas 3° and 4° are deduced as 1° and 2°.
11. Form the expression
u, + iv, = (cos & + isin a) +
+ rlcos (@ + 0) + isin (@ 4+ 0)] + ...+
+ r* [cos (¢ + nB) + isin (& + nO)] =
= (cosa + isina) {1 +r(cos® 4+ isin0) + ...+
+ r™ (cos n® -+ i sin nB)}.
Put
cos O + isin O = e.
Then
u, + iv, = (cosc + isina) {1 +re + ...+ (re)*}=
. (re)h*1 —1
= (cos & + i sin @) ——

re—1
(re)n*1—1

Let us transform the fraction — separating the

real part from the imaginary one.
We have

(re)t*tt—1  [(re)**1—1] [rg.—l] .
re—1 (re—1) (re—1)
r+2 [cos nO4-isin nB)—r[cosB—isin 0] +
1 —2rcos0—+r2
,—r*1[cos (n+1)0-+isin (n—++1) 0] 41
+ {—2rcos 04r2 i
Multiplying the last fraction by cos @ 4 i sin @ and sepa-

rating the real and imaginary parts, we get the required
result

r*2[cos (n@+ a) 4 isin (n0+4a)]

Un =+ Wn = 1—2rcos 04 r2 +
—r[cos (¢ —0) -+ i sin (e —0)]
+ 1« 2r cos 0-4-r2 L

—r*t fcos [(n+1) 0+ a]+isin [(n+1)0+a]} +cosa+tisina
T 1 —2rcos0-4r2 :
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Hence

cosa—rcos (aa—0)—r**icos[(n+1) 04 a]-+r**2 cos (n9+a)
1—2rcos0-r2

I sin o —r sin (& —0) —r**1 sin [(n+1) 0+ ]+ r**2 sin (n0-+ &)
n— 1 —2r cos 0-+r2 ’

Putting in these formulas =0, r=1, we find

Up =

sin n—-——Hecos-i()

14+ cosO+cos20-+ ... -+cosnd= 2 2 ,
sin —
2
( ti) sin 2
sin0+sin29+...—|—sinn6—
sin—2—

12. We have

H

S+4-8'i = D) Cn(cos kO + i sin k0) = ) Cy (cos 6+ i sin 0)"
k=0 k=0.

n
=(1—|—cose+isine)":[Zcosz%—l—Zi sin%cos-g—J =
__on..n 0 0 ..\
= 2" cos 7(003 §+zsm—2—) ==
__on...n0 no . . nB\ -
= 2" cos —2—(cos —-+1 sin —2—)

Hence
0 nb 6 . no
__9n n Y nv r__9n n Y v
S =2"cos 5 €08 ——, S’ =2"cos 5 Sin —-.
13. Put
n
S = sin?? ot + sin?? 20 + . . . +sin?? no = Y, sin®? lo.
1=1
But (see Problem 10)
1 "
sin®? lo =gy (— )P D) (—1)" Ch,c082(p—Fk) ot + 55 2210 Chyp,
h=0
therefore

p—1

1 n
§= (22v-)1‘p 2 (—1)* €3, D) cos 2(p—k) la+§§p—0’5p

A=0 =1
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Put 2(p—k)a=E. Then

n sinig—cos-'tt}-"
2 2 S

Dicos2(p—k)lu=cosE+ ... +cosnt= :

I=1 sin—2—

(see Lhe <olution of Problem 11).
Let us denote

ng n+41

5 COS 2§

sin _E_

2

sin

= Oy.

Then we can prove that o, = 0 if k is of the same parity as
p {k = p (mod 2)} and o, = —1 if k and p are of different
parity {k = p + 1 (mod 2)}, and we get
et e 1
—1)p h
s={T S (=) Chtn 5 Chy

k=0
k=p-4-1 (mod 2)

Hence
p—1 1
1 S R P
S - 2'2p_1 Z CZp "“‘ n ‘_22‘p" 021).
R=0
k=p41 (mod 2)
Py k 2p—2
But we can prove that > C3p=2"""" (see Pro-

k=0
k=p4-1 (mod 2)

blem 58 of this section) and our formula is deduced.
14. 1° Rewrite the polynomial as

2" — a" — nza"t + na® = (2" —a") —na"(x—a)=

= (x—a)(z" ' fazx"4 ... fa" — na*™).

At x = «a the second factor of the last product vanishes and,
consequently, is divisible by z — a; therefore the given
polynomial is divisible by (z — a)2.

2° Let us denote the polynomial by P, and set up the
difference P, — P, _,. Transforming this difference, we
casily prove that it is divisible by (1 — z). Since it is true
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for any positive n, we obtain a number of equalities
Pn _Pn—i = (1 _x)3(Pn (x)’
Pn—i - Pn—z = (1 - .’13)3 Pn -1 (.’I?),

.P.3 _. P.z : (1_ x.)s .(PZ. (x),
P, — P =1 — )’ q (2),

where ¢, (x) are polynomials with respect to .

Hence
P, — P =1 —2zP¢ (2).

P,:—_(l——x)”,

it follows that P, is divisible by (1 — z)® and our proposi-
tion is proved. '

15. 1° Considering the given expression as a polynomial
in y, let us put y = 0. We see that at y = O the polynomial
vanishes (for any z). Therefore our polynomial is divisible
by y. Since it is symmetrical both with respect to z and y
(remains unchanged on permutation of these letters), it is
divisible by z as well. Thus, the polynomial is divisible
by zy. To prove that it is divisible by z + y, let us put in
it y = —=z. It is evident that for odd n we have

(x —2)" — 2" — (—2)» = 0.

Consequently, our polynomial is divisible by x 4 y. It only
remains to prove the divisibility of the polynomial by

* +zy + y* = (y — ze) (y — xe?),

e2 +'¢+1=0.
For this purpose it only remains to replace y first by xe
and then by ze? and to make sure that with these substitu-
tions the polynomial vanishes. Since, by hypothesis, » is not

divisible by three, it follows that » = 31 + 1 or 3 + 2.
At y = xe the polynomial attains the following value

(24 ze)" — 2" — (ze)" = 2" {e*" -1+ &"} = 2" (1 + £ + &%) =0.

Likewise we prove that at y = xe? the polynomial vanishes
as well, and, consequently, its divisibility by zy (z + y) x
X (x® + zy + y?) is proved.

But since

where
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2° To prove this statement let us proceed as follows.
Let the quantities —x, —y and x 4 y be the roots of a
cubic equation
a® — ra? — pa — q = 0.
Then, by virtue of the known relations between the roots
of an equation and its coefficients (see the beginning of

this section), we have
r=—z—y+@+y=0 —p=ay—z@+y —
—y (z +p),

q = zy (x + y).

Thus, —x,—y and x|y are the roots of the following

equation
a’> — pa — g = 0,

where :

p=z+zy+y* q=azy(+y).

(— 2"+ (— )"+ (2 Fy)' =S
Between successive values of S, therc exist the following
relationships

Put

Sn+3= pSn+l +qST77

S, being equal to zero. Let us prove that S, is divisible by
p? if n =1 (mod 6) using the method of mathematical
induction. Suppose S, is divisible by p? and prove that
then S,4¢ is also divisible by p? We have

‘ Snye=PSnss +qSnss,  Snia=DPSnia+ aSn4s-
Therefore

Sn+6 =D (pSn+2 '{'— an-H) ‘i_ q (pSn+1 _l'— an) =
- pzSn+2 + 2pq5n+1 -+ qun'

Since, by supposition, §, is divisible by p?, it suffices to
prove that S, is divisible by p. Thus, we only have to
prove that

(x+y)" -+ (—2)" -+ (—y)"

is divisible by z? + zy + »® if n = 2 (mod 6). Proceeding
in the same way as in 1°, we easily prove our assertion. And
so, assuming that S, is divisible by p?, we have proved
that S,4+¢ is also divisible by p2 But §; = 0 is divisible
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by p2. Consequently,
Sn_:(x_!__y)n_xn _yn

is divisible by (2?2 4+ 2y + y? at any n =1 (mod 6). 1t
only remains to prove its divisibility by 4+ y and by xy.

16. Equality 1° is obvious. From Problem 15 it follows
that (xz + y)® — 2°® — y® is divisible by zy (z + y) («? —|—
+ zy + y?). Smce both the polynomials (z + y)® — 2% — y°
and zy (x + y) (22 4+ zy + y?) are homogeneous with
respect to x and y of one and the same power, the quotient
of division (x + y)® — z° — ¥y’ by zy (x + y)(x% + zy + y?)
will be a certain quantity independent of x and y. Let us
denote it by A. We then have

(z +y)P —2>—y =Ay (x +y) @ + 2y + o).

Since this equality represents an identity and, hence,
holds for all values of x and y, let us put here, for instance,
=1,y =1. We get

2> —1—-1=4.2.3.

Hence A = 5, and we finally get
(@ + y)° — 2° — y® = Say (z + y) (* + 2y + ¥?).
Using the result of Problem 15 (2°), we can write similarly
(@ + 97 — 2" —y" = Azy (z + y) (& + 2y + y?)>

Putting here z = y =1, we find 4 =7.
17. It is known that

+y+22—23—y* —22 =3+ vy (=42 (y+2).

Let us prove that (x + y + 2)™ — 2™ — y™ — 2™ is di-
visible by z + y. Considering our polynomial rearranged
in powers of z, we put in it £ = —y. We have

(—y+y+2)™ — (—y)™ —y™ —zm =0,

since m is odd.

Consequently, our polynomial is divisible by (z + y).
Likewise we make sure that it is divisible by (x + 2) and
by (v + 2).

18. The condition necessary and sufficient for a polyno-
mial f (z) to be divisible by z — a consists in that f (a) =
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= (. Put
f@) = a3 + kyzx = y® + 28,
For this polynomial to be divisible by = + y + 2z it
is necessary and sufficient that
f(—y —2) =0

However

=y —2=—-(+2°—kyz(y +2) + ¥ + 2 =
= —(k+3)yz(y + 2,

wherefrom follows k& = —3. Thus, for 2® + y® 4+ 2% +
+ kxyz to be divisible by = 4+ y + z it is necessary and
sufficient that k¥ = —3.
19. Divide n by p. We get n = Ilp + r, where [ is a posi-
tive integer and 0 << r << p. Consequently,
" — g == xlpxr__alpar: xlpxr_alpxr+a1pxr_alpar='
=z’ (2'? — a'?) - a'? (2" —a).
But a? — a'? = (2P)! — (a?)! is divisible by P — a2,
therefore for the divisibility z» — a® by aP — aP it is
necessary and sufficient that 27 — ar is divisible by 27 — aP.
But it is possible only when r = 0, and, consequently,
n = Ip. Finally, for z» — a" to be divisible by 2P — aP it
is necessary and sufficient that n is divisible by p.
20. Putf (x) = z% -+ 2%+ | g+ L 44443 (OQp the other
hand,
B+2+z+1=(@+1) @@ +1)=
— @)@+ — .
It only remains to show that

f(=1) =f(@) =f(=) =0.

21. We have
. oy - x2n—1
14+ a2 ot .. 2™ f=
an—1

1422+ ... +a" = — -

. . z2n—1 -1
It is required to find out at what n =T 2 will
be a polynomial in z. We find
r2n—1 ~an—1  gni1
22—1 " rz—1 = z+1°
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For z» 4+ 1 to be divisible by # + 1 it is necessary and
sufficient that .(—1)» 4+ 1 = 0, i.e. that n is odd.

Thus, 1 + 22 4+ ... + 2?2 is divisible by 1 + =z +
+ 224+ ... + a2t if n is odd.
22. 1° Put

f () = (cos ¢ + z sin @)" — cos ngp — x sin ng.

But 22 + 1 =(x 4 i) (x — i) and f (i) =
= (cos'q + isin @)» — (cos ngp -+ isin np) = 0 (by de Mo-
ivre’s formula). Likewise we make sure that f (—i) = 0, and
our supposition is proved.

2° Resolve the polynomial z* — 2px cos ¢ 4 p? into
factors linear in x. For this purpose find the roots of the
quadratic equation

22 — 2p x cos ¢ + p? = 0.

We get

r=pcos @ =+7 p?cos?p— p?=p(cos ¢ = i sin ).
Let us denote
z™ sin ¢ — p" 'z sin ng + p" sin (n — 1) p = f (x).
We have to prove that

f [p(cos ¢ + isin @) = 0.
23. Suppose

2+ 1= +pr+9g @ +pz+4q)=
=x*+(p+p)2®*+(qg+q + pp’) 2* +
+ (pq" + qp’) = + qq’.

For determining p, ¢, p’ and ¢’ we have four equations

p+p =0, (1)
pr'H-¢+4¢'=0, (2)
pq +4qp’ =0, (3)
qq" =1. (4)
From (1) and (3) we find p = —P, P ( —q) = 0.
1° Assume p =0,p' =0,q + ¢ = g =1, ¢*=—1,

q = +i, ¢ = Fi.



Solutions to Sec. 6 301

The corresponding factorization has the form
x4+ 1 = (2% 4 i) (2 — D).

2°q =q,q¢* =1, g = +1.

Suppose first ¢ = ¢ = 1. Then pp’ = —2, p -} p’ = 0,
p: =2, p=V2 p = ?ﬁ. The corresponding facto-
rization 1is

2t 1 =@ —V 2z +1) @@+ Y2z +1).
Assume then
g=q =—1, p+p =0, pp' =2, p==V2,
p' = FV 2i.
The factorization will be

b 1 = (2 + V2ix — 1) (22 —V 2ix — 1).

24. Put .
[/ (l—f—bi: xq‘—yi,
whence
a+ bi = 2% — y? + 2xyi;
consequently,

2?2 — y? =a, 2xy = b.

To find z and y it only remains to solve this system of
two equations in two unknowns.
We have

(2 + PP =(2>— ) + 4%y =a? - 1%, 22 yi= V @ + b3
therefore

»2=a-t+) a®+4 b3 Y= —a-+Vy a*+b?
o= =V arVeir, y—+V —atVaio,

the signs of the roots being related as 2ry=05b. And so,
the following formula takes place

Vatu== (Var Ve e i) —arVars)

if 6 >0 (since then the signs of z and y must be the
same), and

Vatbi=+ (VatVa+0iE—i) —a+V )

if b <O0.
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25. The roots of the given equation are determined by
the formula

kvt . . 2km
Iy = cos-—n—-—{—zsmT—
k
=(cos—%:—+isin27n) (k=0,1, ..., n—1).
26. We have
n—1 n-1
3
s= 2 2P = D) et?,
K=0 K=0
where
€=C0S — i sin —
Thus
n—1 *
kzo aP=1+4eP 4 e+ ... ferbp,
But

2p7 . . 2pm
a”-——cos—i——l—zsm —Z—.

It is obvious that e? =1 if and only if p is divisible by n.
In this case

s =n.
And if eP=£1, then s=14¢eP L&’ ., . Jern-Dr=
_ =1 _ 0, since & = 1.
ep—1 ’
Thus

n—1

hzo xP=n if p is divisible by n,
and

n—1
’Z.O 2P =0 if p is not divisible by n.

27. We have

1
2 AhA—k'

n—1
Z | Ay, lz =
R=0 k=0
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But

Aka-‘—‘- (x—l—ye"—l— ze? 4+ ...+ weMm— DRy x
X (r-+ye—P4ze- 2k ... 4 we—(r—Dh) =
=zztyy+ ... fwwtz(yehfze k4 ..+
+ we—M—DR) fyet (x4 282k | ...} we—(r—DR) |
+ 262k (z+yeh 4 ... - we—(-DE) |

+ we— DR (z 4 ye—k 4 ... f-ue—(r—2k),

T herefore

n—1 _
2 Ardy=n(lzP+|yP+ .+ wp)+
n—1
+x D (ye~h 4z~ ... 4 we=(r—DR) L
k=0
n—1
4y D (e 4zeh . b wem VR4 4
k=0 -

n—1
+w D) (ze—Dr L yet=h 4 4 yeh),
K=1

n—1
But >, €*=0 if I is not divisible by n (see Problem 26).
kR=0
Therefore all the sums in the right member vanish and

we get
| Ao P+ As Pt o+ [ A P=n{ 2P+ [y P+ .+ w]).

28. 1° Denote the roots of index 2rn from unity by z,
so that

:163=cos2—:“'-~{—isin—2—-sni (s=1,2, ..., 2n).

Therefore
n—1 2n—1

" — 1= H(x——xs)_ H(x-—xs) I (z—=s)-(2>—1),

s=n+41
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since zp,= —1, Zon=1. Bul x5,_s =25, consequently,

n-1

22— =(2*— 1) [] (x—2s) (2—5) =
s=1

n—1
=(@—1)]] (x2—2xcos STT;—jL 1).
s=1
The rest of the cases are proved similarly.

29. 1° Rewrite the equality 1° of the preceding problem
in the following way
n—1
2n — 2n—4 — — _‘S:t__
x2n—2 4 g2n—h | ...—1—952—1—1——I_I1 (x2 2z cos —+ 1) .
Put in this identity- x=1. We have
n—1

n—1
n= H (2~2 cos%) =1] 4 sinzinn—=
s=1

s=1

2(n—1) . o T . 2n ) n—1)n
=22 Dgin2 T gin2 2% .. sin? n—t)a
n n
Hence
.o . 2; . (n—1)m "
sin —.sin — ... sin ( )T _ V_ )
n n n 2n-1

2° Solved analogously to 1°.
30. We have

" —1=(x—-1)(z—a)(z—B)(z—7) ... (z—A).
Hence
A —|—x—l—.1:(x——-oc) (x—B) ... (x—A).

Consequently

1—a)(1—B)...(1—A)=n.
31. Set up an equation whose roots are

—1, x—1, ..., zn—1.

This equation has the form

(z4+D"+(x+1D)"1+ ...+ (x+1)+1=0,
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i.e.
(1)1 —1 (21" —1 -0
z41—1 T -
Then set up an equation with the roots
1 1 1
zg—1’' zpg—1' T z,—1"
It has the form
n41
( +1) —1 _ ({+x)n+i_$n+1 .
1 — n -
z

Expanding the last expression in powers of z, we find

(n+1)z n+(n+1)n "l =

or

x"—{—-%—x"‘l—i— e
The sum of the roots of this equation is equal to —-—g—.
Consequently

1 1 n
x1—1 + z __2— )
32. Consider the equation (with ¢ as an unknown)
z2 y2 22

By virtue of the given equations this equation has three
roots: p?, v2, p.
Expanding the last equation in powers of ¢, we get
t(E—b0)( —c®) —22(t — b)) (t — %) —
— 2t —At—22@t—b)t =0,
Bt+at24 ... =0,
where o = —b? — ¢ — 2? — y? — 22

But as we know, the roots of this equation are p?, v2, pZ.
Therefore, it must be

M2+V2+p2=b2+62+$2+y2+22.
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Hence
x2+y2+22=p,2—l—v2—l—pz—b2—cz.

33. Since cos o + isin o is the root of the given equa-
tion, we have

kZ() pr (cosa -+ isin )" =0 (pp=1)

or
n
(cosa+isina)® D) py (cosa -+ isina)™®=0.
But =
(cosa+isino)l=cosa—isina,
therefore

n n
D pr(cosa—isina)* =0, D) px(cosak— isinak)=0.
k=0 k=0
Hence, indeed,

2 Pr Sin ko = pysin o + py sin 2+ . .. -+ p, sin na = 0.
E=0

34. On the basis of the given data we have identically

2"+ px" 4 ppx™ 4 L 4 ppgZ+ Pa=
=(x—a)(z—>b) ... (x—k).
Substituting for x first i and then —i and multiplying term-

wise, we get the required result.
35. Extracting the two given equations termwise, we

find
p—phz+(@—4q)=0. (1)
Multiplying the first equation by ¢’ and the second by ¢ and
subtracting term by term, we have
2 (@ —q) +z(pg’ —gp’) =0 @
z*(q" —q) + pg’ —gp’ = 0.
Eliminating then z from equations (1) and (2), we obtain

the required result.
36. The roots of the equation

7 =1
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are
+isin 2 (k=0,1,2, ...,6).

Therefore, the roots of the equation

oS 2kn
7

B4+t 2422 +1=0 (*)
will be
Zp = COS 2’;“ —l—isin%Tn k=1, 2, 3, 4, 5, 6).
Put -
x"l_'?z—:y’
then

1 1
24— =2, +—_=y"—3y
Equation (*) may be rewritten in the following way

(x3—}—-:—3—)—{—(x2+712-)+($+—1—)+1=0-
It is evident that

- — — 1 2kt
Ly==qg, Tp= x5, I3= Iy, xh+—k=$h+xh——2005—7‘

Hence, we may conclude that the quantities

2n 4nt 8n
2005—7-—, 2005—7—, 2cos—7—

are the roots of the following equation
vy —2y—1=0.
Let us set up an equation with the following roots

]/2005—— l/Zcos — ]/2cos—

Let the roots of a certain cubic equation

2 —ax*4-br—c=0
be

a, B, y-
We then have

atP+vy=a aftay+pPy=>6, afy=c.
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Let the equation, whose roots are the quantities V&, ‘V'B,
o —
/y, be

Then

28 — Ax® + Bx — C = 0.

Vat+YB+Vv=4,
Vay Bty ey v+ By v=B, V apr=C.
Let us make use of the following identity
(m+p+qP=m’+p°+¢+
+3 (m~+p+g) (mp +mg + pg) —3mpgq.
Putting here instead of m, p and q first 3 a, 3B, /7,

and then 3 ap, 3/ ay, 7/ By, we find
A% =a+ 34B — 3C, B® =b + 3BCA — 3C2.

In our case we have a = —1, b= —2, ¢ =1, C = 1.

Hence
A® = 34AB — 4, B3 = 3AB — 5.

Multiplying these equations and putting AB = z, we
find

P 9224272 -20=0, (z—3®+7=0,

Zz3~f/7.

A—32—4=5_3%T A=yV5-37.
Therefore, indeed,
VotV B+y v=
‘/2003——}-}/2005 -+ ‘/2005-———-—
=V 5_3Y7.

The second identity is proved in the same way.
37. Since by hypothesis a + b + ¢ = 0, we may consi-
der that a, b and ¢ are the roots of the following equation

x* + px +q = 0,
p = ab + ac + be, g = —abec.

But

where
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We have
@4+ b+ c)2=a>+ b2+ c*+ 2 (ab + ac + be),

i.e.
8y = —2p.
Putting in our equation in turn x = a, z = b, ¢ = ¢, we
get the following equalities
a® + pa+q=0, b4 pb+q=0,
¢t + pc+ g =0.
Adding them term by term, we find

s3 + ps; + 3q = 0.

But since sy = a -+ b + ¢ = 0, we have s3 = —3q.
Multiplying both members of the original equation by
zk, putting then £ = a, b and ¢, and adding, we find

Sp+3 = —PSkr+1 — (Sk-
Putting here k =1, 2, 3, 4, we find
sy = 2p?, 85 =05pq, s = —2p°+ 3¢®, s = —Tp%q.

Taking advantage of these relationships, we easily prove
the first six formulas. The last one is also obtained readily.
38. We have

X —u="v—y, x

— U = 2
The second equality may be rewritten as follows
z—u)@+u—@w—y @v+y =0
Since £ — u = v — y, the last equality is rewritten as
(z—uwlze+u— @+ yl =0,

wherefrom follows

1°2 —u=0,v—y=0,2z=u, y =u;

2@+ —@w+y =0,xz—u) —@w—y) =0,z =
=,y = U
Consequently, indeed,

xn+yn=un+vn.
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Let us go over to the second case. Suppose z, y, z are the
roots of a cubic equation

a® + pa® + qa + r = 0.

Prove that u, v and ¢ are the roots of the same equation. We
have

t+y+z=—p, zy+zz+ys=gq, 2Ys = —r.

Hence, to prove that u, v, and ¢ are the roots of the same
equation (whose roots are z, y and z) it is sufficient to prove
that

ut+v+t=zxz+y+2 u-+ut+vt=
= zy + zz + Yz, uvt = xyaz.

The first of these equalities is true by hypothesis. The se-
cond one follows immediately from the identity

2(xy + 22+ y2) =z +y+2°—(+ ¥+ 7
and from the condition
22 + y? 22 = u® + v® + 2
Likewise, the third equality follows from the identity
3eyz =22+ P +2+3@+y+29x
X (zy + 22 +y2) — (x +y + 2)°
and from the condition

B4y 42 =u 4P A

Thus, u, v, t as well as x, y, z are the roots of the same third-
degree equation. Therefore, one of the six possibilities takes
place

3
e
-

ISES R R I I 5 ]
SR NN R
KT 8 umn
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It is obvious that in all cases we have
2+ Yyt =u" v 1"
39, Squaring the first trinomial, we get
A? = (2} + 22513) + (5 + 2215) & -+ (x5 4 243) €.
Then
Al = (] 4 x) + 23+ 62170x3) + (322 + iy + 322x3) €
+ (3zir3+ 3xixy + 3aix,) 2.

Put
o= IiZy+ Tox3+ Zoxy, P = x,2; + 1,7+ 237}

Now

xi+z; + 23= — (pxs-1-q) — (px2+ q) — (px3+q) = — 3q,
since

zy + z, + 23 = 0.
Furthermore
LyZoZ3 = —(,

therefore

A® = —9q + 3ae 4 3fe.
Substituting z, and x5, we also find

B3 = —9q + 3ae® + 3Pe.

Hence

A3 + B? = —18¢ — 3a — 3p = —27qy,
since
@+ B = 2%, (1 + x3) + Tox3 (T5 + x3) +

+ z3zy (T3 + 21) = —3T12,23 = 3.

A3.B% = —27pd.
It should be taken into consideration that

2.2 3
o =3zixix} + (rixd + xixd + x5 2d) + xir,25 + 237475 -+

1 1 1\
+ ajwan =3¢+ afeie} (or+op oy ) +
1 2 ‘3

Likewise we get

+ 21xp 25 (23 4 23+ ),
and
1 1 1 3 p3
Ftata- 7T
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40. Put
at+b=c+d=p.
We have

(224 px+ ab) (z®+ px+cd) =m
or
[(x—l—-g—)z—l- ab—-%z-] [(x—{-%)z—k cd—-fl;]= m.
Let
(44 -
Then the equation takes the form

(40— 2) (s+a—5) =

i.e.
2

e (ab-{—cd——-—?-) y+ (ab—%z—) (cd——%—)—-m:O.

It only remains to solve this quadratic equation.
41. Make the following substitution

L=y — D) ’

then

a—2b a—b

sta=y+25-, z4b=y—-3

The equation takes the form

(25 (=25 e

But

(v+-25%) =yt g S b (252 ) 4

Therefore the equation takes the form
—b \2 —b \4
o (S5 () -

Thus, the problem is reduced to solving a biquadratic
equation.
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42, Put for brevity
at+b+c=p
and make the substitution
r+p=y.
We have
(y—a)(y—0b)(y—c)p—abc(y—p =0.

Hence

p{y* —(@+b+c)y*+ (ab+ ac+ be) y} —abey =0
or
y{a+b+y*—(a+b+c)ly+

+ (ab + ac + be) (@ + b + ¢) — abc} = 0.

And so, we find three values for y: one of them is zero, the
other two are obtained as the roots of a quadratic equation.
Then it is easy to find the corresponding values of z.

43. Rewrite the equation in the following way

(x +a® —3be(x +a) + b +c®=0.
Put x + a = y. The equation takes the form
y3? — 3bey + b + ¢ = 0.
But it is known (Problem 20, Sec. 1) that
Y2+ b+ 2 — 3bey =
=(y +b+c) Y+ b+ —yb—yc— bc)

Consequently, one of the roots of the last equation will be
—b — ¢, the other two are found by solving the quadratic
equation. Then we find the corresponding values of z.

44. The equation contains five coefficients: a, b, ¢, d
and e, and there exist two relationships among them. Thus,
three coefficients remain arbitrary. Let us express all the
coefficients in terms of any three.

We have

a=c+d, e=0b-+c.
The equation takes the form
(c+d)yx* + ba® +cax® +dxr + (b+¢) =0,
c(x* +22+1) +de(@®+1) +b@+1) =0.
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But
2?4+l =(@+1) @ —z+1),

Pt = @ 1) — @ = (@ )
= (22 + 2 + 1) (22 — z + 1),
The equation is now rewritten as
@@=z +D{c@+2+1) +dz(@@+1) +
+b(@x+ 1)} =0.
Equating the first factor to zero, we find

V3

T = zj__-—-

The remaining two roots are found by solving the second
quadratic equation.
45. We have the following formula

@+b4+2)° =a®+ b +a®+ 3a® (b + 2) +
+ 302 (@ + z) + 322 (a + b) + 6 abr.
Using this formula, reduce our equation to the form
—(a+b)a2—(a—b2x+ (a—b?(a—+ b =0.
Hence
22x—a—b —(a—b*(x—a—0b =0,
(x —a — b) [22 — (a — b)?] =0,
x—a—bxx+a—"b(x—a-+b =0.
Thus, the given equation has three roots:
r=a-+b, x=a—b, z=0>b—a.

46. Rewrite the equgtion as follows

a2x2 2ax2 2ax2
2+ (a+)2  atz =m*— at-z °
Consequently
ar \2 9 2az2
(x_a-l—:c) =M
Hence
zt 9 2ax2
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x2

Put rE

=y. Then the equation takes the form

y2+2ay—"m2=01
wherefrom we find y and then z. For y we find the following

values
= —a+ VL me, (1)
The corresponding values of z are determined by the
formula
—
x=—‘g—i]/¢y4—+ay. (2)

Let us take the plus sign in formula (1). In this case the
value of y will exceed zero. Computing, by formula (2),
the corresponding values of z, we make sure that z has two
values: one positive, the other negative. And so, our equa-
tion always has at least two real roots, positive and nega-
tive.

Consider the case when the minus sign is taken in formu-
la (1). Now the value of y is negative, and for = to be real
it is necessary and sufficient that y® -+ 4ay > 0. And, con-
sequently, it must be

y +4a <0,
i.e.
—a—VYV a®+m?+}4a<<0,
m?>8a?.

With this condition satisfied, all the four roots will be

real. Since ay << 0, we have

—_
l]/—y,;—+ay <I%—|
and, consequently, both real roots, found from formula (1)
taken with the minus sign, will be negative. Thus, if all
the four roots are real, then one of them is positive, the
remaining being negative.
47. Put for brevity
5244102241
w1021 s — (2)-
Then the equation takes the form

f(2)-f (@) = az.
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Further, we have
(z—1)8

x_f(x)=z4+10x2+5, z+f(z)= (z4-1)5

24 1102215 °

Dividing the first equation by the second one, we find

z—f(z) [ z—1)\3

e =(551) (*)
Put

z—1 a—1 —b

z 1Y T =Y

From the equation (x) we get

z—f(x)=yz4+y°f(2), 2(1—p)=](2) 1+,

flz)  1—yb
r 14y
Likewise we have
fa) 105
a 1465

Now our equation can be rewritten in the following way

1—ys 1405
14y5 1—0b5

whence
Yy = — bb.

The last equation has five roots, namely

yp= —be* (=0, 1, 2, 3, 4);
Yy

2n . . 2%
s=cos—5—-+zsm—5— .
But
p— Aty ,
1—y
consequently

_A4yp  A—bek  (af1)—(a—1)et

T A—yr 14bek (@) F(a—1)ek

Zr



Solutions to Sec. 6 317

Further
- —-k— L
a 1 & 2__a__1 62
Xp = ( + ) - ( ) - —

(@+1)e 2 (@—1)e?
—+ X2 2 2 nk . . 7k
. a(g 2—82)+8 2+82 B COS—S————zasm 3
B e _k R nk ., . 7wk
ae 24e?)fe 2—g? @ cos —g——isin ——

In particular, at k=0 the solution is

1
xo=—,

a

48. Transform the left member of the equation. Denote
the sum on the left by S,. Then

. ay aox . z2
S=lt et e e - e
Prove that
rm
Sm = (x—ay) (z—ag) ... (z—agp) °

Suppose this equality is true at m=n, and prove that it
will be true also at m=n-+1. We have

S = z2n + O2n 422"
T (@—ay) ... (z—azn) T (z—a) ... (2—02n) (£ —a2n41)
_I_ a2n+2x2n+1
(x—ay) ... (z—a2n42)

Reducing the right member to a common denominator
and accomplishing all the necessary transformations, we get
re2n+2
(z—ay) ... (z—agn42)
Now our equation takes the form
x2m —9pgm | p2
=0
(z—ay) ... (z—agpm)

Sn+1 -

or

(2" —p) (2™ — p) =0.
The equation has m double roots.



318 Solutions

49. 1° We have x4 23+ 3= — p, &%y T 1X3+ Toxq=
={q, TXoX3= —T.
From the second equality we get

L4Ty 4 T4X3 + 2} = Ty (214 2, + 23) =4,
whence
Iy= —'-g)— .
Using the first equality, we find
— p2
Lo xg="2 pp :
From the third equality we have

r
x2x3’:—_—Tp .

It only remains to set up a quadratic equation satisfied
by z, and z;.

2° Solved analogously to the preceding one.

50. 1° Using the identity of Problem 4 of this section,
we can rewrite our system in the following way

(y + 2+ a) (y + ze + ae®) (y + 2e> + ag) =0
(z 4+ z + b) (z + ze + be?) (z + ze? + be) =0
(x+y +c¢)(z+ ye + ced) (x + ye? + ce) = 0.

To find all the solutions of the given system it is neces-
sary to consider all possible (27) combinations. Thus, we
get 27 systems, each containing three equations linear in
the unknowns =z, y, and z.

If each of these systems is designated by a three-digit
number in which the place occupied by a certain digit
corresponds to the number of the equation and the digit it-
self to the number of the factor in this equation, then the 27
systems will be written as

111, 112, 113, 121, 122, 123, 131, 132, 133,
211, 212, 213, 221, 222, 223, 231, 232, 233,
311, 312, 313, 321, 322, 323, 331, 332, 333.

Let us explain, for example, system 213: taken from
the first equation is the second factor, from the second—
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the first factor and from the third —the third factor. Thus,
system 213 will have the following form

y +2e +ae? =0, z+2+b=0, x4+ ye®+ce =0.
Let us decipher some more systems
y+z+a=0, z4+x+b=0, x+y+c=0; (111)
y+ze+ae?=0, z-t+ze?+be=0, z-+yetce’=0; (232)
y-+ze®+ae=0, z4ze’+be=0, z4ye*+tce=0; (333)
y+z+a=0, z+ae4+be?=0, z+}tyetce?=0 (122)

and so on.
2° We have

xt =zxyzu + a, y* =axyzu + b, z* = zyzu + c,
u* = xyzu + d.
Multiplying these equations and putting zyzu = ¢, we find
t=0C+a @+ b +c) ¢+ a.
Thus, for determining ¢, we have the following equation
(a+b+c+d)e+ (ab+ac+ ...)e2+
+ (abe + acd + .. .)t + abed = 0.

a+b+c+d=0,

therefore, for finding ¢ we get a quadratic equation. Know-
ing ¢, we easily obtain z, y, z and u.
91. We have

1+(1+2)+ 1422+ ... +(1+2)"= (1(;!-;):;—1_—1—1

However,

n4-1 n+-1

=——{2 C';’:H:c —11—"2 Cn+1$

Wherefrom follows that the term containing z* will be

k41 R
Cn:*'_ia

92. We have
(1) =1+4+ClatCia? +...4+Cn ' 2 L Cox® ... 2™,
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Since this polynomial is multiplied by the second-degree
trinomial
(s — 2) 2% -+ nx — s,

it is clear that the coefficient of z* in the product will be
equal to

(s—2) Cy *4-nCy ' —sCs.

Carrying out all the necessary transformations, we see that
the last expression is equal to

-2
nC; “.

93. Put x =1 4 a, where o > 0 (since z > 1).
Then we have

pa?—ga® —p+q=p( 1+Oc)q——q 1+a)p_p+q=
—P{1+qa+ Q( att .. }
—q{t+pat 8w —ppg—

———(pCS— C2) a2+ (pCi—qCi)ad+ ... .

Since ¢ = p, we can prove that all the terms of the above
expansion are positive [the coefficient of a* (if £ > p) will
be equal to pCkl. Thus, to prove the validity of our asser-
tion, it is sufficient to prove that

A =pCq—qCy >0

ifg>pand k< p
We have

o q(g—=1) ... (¢q—k+1) p(p—1) ... (p—k+1)
A=p 1.23 ... k 9T 123k =

= ie—D@—2) ... @—k+)—(p—1)(p—2) ... x
x (p—k+1)} >0,
q—1>p—1, ¢g—2>p—2,

4. Let the greatest term be
Th——Ck n-k k-

since
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P v

This term must not be less than the two neighbouring terms
Ty_y and Tpyy. Thus, there exist the following inequalities

Ty =2 Try, Ty = Thys

Whence
k Lz <1 n—k . <1
n—k+1 a 7 k41 z S
The first of them yields
(n4+1)a
k<—-?|-—-—(.l—— .

From the second one we get
p>tnthe 4

= z+ta

First assume the i—';—_:—_—%—— is a whole number. Then
—(nxitl) ® —1 is also a whole number, and since k is a

whole number satisfying the inequalities
(e 4 p o (nt)a

z-+a =TS z4a 7
it can attain two values
(n4-1)a _ (r+1)e
k=T T zta k__:c_—l——“d—- 1.

In this case there are two adjacent terms which are equal to
each other but exceed all the rest of the terms. Now consider

the case when (n '{:) is not a whole number. We then have
(n+1)a [ (n4+1)a
e b Rl

where 0 << 0 <1 (for the symbol [ ] see Problem 35,
Sec. 1). In this case the inequalities take the form

e[ o, ke[ L] ),

It is apparent that in this case there exists only one value
of k at which our inequalities are satisfied, namely

k— [ (nx—:-ga ]
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(n+1)a
T |-a
only one greatest term T';.

55. Let i and r: be positive integers. We have

(1-_+_ 1)m_xm:mx7n—1+_ﬂ_(1£.2t1_) xm‘2+ e+ mz+1.

is not a whole number, there exists

And so, when

Replacing here 2 by =z 1, we get
(x+2)"—(z-+1)" =
—m @+ )+ 20D gy (a4 1) 1.

Subtracting the preceding equality from the last one,
we find

(z4+2)"—=2(x+1)"+2"=m(m—1) 2"+ pa™ 3+ .
Analogously we obtain

(z4+3)"—3(x+2)"+3(z+1)" —2™ =
=mm—1)(m—2)2" 4 pz™ ... .

Using the method of mathematical induction, we can prove
the following general identity

@+ — @ ri—)n L @iy
+(—=D2"=m@m—1) ... (m—-z—{—l)x"‘ Ppamittp L
wherefrom it is easy to obtain that at i=m
(x—}—m)m—'—;l-(x—l—m—ﬁm—l—...—|—(—1)mxm=m!.
If i >m, we get
'(x'+t)'"——;'-(x+i—1)’"+
+ X2 i) (im0

Putting in the last equahtles z =0, we find the required

identities.
56. We have

(x4 ai)* = 2"+ CLa" " ai+Cha" *a?? - Ci 2™ %33 - . . . =
={a2"—Clz"?a® +Crz" %t — .. .} }
+i{Cr2"la—C32" % + . . .}.
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Going over to the conjugate quantities, we get
(x—ai)* ={z"—Ciz"?a®+ Cra"at— ...} —
—i{Crz"'a—C32" %3+ .. .}.
Multiplying these equalities term by term, we find the

required result.
57. 1° We can write our product in the following way

n n 2n
22t pat= D A,
=0 1=0 1=0
wherefrom it follows that

4,= > 1.
s4-t=l

0<<s<n
o<ti<sn

First assume ! << n. Then s can attain the values s =0,
1, 2, ..., Il and, consequently,

A, =1+ 1
if, l < n.
If n<<!l<2n, then we put

l=n+17,

where 1 <I'<<n,l' =1 —n.
In this case s can take only the following values

s=1U,01+1, ..., n
The total number of values will be
n—l —1)Y=n—(l—n—1) =2n—1+41.

And so,
A, =2n+4+1—-1if n<l<2n.

It is easily seen that A, = A,y =n —k + 1.
Indeed, expanding the product, we get immediately

A+z+224+ ... 42142+ 224 ... F2") =
=14+2z4+3224+ ... +nz"'+
4+ (r4+1) 2"+ na™ .. 4 227 -2

2° In this case we have

n n 2n
(=12 Dat= D 44
8=0 t=0 =0
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Hence

= 2 (=1

l=s
0<a$n
0<t<n

Considering again separately the cases when I<n and
l>n, we arrive at the following conclusion

it 1<n, then 4,=2E(D0
if 1>n, then 4;=0 when [ is odd and
A;=(—1)" when [ is even.
Thus, 4; =0 for any odd [, i.e. the product contains
only even powers of z, and if n is even, then all the coeffi-

cients (of even powers) are equal to +1; if n is odd, then
half of them is equal to +1, the other half to —1

Ao =A2 = e o o =An_.1 =+1.,
An+1 =An+3 = e e = Azn = —1.
3° We have

2 (k+1) «* Z (s+1)z°= Z:Alx‘.

Hence
A= D) D) E+H)= Y (ks4+14+1).
h+s_.l R+-s=!
0<h<n 0<ks<n
0<s<sn 0<5s<n

Let us first assume that ! < n, then k& can take on only
the following values: 0, 1, 2,"..., [, the corresponding
values of s being I, I —1, ..., 0

Therefore

{
A= D k(l—k)+1+1]—

h=0
l l

=1 2 k— z k2+(l—|—1)2=(l+1)(l+2)(l+3) .
k=0 k=0 °
taking as known that
L4 (2 41)
124-22 L ... 4= =

(see Problem 25, Sec. 7).
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Then assume n <<!<C2n and put I =n -+ ', where
1 <<U' << n. Then k can attain only the following values

UV, Vv +1, ..., n
and, consequently,

Ay= D (ks+l+D= > k(=K +1+1]=

R+-s=I h=I—s
=1 D k— > EB+(@+1)@2rn—1l+1)=

R=Il—n R=l—n

2n—141) (124+21+2) , I—n—1)(1—n)(2l—2n—1)
= 5 _}_ 5 —_

__n(n+1)(2n+1)
5 .

4° Solved as the preceding case.
58. 1° We have

L4 Co-CL4-Co .+ OO O = (14 D)= 2,
{—CLC2—C + ...+ (—1)"C"=(1—1)"=0.

Adding the two equalities and then subtracting, we get

the required identity.
2° as well as 3° is reduced to 1° if we take into account

that
Chn=C3n7".

59. Consider the identity
A+2)"=C+Cla4-C2i22+C323 4 ...+ Cp 2™ - Cha™
Putting in this identity in succession z = 1, &, &2, where

g2+ e+ 1 =0, we get
= L4 CE 4 ot ..
(1+e)"=Co+Cre+Cie?+C3e%+ ...
(1+e)"=Ch+ Cre® +C2et4-C3e% .. . .
But 1 ¢&* 4 e?* =0 if k¥ is not divisible by 3 and 1+ ¢&*4-
1 e2* =3 if k is divisible by 3.
Consequently,
Q"+ (1+e)"+(1+e)"=3{C,+C2+C; + ...}
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Since for ¢ we can take the value

2n , . 2:
e=cos——3—-+zs1n ,

3
we have
{+e=—e?= —cos%——isin—l%n—zcos —g——{—isin—;L
14 e= —e= —cos—z—“——isin—z—r—‘-——-cosi—isin-i .
3 3 3 3
Therefore

2"+ (14-8)"+ (1 +€2)" = 2"+ 2 cos = .
Hence, we obtain

1 (on
Co+-C3 +C8 + "'=T(2 +2°°S£3£)’

the other two equalities are obtained similarly by consi-
dering the sums
2" +e (14e)"+ e (14 €)™,
2" e (1) e (14"
60. The solution is analogous to that of the preceding
problem. Consider (14-i)".
: s  k(k—1) Rk
61. Since C} = (=5 —

2
2Ck =k*—k.

, we get

Consequently,
n n n
2 M Ci= D k2— Dk,
k=2 k=2 R=2
wherefrom our identity is obtained.

62. Let a;=Ck, a,=Ckr, a3=CFt2, q,=Ck3,
Then

ag  n—k ag n—k—2 ag. n—k—1
ay - k+1 ! as _ k+3 ! Qg - k+2
It only remains to prove that
1 1 . 2
1+ﬁ_2_ 1_{_1‘.‘. 1+_f§_
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63. If we rewrite the equality in the form

n! n n! _9n-1
- ?

! n!
tT(n—1)! T 31 (n—3)! + 5 (n—5)! ot (n—1)I !

then the problem is reduced to proving the following
relationship (see Problem 58)

Cr+C%+ ... Ch =21,
64. Consider the equality

t . V3\n 20, . 2 \™
(—7+ZT) Z(COST—{—ZSIH——?’—) =

= COS -2—';1—1—1‘sin-—z-%JL . (%)

Further
(1 Y = =
A
+C (=i V3 (—iV3) +...) =

S Ly -

— i)/ 3(CL—3C 43, —3C,, +..)).

Equating the coefficients of { in both members of the
equality (*), we get

—V 3 (€L —3C3 1-32C3 — 337 4 .. )= (— 1)"2"sin 2L,

3
Hence -
5 . net 2% . 2nm
s=C,—3C% +3*C5 —33C7, - ... = (—1)™* V3 sin —— ,

wherefrom we easily obtain
s=0 if n=0 (mod 3),
s=2""1 if n=1 or 2 (mod 6),
s=—=2"1 if n=4 or 5 (mod 6).

65. Consider the expression

(14-)™,
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We have
A =1 FCLi +CA24-C3i3 4 ... .
Hence
(1+i)"=(1—=C4+-CL—C - .. )+i(CL—C+C5— .. ).
But
1—{—i=]/§(cos-z'—+isin%).

Therefore
6=1—C24Cs—Co4 ... =2 cos %,
o' =C;,—C>+C5—C7 + ... =2§sin—n—4{l- .

Hence, if n=0 (mod 4), i.e. n=4m, then
o=(—1"2", o =0.
If n=1 (mod 4), i.e. n=4m -} 1, then
0=0"=(—1)"22",
If n=3 (mod 4), i.e. n=4m -+ 3, then
0= (— ,1)m+1 gwm+l 5l (— 1)m 92m+1
Finally, if n=2 (mod 4), i.e. n=4m -2, then
=0, ¢ =(—1)"2"",
66. 1° Let us write our sum in the following way

h=n

s=1.C042C +3C2+ ...+ (n+1)Cr = D (k-+1)CE,

k=0

and introduce a new summation variable. Put k=n—k'.
Then the sum is rewritten as

R’'=0 h=n
s= X (=K 4+1)C" = (n—k+1)Ct=
k'=n k—_—

h=n
=h§0 [n+2—(k+1)]Ct=
h=n

h=n
=(n+2) X Ch— 2 (k+1)Ch=(n+2)2"—s.
k=0 k=0
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Consequently,
2s=(n+2)2", s=(n+2)2"1

This sum can be computed in a somewhat different way.
Rewrite it as follows

s——(C%+C‘—l— A (Cr4-2C% + ...+ nCR)=2"+n+

forlil) g rni )+...—|—n(n—1)—l—n~1=
_2"+n{1+(n p) 4 =20

2 A4 (n—1) —l—1}=

=2"4n{C°_ , +C" ,+ .. +C"‘1} 2"+ n2™1=2"1 (n+2).
2° We have
CL—2C24+3C+ ...+ (— )™ nCr=n—2 20D |
43200028 | (—ie=
n— — — o n—1
=n{1— 11+(" 11).(2” D 4 (=1 +

+H(= D)™ =n(—1)™ =0
67. Rewrite the sum in the following manner

1 1 1 (—in=t
TOG—ga+ga—. + =

_n n(n—1) n(n—1)(n—2) (—1)n-t
=5 133 T 1234 t TR~

1 (n+1)n (n+1)n(n—1) n-1\ __
LS 12 123 o= 1}"

1 n-+1 (n+1)n (n+1)n(n—1)
n+1 {[1_ LA 1.2.3 oot

n+ 1 1 n+
(=M =1+ 2 = (=)™ ey =
68. 1° Consider the following polynomial

A+x)" ' =1+Ch 2+ CE 224 ...+ Crlix™?.
Hence

(1+x)n+i’"1_ 0 C}L 2 C?L 3 Ch n+1
n+1 ——C'n.’t—}-Tx —‘l—"—g—x +...+n+1x .

Putting z =1, we get the required identity.

n(n
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2° Obtained from the preceding identity at x=2.
69. Put

1 1 (=)t
C;—'—Z—Ci-*-?cz—"...“l——-—n-——cnx Un.
Then we have

un_un_iz{n_; n(n——i +1 n(n——i)(n—Z)_l_.“}_

1.2.3
1 (n——i)(n—— 1 (n=1)(n—-2)(n—3) _
_{n_l_'z‘ 1.2 + 1-2.3 }
1 —1 —1 —2
(= (n - {2 = >}+
1 nn—1)r-2) (n—1) n—2)(n——
+T{ 1.2.3 1.2.3 }“"
—1) (n—2) _
=1- 12 + r23 T
1 n(n—-i) n(n—1)(n—2) .
—'n_{-”_ + 1-2.3 — }“
1 m 1
And so,
1
un—un_1=7.

Therefore we may write a number of equalities

Adding them term by term, we find
1 1 1

70. 1° We may proceed as follows. The expression on
the left is the coefficient of z™ in the following polynomial

s= (142" + (142" 4 (L2 (T 2)™,
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Transforming this polynomial, we have
s=(1+2)"{(1+U+2)+(1+22+ ... +(1+2)*}=
n (I4z)ptt—1 1 nik+ n
= (4o EEL L (4 oy — (1 2)),

The coefficient of z™' in the braced polynomial is equal

to C’n+k+1 Thus, our proposition is proved.
2° The expression on the left is the coefficient of z" in
the following polynomial

(42" —2" (4L 2)" 2" 2 (1 +2)"+ ..+
(=D 14 =+ {2 —2" ..+
+(_ ) n—lz}=(1+xn_1{xn+1+(_1)hxn-h}.

It is obvious that the coefficient of z" in the last
expression is equal to

(=" Ch,.
71. 1° Consider the following polynomials
(14 2)"= 2 Ciz®, (1+2)"= 2 Ctx
We have

(142" (1 +2)"= 3 Cla* 3| Cha' =
- - m+4n

= (1 + xm+n = 2 Cm+nx

wherefrom follows the required equality.
2° Follows from 1°.

72. 1° Consider the product
(14-2)" (1 +2)" = (1 +2)".

We have
n n 2n
V' s s t i l
D Ciz® X Clat= D) CL 2.
s=0 t—=0 =0
Hence

C,= D CiCt.
/
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Consequently
Choi= 2 C-Ct= 2 CiCrs= 21 (G~
s4-t=n s=0
2° In this case we consider the following product
1+z)"(1—2)"=(1 —z)™, (*)
Consequently
m m
D (—1)Cex ZCt = D (—1)'Ct 22,
s=0 =0
therefore

2 (=1 Ch=(—1)'Ch.
s-t=21

Let us assume first that m is even and put m=2n. Let
l=n. Then
(—1) Corlln=(—1)"C3
s+t=2n

Hence
2n

2 (_ ,1)s (an)zz (— 1)n an

s=0

3° If m is odd, then we put m = 2n + 1. The coefficient
of Z?™! in the left member of the equality (x) is equal to
2n41

sttt (— 1) Czn+1 2n+1 2 —'1) anﬂ)z

But the right member of the equality (+) shows that this
coefficient must equal zero (since it is evident from the
expansion that odd powers of x are absent). Therefore

2n4-1

2 (= 1) (Con)*=0

s=0

and equality 3° is proved.
4° We have two cequalities

Crx+2C22*+ ... +nCra"=nx (1 +x)"7,
Cr+Cix+ ... 4-Cra" = (1+4-x)".
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Multiplying them termwise, we find

n

D sCox® D) Chak =nx (1 4 x)™ .
s=0 k=0

Equating the coefficients of z» in both members of these
equalities, we get the required identity.

73. Since the product (r — a) (x — b) is a second-degree
trinomial, when divided by it, the polynomial f (z) will
necessarily leave a remainder which is a first-degree polyno-
mial in z, ax + B. Thus, there exists the following identity

f@ =(—a)@—1>bQ @)+ az + p.

It only remains to determine & and P. Putting in this iden-
tity first £+ = a and then z = b, we get

f(a) =aa + B,
f(5) =ab + p.

But we know that the remainder from dividing f (z) by
x — a is equal to f (a), therefore,

f(a) =A’
7 (b) = B.

Thus, for determining a and f§ we get the fqllowing system
of two equations in two unknowns

aa + ﬁ = A
ab "I— ﬂ = B.
Hence
1
a=—7 (A—B),
aB— bA
ﬁ= a—b

74. Reasoning as in the preceding problem, we conclude
that the remainder will have the following form

az? + Pz + y.
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For determining «, p and y we have the following system
aa® + fa + vy =4
ab®> + pb +y =B
ac + Pc+vy =C.

On determining o, f and y, we may represent the requi-
red remainder az?® 4+ Pz 4+ y in the following symmetric
form

(x—b) (x—rc) (x—a)(z—rc) (x—a) (x—0)
(a—0b)(a—c) +(b—a) (b—c¢) B+ (c—a)(c—D) ¢

75. The remainder will be
(x—=zg) (x—x3) . - - (x—2m)
(ei—22) (e1—29) - @i—zm) I
(x—x) (x—23) ... (x—2zm)
T oz (ea—z) o @a—amy 2T T
(x—zy) (x—x3) . .. (—2mM—1)
+ (zm—2z1) (zm—x2) ... (Tm —Txm—i) Ym-
76. The required polynomial (see the preceding problem)
takes the form

(r—ag) (x—ag) ... (z—am) +
(ag—ag) (a1 —ag) ... (¢ —ap)
(x—ay) (z—ag) ... (x—ap)
+ (ag—ay) (ag—az) ... (ag—am) Apt ..ot

+ (x—ay) (x—ay) ... (x—am_y)
(am—ay) (@am—ag) ... (@m—am-g) ~

77. Our equality states the identity of two polyno-
mials. For this purpose it is sufficient to establish that
the polynomial

(r—x3) (x—x3) ... (x—2Zm)
'f(x') (r4—x2) (r4—x3) ... (Ty—2xm)

ro—1x4) (22— x3) ... (Te— 2z

+f (xm) (x—x1) (x—23) ... (£ —2Zm—1) f (x)

(Zm—21) -+ (Zm—2Tm-1) .

is identically equal to zero. Since the degree of this polyno-
mial is equal to m — 1, it suffices to establish that it vani-
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shes at m different values of x. Indeed, it is easy to check
that this polynomial is really equal to zero at
T =Ty, Lo, T3y « « oy Tpye

78. Obtained from the previous problem by equating
the coefficients of zm-1. _

79. If we put in the preceding problem f (z) =1, =z,
z%, ..., 2"°% then it will be proved that s, = 0 if 0 <
<n<<m—1. To prove the identity

Sm-1 = 1

it is sufficient to put f () = 2™~ in the identity of Problem
77 and to equate the coefficients of ™! in both members
of the identity being obtained. To compute s, for n >
> m — 1 it is possible to proceed in the following way.
Suppose x4, Zs, . .., Z, satisfy an equation of degree m

o™ 4 pyo Tt pa™ 2+ . pmog@ A+ P =0,
where
—P1=21+ 22+ ... + Zm,
P2 =2Z1Zy+ ZoZ3+ . . . + Trn1Zms
— P3=I1Z%3+ ...,

Multiplying both members of our equation by ak, we
get

™ 4 po™ T 4 ™R L Pt prat =0.

Putting in this equality successively a =z, z,, .. ., z,
and adding, we find

Sm+h + P1Smi k-1 + PoSmak—2+ - - - + Pm-1Sht1+ PmSr=0.

At &k = 0 we have

Sm + PiSm-1 = 0.
Consequently

Sm = —P1 =$1—|—.’L'2—|— +xm-
At k =1 we obtain

Sm+1 T PiSm + P2Sm-1 = 0.
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Further
Smp1 = (&g + 2o+ 23+ ...+ ) —
— (@2 + .. o TpaTm) =
=zi+2 +... ‘1z, F s+ ..,
i.e. su+4 is equal to a sum of products of the factors
. ZTyy Loy o v oy Ty

taken pairwise.

Here the factors may be both equal and unequal. Similar
results can be obtained for s,,+2, Sp+3 and so on. The same

results can be obtained using a more elegant method (Gauss,
Theoria interpolationis methodo nova tractata). Put

1

@1—22) @1—23) - @F1—2m)
1
@a—21) (@2—23) .-~ (@a—am) 2
1 =a
(xm—x1) (EFm—23) -« (Tm—2Zm—y) m
Then we have
Sp=Ztoy + 28y + . . . + 2ol
Let us form the following expression
p= 1——:::1z + 1——x2z Tt 1—x z ° (*)

Using the formula for an infinitely decreasing geometric
progression and assuming that z is chosen so that | z,2 | << 1,
| 202 | <<1, ..., | zmz | <1, expand the sum in an in-
finite series in the following way

=ay(1 +xz4 2722 42328+ .. .) Fog (1 + 292 + 2322 <
4232+ )+ otz ans fanzd L),
Or
P=(oy+ag+ ...+ om)+ (2101 + Zo02+ .« . . + TmOm) 2+
+ (2o zxlas 4 .. xhmom) 22+ ...,

i.e.

=8y + 82 + $92% + 5322 + ... .
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Put for brevity

(1 —x22) (1 —292) ... (1 — x,2) =0,
Expanding Q in powers of z, we can write

Q =1—o01z+ 0,22+ ... +0p,2™,
where
Oy =Xy + 29+ ... 4 xp,
Oy = TyTy = T4T3 - . . . — Ty T,

Multiplying both members of (x) by (1 — x,2) (1 — z,2)... X
X (1 — z,,2), we have

PO =a, (1 —x2) (1 —z32) ... (1 — z42) +
+oa,(1 —x2) (1 —2zx32) ... (1 — 2,2 +
+as;(1 —z2) (1 —x2) (1 —z32) ... (1 —2p2) + ...+
+ o, (1 — 22) (1 — 292) ... (1 — zp_42).
Thus, the product P(Q is an (m — 1)th-degree polynomial

in z. Let us show that it is simply equal to zm~1, i.e. the
following identity takes place

PQ=z""1.
Indeed, the expression PQ—z™"' becomes zero at z=
1 1 1 1
=—, —, ..., — . At z=— we have
x4y T Tm zy
x x x 1
w(1—22) (1= 2) L (1 Im) L
Ty Zy 71 z-l
1 1
= Tm-1 T ym-1 =0.
z] x]

Let us show in the same way that PQ — z™m~1 vanishes

at z :—,1—, c e xi But if a polynomial of degree m —1

Lo

vanishes at m dir?ferent values of the variable, then it is
identically equal to zero. Thus, PQ — zm~1 = 0. Conse-
quently

gm—1

0 = P.
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Or
1

m-1 —
1— 04240922 — 0323+ ... & G,,2™

. SN=2 m-1
=98 + S|Z+ LR + Sin-22 + Sm-12 —il'

If we expand the left member in an infinite series in powers
of z, then this series will begin only with a term containing
zm-1 Therefore the coefficients of z°, 2z, ..., 22 must
also be equal to zero on the right, i.e. we have

Z

SO —_— S] o= 82 T e e e = S)n_z = O-

Besides, the coeflicient at zm~! in the left member is equal

to 1. Therefore
Sm—l = 1.

Now our equality takes the following form

zm—i

_,M=1 | o M ms1_
1 —042-+ 0922 —0323 4 ... &= O, z™M =2 FSm2" + S+ oo

Reducing both members by z™"!, we find

1
1—012+ 0222"— 0323"" o0,

. 2
-1 = 1’ +Sll’lz+'sll?+lz —T— A

or
1 :::(1 —GIZ—-‘—O'ZZ"Z-—O'ng + e« o o i G,nz"l)(l +S,,|Z+

+Sm+lzg '+" > -)'

Arranging the right member in powers of z and equating

the coefficients of these powers to zero (since the left mem-

ber contains only 1), we find
Sp—0q = O,

02 - Ulsm + S:/1+1 = 07

Thus, we get a possibility to compute s,. $+1y Sinto, ...
However, lo determine the general structure of s,,.,. let us

consider

0 o
1 1 | 1 . 608 N o
—Q_— 1—rz A—urpz " A—irmz Z G

™
A

. -
Il
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But, on the other hand,
1 >
’TJ‘ =1 ‘Jr‘smz‘i‘ Sni412” + s + Sm-i-f{z’1tJr1 + RN

therefore we get
Smtk = > xriesxs ...
s+s'4-5s"-F. .. —h-t1
Thus, we get the following final result: s,,+, is equal toa
sum of products of k + 1 equal or unequal quantities taken
from the totality x,, z,, . .., z,. In particular

S =i+ T+ ...+t e+ oz ... -
—*—.Z'ﬂ)m + ZoZ3+ . .-+ Ty T,
Smiz= i+ To4 . . AT+t . 2h T Tzt
80. Let us introduce the following notation

Sa(zy, x Tm) = 2
RSy 29 =0t Sm (.11——.’)7’,“2) (xg—x3) ... (x9— xm)
Z
+ (rg—zq) (x2—u3) ... (T2— Zn) Tt
T
We have (Zm — 1) (Zm—x2) ... (Tm — Tm—1)
" L
(x4—1x2) (r4—23) --. (*1—2m)
xi—n—m+2 .
N ( ! __1_) (_1___1_) ( ! __1_)_
4L v o Ty, 7o .l'l Ta .L'i o e Zm 1
( 1 )n+m—2
—(__4\ym-1 4 ] 1
_.—( 1) | 1)('1 '1) (L_i)l‘jl‘g.lm’
(=5 5%) - (=
therefore it is obvious that
' (—1)m-1 11 1
s_n(x,, Ty « ooy xm): 1% - % Snt+mn-2 (-}-1—, —;2- g o s ey -;’-;),

81. The validity of the assertion follows from the iden-
tity of Problem 77. The same identity yields

A, — f (z1)

U ey —x2) (xy—a3) - (zy— )
A .f(l‘?)

27 (ag—xq) (t2—23) ... (x2—2m)
Am: ........ f (xm) ......
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82. Set up the expression

Xy e I KB N In
A—by " h—by T h—bn
4 (A—ap(h—ay) ... (h—ay)

=1 (A—bq) (A —b3) ... (h—byp) (%)

If all the terms are transposed to the left and reduced to a
common denominator and then the latter is removed, then
the left member becomes a polynomial in A of degree n — 1.

By virtue of existence of the given system of equations
this polynomial vanishes at n different values of A, namely
at A = ay, ay, . .., a,. Therefore it is identically equal to
zero, and, consequently, the original equality () is also
an identity. But then the equality (+) represents an expan-
sion into partial fractions of the following fraction

A—=b) (A—=bg) ... A—=bp)—(A—ay) (A—as) ... (A—ay,)
h—bp) h—b2) .-~ (.—b2) '

Therefore, the unknowns z;, z,, ..., x, are found by the
formulas of the preceding problem, and we get

__(by—ay) (by—as). .. (by—ap)
(by—bg) (by—0bs) ... (by—by) ’
_ (bs—ay) (bg—a,) ... (bo—ap)
(bp—bq) (by—b3) ... (bo—bp)’
83. Readily obtained by applying the result of Prob-

lem 81.
84. Consider the following fraction

Xy=

Xy =

(2 —ap) (x—a) ... (z—ay)
(€—by) (z—ba) --- (2—by)

It is obvious that the difference

(x—aq) (x—as) ... (x—ay) 1
(x—by) (x—bg) ... (x—by)

on reducing to a common denominator, will be a fraction in
which the power of the numerator is less than that of the
denominator. This fraction can be expanded into partial
fractions. Therefore, the following identity takes place

(c—a) (o) (eman) g A A A

(z—by) (z—Dby) ... (z—by,) Z—b, "V z—by T z—p
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Multiplying both members of this identity by x—b,, we
find

(e—ap) (r—ag) ... (s—an) _
et (b (o) — F bt At
A,
+ fz,, (z—bp)+ - - + 3 (@ —by).

In this identity we may put
$=b1.
We then have

A — (bg—ay) (by—as) ... (by—apn) .
'™ (b1 —bo) (by—b3) ... (by—bp)

Similar expressions are obtained for A4,, A4;, ..., 4,.
Thus, we have the following identity

(x—aq) (z—ay) ... (x—ap) 1_+_ (bg—ay) bi—a2) - (by—anp) X
(

(z—by) (x—by) ... (xr—bn) by—bp) (by—b3) ... (by—bp)
1 (bo—ay) (bp—ag) ... (bp—ayn) 1 | +
z—by ' (bp—by) (ba—b3) ... (bg—bp) z—by ' "'
L (bp—ay) (bp—a3) ... (bp —an) . 1
" (bp—by) (bn—0bg) ... (bn—bp_y) T—0by °

At =0 we get the required identity.
85. As in the preceding problem, it is easy to see that

(x4-B) (z-+-2B) ... (z§-nP)
| (z—PB)(z—2B) ... (z—nPp) 1—’—2

where

4 (B48) (1B-1-28) ... (-B--n)
"= B—P) ((B—2B) .- [TB—(r—1) BIPB—(r+ 1) B] .- (rB—7B) °

.7"——rﬂ

It only remains to simplify this coefficient.
86. We have

Chy1 — Cp = Acy, 1.e. ¢pyy = ¢, + Acy.
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and formula 1° holds at n = 1. Assuming that it is true at
n, let us prove its validity at n 4+ 1. Indeed

Chint = Chan + DChyn=

= (er - dent- 2G50 A +"’"";‘2)(3" D Aigy+ ...+

+ Ao ) + A e+ A5 A+ 4 Ay ) =
—Ck+( )Ach—l— (—T%—+—1—) A, 4+ ... L Ante, =
=C/¢+nT+1- A0h+(nt;)nz&2ck 4+ ... F A,

and the proposition is proved.

Formula 2° is proved likewise. It is obvious that at
n=1 it holds true. Let us assume that it is valid at n.
Then we have

n n(n—1
An+ick=Ack+n——Ack+n—1+ ( )

-—1—‘-2—-— AC}H.n_g— AP +

+ ( - 1)n Ack - (ck+n+1 - cl¢+n) (ck+n — Chain- l) ‘l"

—1
+ 2 (enrnet —Chenca) + - A (= 1) (s — ) =
i 1
=ch+n+1—n-1'— Chin +(n—:—2) ik Chon-g— .. + (— 1)”“ Ch.

87. It is not difficult to check the validity of this for-
mula. We see that the right member is an nth-degree poly-
nomial in z. Let us designate it by ¢ (), i.e. let us put

£O)+EA7 0)+ 2550 A ) 4 ... +
+x(m—1)... :r—n+’1)A

n!

"f (0)=¢ ().
Let in this equality x= 0. We get ¢ (0) = f (0), at x = 1

we find
¢ (1) == F(0) + Af (0) = [ (1).

Using formula 1° of the preceding problem we may state
that in general

¢ k) =fKR)ath=0,1,2, ... n
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Thus, two polvnomials [¢ (z) and f ()] of degree n are
equal to each other at n -{- 1 different values of the inde-
pendent variable x. consequently. they are equal identical-
ly, and we have

¢ (z) =/ (2)
for any x.

And so, we have checked the validity of the formulas.
It is not difficult to deduce this formula.

Let f(x) be an nth-degree polynomial. First of all we assert
that it is always possible to choose the coefficients
Ay, Ay, Ay, .. .. A4, such that the following identity takes
place

") = Ag — Apx + Az (. —1) - Agx (@ — 1) (x — 2) +

+~ ...—Azxz@—1D@—-2)... (x—n-+1).

Indeed, let us divide the polynomial f (x) by (x — 1)
¥ (x — 2) ... (x — n). Since the last polynomial is also
of degree n. the quotient will be a constant, and the remain-
der a polynomial of degree not exceeding n — 1. Dividing
this polynomial by z(z —1) ... (r — n + 1), we find
the constant 4, _, and so on.

Let us now compute the constants A,. A4,. 4,. ...
An -1 An'

Put for brevity

zx—1DE—=2)...@@—=kF=1) =g, ()

(k =1, 2, 3, ...).
Then we have

Agp () = @p (z — 1) — @4 (2) ==

=Dz —1) ... (x—kFE+2) —
—x(x—1) ... (@x—k—+1) =
=kx(x —1) ... (x—Fk -+ 2) = ko, (2).
To determine 4,, A;. A,, . ... A, proceed in the following

way. Put in our identity x = 0. Since ¢, (0) = 0, we find

Ao = [ (0).
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Let us now take the difference between the members of the
identity. We obtain

Af () = A1 Agy (2) + Ay Ay (2) + .. . +
+ Ap A, (2) = Ay + 24544 (2) + . . . —

+ n‘4n¢’n-1 (.7)).
Putting here x = 0, we have

:11 — Af (O).
Further
A (2) = 24,00, (&) + . .. + nd, Ag,  (2) =
=24, 4+ ... +nn—1) A0, ().
Hence
A2f (0
A=

Continuing this operation, we find all the coefficients
Ag. Ay ..o, A,

88. Replacing = by =z -~ 1, we have

4, A
(et = Ao+ A+ 577 (2 —1) + %x(x—h (e—2) ...+

+i:-!1.r(;r— D ... (r—nd-1).

Putting f () = (z + 1)" and using the result of the pre-
ceding problem, we find

A, = Asf (0).

From formula 2° of Problem 86 we get the required expres-
sion for A4,.
89. Putting & = 0 in formula 2° of Problem 8§, we get

—1
Atgg—ep e e, 42O e L (= 1),
1 1.2
Put
o1
07 (x4 n)2
and take
OFGrmE T ede—nE o T
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to prove our identity it only remains to prove that

1 n! 1 1
@Ftn2 z(@+1)...(@z+n {‘x’+x+1+ '°°+:c—|—n}'
Use the method of induction. At n=1 the formula is

true. Assuming, as usual, its validity for n, let us prove
that it is also valid for n-+1. We have

1 . _
=2 (8 eTe) =

nl

An

A‘n+1

1 1
A{($+1 (z+2)...(z4+n+1) ($+1+x+2+ ...-i-—

""H——riz'-.ff)}:x(xw)’.z-. e e EREEE Y B

n! 1 1 1
TEF)EF2) .. @) {x+1+x+2+ ah +x+n+1}=
nl

1 1
=x(x+1). .(x+n+41) {(x—{—n—l—i)( 'x 1—1- +x—|—n)_—

_x(x+1+x+2+"'+ +n+1 -

(n+1) 1
@1 - e (st e )

At z-=1 our identity ylelds
1 (1 CcL , 1
ni1 T+ + - +n+1} 12 _27+"'T(_1)n(n+1)2'

90. The expression ¢, (z-+y) is an nth-degree polynomial
in z. Therefore we may represent it as (see Problem 87)

On (24 y) = Ao+ A1@s (2) Aoz () - - . + A @r (2),

As ‘Pn (y)

where A, = (since @, (r-}+y) turns into ¢, (y) at

z == 0). However it is known (Problem 87) that Ag, (y) =
=npn_1 (y), consequently

A@n (y) =n(n—1) @n_s (y),
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Thus
nin—1Nn—=2)... (n—s4-1) Ppn_g ()
As= 5l n-s “‘CS(PH,-S (y),
and our formula is valid.
However, the validity of this formula can be proved
using other reasons. Let z and y be positive integers

greater than n. Then the following equalities take place

(1-+2)" =1+ xz-—l—”x_h g2 22 o + ...,

1.2 T 1.2.3
(A fay = tysp LU oy HUZ WD 5y
A+2)*Y =14 (z+y)z+ (x'*‘y)(f;'-""” 2
_.-_ ) ety—NEty—2)
‘ 1.2.3

On the other hand,
1+2)"-(142)Y = (1 +2)*Y,

2 %(x) 2" z%(y) s __Zq’n (4 y)

7l
Equating the coefﬁments of z* in both members of this
equality, we get
@n (T +Y) = n (2) +Crn-t (2) G (Y) + - .. +
+ O (2) Gnet (U) +6n (1)-
Let y, be a whole positive number exceeding n. Then
@n (z4Yo) and @, (z) -+ Crpn-y (2) @1 (Yo) ~ - - . 4 ©n (Yo)

are two nth-degree polynomials in z, and they are equal to
each other at all whole values of x exceeding n. Consequent-
ly, they equal identically at all values of x. But y, may
attain all whole values exceeding n. Consequently, as in
the previous case, we conclude that y, can attain any values
and the equality

(Pn (x+y) Pn (.22') Ch(Pn 1 ( ) (PI (y) +

(Fl(x) @r-1(Y) + Pn (¥)
is valid for any values of z and y.
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91. First of all, both identities 1° and 2° can be readily
proved using the method of mathematical induction. Indeed,
at n = 1 identity 1° takes place. Suppose it takes place for
all values of the exponent, not exceeding n, so that we have

xn+yn= pr— 1 pn—- +n (" )pn—yq

ey I

Multiplying both members of this equality by z-y=p,
we get

xn+1_|_yn+1+ J‘y( n-1+ yn—1)=

=pn+1__’i prlg + n(n— 3)pn—sq2 n (n—4) (n—5) X
1 1.2 1.2.3
ApTh -
Hence
xn+1+ y‘n+1 -

n+1 n (n—3)

! - n-3.92
=P """fpn 1Q+""‘i‘:§“"p ~3q% —

_ n(n—1-.42).(37‘1—5) PRI —

— —1- "H— -"1 '—4 n-—
—q(prr =t proig o B S g —

(n—1)(n—>5) (n—B6) , 41 4 —
. 153 p" g + . ) =

= p™*l_ "'+1 P+ {" ("_3)+"'1—1} pn—3q2__

n(n—4 )(n—-5) n—1) —4)\ . n-j
—{ 1.2.3 + }p q _]L'
n+ 1 n- 1 - n-—3..<
= prt 2 gy "*1).(; 2 prosgr —
—3 —4 n-5,.2
DO

and the theorem holds at n + 1.

Proposition 2° can be proved just in the same way.
Bear in mind that if  and y are the roots of a quadratic
equation, then both formulas represent none other than
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the expression of symmetric functions of the roots of this
equation in terms of its coefficients.

If we put in these formulas z=cos¢p-}ising, y=
=cos ¢ —isin¢, then
2" +yt=2cosnp, p=zx+4+y=2cosp, g=zxy=1,
gntl —yntl  sin(n-1) ¢
z—y ~ sing

sin (n4-1) @

Thus, we obtain an expansion of cosng and SN g

in powers of cos .

92. Put
4yt =8, ay=g.
We have to prove that

Sm““c'}nqu—IJFCrzn—{—iqum—z + . +02m qu ISI= 1.
Assuming the validity of this equality, let us prove thal

m+1+cm+1qu +Cm+2q Sm-—i+ +62m lqm 1S2+
+ Cglmqui = '1.

We may consider that x and y are thé roots of the
quadratic equation «*—o-}+q=0
Hence
Sker=Sr—qSi_y
for any whole k.
Consequently
Sms1=Sm—qSm-1,
Sm:Sm—i_‘qu—zy

Sm—l - Sm—z_‘ qu—B,

S3:SZ_q‘S,11
So=3581—45,,
S1=S1

Let us multiply these equalities in turn by

1. C}n+1f1, C;zn+2q2, . CZm gt Cong™
and add them,
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Then we obtain in the left member
Sm+1'+‘011n+1qu ‘:‘ 031-:-2(1251,1—1-}- LR ’I—Cg’.nr;—liq’)l—lS‘Z“:’C"l mSl

We only have to prove that the right member is equal
to 1. The right member is equal to

m—1

Sm +Cm+1qu-1+Cﬁz+zq25m-z—i— oo Com g1
@S 1 — @St — Cmi1G®Smp — Con 1243 Smg — + « . —
—Cti S,
or
Sn—+(C mt 1) qu—H— C;n-*—l —*‘Cm—f-i) ¢*Sm-2+ -
(CZm 5 —+Cim 20) q" 'Sy + Comg™ Sr‘qu—r—
"‘Cm+1Q"Sm 2 - _C;nr;qum_lSi_Cg;il Sy =
= {Sm+ Cr@Sm-1~Con i 1q*Sms+ - . . + Cotog™ 1 8,} +
+szqui Como1q™So.
But, by hypothesis, the braced expression is equal to 1
and C3%. 8, — C™1 8§, =0, since §; =1, and S, = 2. And

2m—1
so, the right member is equal to 1. Furthermore, it is appa-

rent, that at m = 1 our equality is true. Now we can assert
that it is valid for any m.

93. If ut+v=1, then
U™ (1 4+ Copo+ Cog 1?4 .o 4 Chntov™ 1)
+ V™ (4 Cote + Co g . .+ Clou™ ) = 1.
Put

r—a r—b

b—a' YT i %

Then u-+v=1. Further

1 1 {
umpm ( bm—l_ m om-1 +C7n—f—1 ‘+‘ —rsz 2—) -{_

™ (um+ muml i Cm+1 um- z+ "I‘sz 2L) .

Hence we get our identity.
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94. It is easily seen that we can always choose constants
Ay, Ao, ..., so that the following identity takes place

A+ =14+r4+ A0 + *?) 4
+ A2 (1 4+ 17 4+ ...
Indeed, (1 + #)* is a polynomial of degree n in ¢. Divi-
ding it by » 4+ 1, we obtain a remainder (a polynomial of
degree not exceeding n — 1). We divide it by ¢ (¢»~2 - 1)

and so on. It is clear, that the quotients thus obtained will
be constants determined uniquely in the process of division.

Putting¢ = = in the identity being formed. we find

(oo 1) = 24 Ay (o oyt
+ A2y (2" ") +
To determine the coefficients Ay, 4,, ... let us put in
this identity
x =c¢c08S@ -+ ising, Yy = cos¢ — isin .
Then we have
(2 cos p)* = 2 cos np + 24y cos (n — 2) ¢ +
+ 245cos(n —4) ¢ + ...

Taking advantage of the known formulas for the expan-
sion of cosine’s power in terms of the cosine of multiple
arcs (see Problem 10, 1° and 3°), we find the expressions for
Ay, Ay Lo

95. Let y, dnd Y, be the roots of some quadratic equation

y:+py +q=0.

Let us set up this equation, i.e. find p and gq.

For this purpose we multiply the first equation by g,
the sccond by p, the third by unity and add the results.
We get

o (Y + pyi+9) 422 (Yo + Py2+9) = a,g+ap+ a3 =0,
since
Yi+pyh+a=y:+py.+9=0
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We then multiply the second equation by ¢. the third by p
and the fourth by unity. We get

£y (Y + Py 4 @)+ ways (Y3 + pY2-+q) = aoq -+ azp+-a, = 0.
Thus. for determining p and ¢ we obhtain a linear system

aiq + axp + az -~ 0.
asq *‘l‘ asp '+‘ a, -- O

On finding p and ¢, we determine y;, and y, from the
equation y% -+ py + ¢ = 0. Knowing y, and y,, we then
determine z; and z,, say, from the first two equations. The
general system is solved in the same way. Namely, suppose
Yy Y2y + - -5 Yn are the roots of a certain equation of degree n:

n

Yy +py" - pay"t i 4 praily + P =0.

To set up this equation multiply equation (1) by p,,
equation (2) by p, -y and so on, and, finally, equation (r + 1)
by 1 and add the results. We get

W§p, + APp_4 + ... + ap+q = 0.

We then multiply equation (2) by p,, equation (3) by
P, -1 and so on and, finally, equation (z + 2) by 1 and thus
obtain a second linear relationship for determining p,,

Pn-ts - - .- . Continuing this operation, we finally get r
linear equatlions for determining the unknowns py, p,, . . .,
Pn- If pyy pa, ..., p, are found, then to determine y,,
Yoy - - ., Y, We have to solve the equation
A 2 A R N IR ZE
To find x4, x5, . . ., z, it only remains to solve a system

of linear equations.

Demonstrated below is the original method of solving
this system belonging to S. Ramanujan. Consider the follo-
wing expression

Ty

— T2 o En
(D(O)iﬂ 1—0y; ' 1—0ys LERR 1—0y, °
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Ly

Toag, = (1 +8y -0y 601+ . ),

T2

o =2 (1 O+ O 6 ),

Zn

1—0y, = In (1":'6!//1 +62yé+63y% + .. )

Consequently,

DO)= (1T 2o+ .-+ Zn) T (TY1+Toya+ - .. ~TnYn) O+
Rl 21 i R Ty S e b ) e ) T
Tl s Lk WY (T S B 4 ' e B R

But by virtue of the given equations we get
D0)=a;+a,0+az0®>+ ... a0 1 ... .
Reducing the fractions to a common denominator, we find

(D 0) — A1+A29+A392+...—[—An9"'1
O)=—TBorp0e~ ... 75,00

Hence

(@14 a0 - az0®+ . .. - a0 14 ...) 1+ B0+ B0+ ... +

—|—-Bnen) =A1+A36 ‘+' . e +Anen-1.
Therefore

Aizah
A2=a2+aiBh
Az =a3+ a,B,+ aBs,

0 =a,4y +a,By + ... + ayB,,
0 = Ant9 + an+1B1 + e o . "I" aan,

Since thé quantities ay, as, .. ., @y, Gptqy - . ., Ay, are
known, the last equations enable us to find first B,, B,, . . .,
B, and then. Ay, A5, ..., A,. Knowing the quantities
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A; and B;, we can construct a rational fraction @ (6) and

then expand it into partial fractions. Let, for instance, the
following expansion take place

— P1
D (6) = 16+1——q26+1—~q39+ +‘1—-q 0°
Then it is clear that

=P Y1=0q1
T2 = P2y Y2={(2;
Zn=Pny Yn={(n.
The system is solved.
96. Eor the given case we have

240430242034 04
PO =r—p—Erer=

Expanding this fraction into partial ones, we get the
following values for the unknowns

$=—-5—, p'_"_"i’
18+ V5 3+V5
10 * 17 2
18 —/5 _3—V5
=710 = "TT=3
8+V5 V5—1
U= —_— ’
2V5 2
8—5 , V541
2V5 ’ 2

97. 1° We have
(m, p)=
_ (= (=29 ... (=2 M g™ (g—am1)d—am)
A—z)(1—2%) ... (A—z®) (1—2) (1 —22) ... (1—2™ ¥ )

Hence it is clear that

(m’ !“‘) = (mv m— Pv)-
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2° Indeed,
_ (l—am (@ —am ) ... (—a" kg _gmh)
(m, p+1)= (1—z) (1—22) ... (1—z*) (1—z*tT)

_(—amhy =2l =g Rl gm

(1—z) (1—22) ... (1—2hT1) p—gmowst s
Thus
(m, pt 1) =(m—1, pt ) Ty =
—(m—t, g ) A e
=(m—1, p+1) | 1+amw-t 1:,fji_1j=

—(m—1, p41)+am-1) (m—1, p).
3° Using the result of 2°, we get a number of equali-
ties
(m, p41)=(m—1, p41)+ams-t(m -1, ),
(m—1, p+1)=@m—2, p+1)+ 2™ *2(m—2, p),
42, p+D=@+1, p+1)+z(p+1, p),
(p+1, p+1)=(r w.
Adding these equalities termwise, we find
(m, p+1)=(u, W+z@+1, p+...4zm#1 (m—1, p). (+)

4° Tt is required to prove that (m, p) is a polynomial.
We have

(m, 1)=11——_1m=1—{-x+x2+ e ™1,

x

Thus, our proposition is true at u = 1 and any m. Assuming
that (m, k) is a polynomial at & < u, by virtue of the for-
mula (), we may assert that (m, u 4 1) is also a polyno-
mial. And so, our proposition is proved by the method of
mathematical induction.

5° Introduce the notation

f@,m=1—(m,1)+(m 2) —(m 3) + ...+

+ (=1)™ (m, m).
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First let us prove that
f(x, m) = (1 - xm—l)f (x, m — 2)'

1=1,
(m, 1)=(m—1, 1)4-z2m7,
(m, 2)=(@m—1, 2)42™?2(m—1, 1),
(m, 3)=(m—1, 3)+2"32(m—1, 2),

(m, m—1)=@m—1, m—1)4z(m—1, m—2),
(m, m)=(m—1, m—1).

We have

Multiplying these equalities successively by =+ 1 and
adding the results, we get

f(zg, m)=(1—z2™)—(m—-1,1)1—2"*)+(m—1, 2) X
X(A—2™%)— ...+ (—=1)"?*(m—1, m—2) (1 —z).

But
1=z (m—1,1)=(1—z")(m—2, 1),
1—2"%)(m—1, 2)=(1—2™ ") (m—2, 2),
Therefore

f(x7 m)=(,1_xm—1){1__(m_2, 1)+(m—'2, 2)— ceet

+(—1)"?*(m—2, m—2)}=1—2z") f(x, m—2).
Thus

f(xa m)=(1_xm_l).f(x, m-—2),
f@,m—2)=1—2"7)f(x, m—4),

--------------------

First let us assume that m is even. We get

fz,m)=(1—z2")1—2™3) 1=z ... (1—2%) f(x, 2).
But

fz, ) =1—@2, 1)+ @2 2)=2—-2"2 =12

—z
Consequently, indeed,

flg, m)=1—2")Y1—2™?% ...(1—2%) (1—2)

if m is even.
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If m is odd, we have
flz, m)=1—z" (1 —2™3) ... 1—2?)f(z, 1).

But f(z, 1)=0, consequently f(x, m)=0 for any odd
m. However, the last fact can be readily established imme-
diately from the expression for f(x, m)

f(@, m)=1—(m, 1) +(m, 2)—(m, 3)+ ...+ (=)™ (m, m).
98. 1° Put

(1—zn) (1 —zn-1) ... (1 —an—k+) R(k4-1)
1+2 (1—-3:)(1-1:2) (1—xh) x 2 Zh:F(n).

Then

(1_xn+1)(1_.xn) (1__zn—h+2) E&g‘i). B

F(n—]—1)_—1—}-2I iy v —y T z".

Hence
Fn+1)—F (n)=

n kR (R+1)

— (1—zn) ... (1—z""k+2) - g
_2 l—z)(1—zx2) ... 1—uxk) r 2 7 {1——:1: p—

h=1
(n41) (n42)
n—h+1} 42 2 g+l —
hik41)
r 2 zhx'n—hﬂ (1 —.’I,‘k) +

(1 . Z.n—h+2)

_g _(—an .
Z (1—=z) (i—xz) oo (1 —zh)

(n4-1)(n-}-2)
+zx 2 2" —

n+1 2 (1 _xn) {1 — xn—l) (1 __xn—k+2)

het, 1 g
A—2(—28) .. (I—T 2 ~ +

n(n+4-1)
2™y 2 Z"=zx™'F (n).
And so Tt )
_ F(n+1)—F (n) =z2""* F (n),
i.e.

F(n41)= 1+ zz™) F (n).
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Therefore
F(n)=(1+2zx")F (n—1),
Fin—1)=({1+42z2"Y)F (n—2),
F3)=(1+zz%) F (2),
F(2)=(1+2)F (1),
F(1)=1+ xz.
Multiplying these equalities, we actually get
Fny=014z2) (1 + 2%) ... (1 + zm).
2° is proved similarly.
From 1° it also follows that
(1—zn) (1 —anl) ... (1 —an-k+1)
(1—z) (1—=22) ... (1—2zP)

is a polynomial in z (see Problem 97).
From the same equality we can obtain Newton’s binomial

formula as well. Indeed
f—an-htl 4 fg4a24... 4 znk

1—=zk 1+ z+ 224 ... F2zk1
Therefore, at £ =1 the last expression attains the value

n_:+1 . Consequently, we may consider that the expres-
sion

(1 —zn) (1 —zn-1) ... (1 —zn-k+1)
(1—2z)(1—=22) ... (1—2zh)
at x=1 turns into
n(n—1) ... (n——k-—|—1)=c::¢L

1-2 ...k
and formula 1° at z=1 yields
h=n
A+z)"=14 ) Chz* (Euler).
k=1

99. Readily obtained from 1° of Problem 98 at z = —1.
100. Put

Co+Ci(z+27Y) + Cy (2 + 277 +
+ ...+ G+ 27 = @, (2).
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We then have
14 rZn+lig
xz - x2n

@n (2%2) = @, (2)

(expressing ¢, (z) in terms of a product). Ma'king use of

¢, (2) expressed as a sum, we find with the aid of the last
identity

Ch$2h+1 (,1 _ x2n-—2h) — Ck+1 (1 . l.gn+2h+2)
(k=0,1, 2, ..., n—1).
Furthermore, it is obvious that C, == z"%. Putting in the

last relation the following values for £ in succession:

n—1,n—2,..., 0 and multiplying the equalities thus
obtained, we find

Ck _ (1 — z2n+2R+2) (1 _x2n+2h+4) ... (1—ax4n) 32
(1—z2) (1 —zx%) ... (1—z2n-2k)

k=0, 1, ..., n—1).

101. 1° Put
cosx + isinx = e.
Then
cosx — isinxz = gL
Further
cos lx + isinlex = ¢€!, cosle — isinlr = e7L.
Consequently
. el -
sinlz = 5 (1—¢%).

Substituting this value of sin lx into the expression for
uy, we find

4 — gzn) (1__q2n—1) .. (1 __q2n—k+i) - %— k(2n—h)

Ur = 1—q)(1—gq2) ... (1—gh) 7 ’

where ¢ = &72.
The required sum is rewritten as follows

1—-—u1—l—u2——u3+ -|-u2n=1—}—

2n (1 — ¢2n) (1 — g2n—1 (1 — g2n—h+1 . h2n—h)
. R _qn) _qn—)_“ __qn-+). —§ n—
+ 2 (Y i a=

k=1
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Now let us take advantage of formula 1° of Problem 98
1

and, replacing in it » by 2n, put z =g and z = —q " 2
We then have
2n 1
R—n—=
1—u1+u2—u3+---+uzn=H(1—q 2) =
h=1
n
— H 82n+1—2h H (1 . 82h—1) (,1 . 8—2h+1) —
R=1
n
—_—H 2[1—cos 2k—1) z]=2"J] [1 —cos (2k—1) x].
h=1 h=1

2° Put (as in Problem 97)
(1 - q2n) (1 __an-i) ... (2 q21‘l-k+i)
1—g)(1—¢?) ... (1 —gqh) = (2n, k).

Then
h(2n k)

Up = (2n k) q 2 ’
where g =cos2x— isin 2z.
We have to compute the following sum
2n 2n

> Z (—1)" (2n, k)2 g ren-h
h=0 k=0
where (2n, 0) = 1.
From Problem 98, 1° we have
2n k(k+41)

1—gqz2)(1—q%) ... (1 } (—1D)*@2n, k)qg 2 2~

Put

(1—q2) (1 —¢%) ... (1—¢""2) = . (2, ).
We then have
¢n (2, 9)-Qn (—2, 9) =@, (4% 2%).

Hence
2n k(k-}1) 2n s(s-F1)
2 —1)*(2n, k) g 2 Zh'z (2n,8)q 2 2=
k=0 s=0
2n

= 2 (—1)"{2n, m}gmmozT,

m=0
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where {2rn, m} is obtained from (2n, m) by replacing ¢ by
g2. Consider the coefficient of z?* in both members of this
equality. On the right this coefficient is equal to

(_ ,1)11 {272, n} qn(n+1).
In the left member we obtain the following expression

R(r1) s(s4-1)
(—1)*(2n, k) (2n, ) q 2 2

h+4s=2n

But
(2n, 2n—k) = (2n, k),

therefore the last sum is equal to

2n
g2 2 (—1)* (2n, k)* ¢¥ =2k,

And so, we have
2n

g+ 31 (— 1) (2n, k) -2k = (—1)" {2n, n} g,
iy
But
(2n, k)2 — uiqznh—}ﬂ,
hence
- 2n
2 (=) uk=(—1)"q" {2n, n}.
Further

e —
(2n, n) = un,q?® ™, {2n, n} = u,q~™,

where u, is obtained from u, by replacing z by 2z.
Finally,
- 2n 42 (2n 1-4) in 4
oo n Sin (2n+4-2) x sin (2n z ...sin4nr
2 (-1) up=(—1) sin 2z sin 4z ... sin 2nx ’
k=0
We proceeded from
2n

21 (—1)* (2n, k)*gi-2nk = (—1)"2n, n}q=""
k=0
Likewise we can obtain the following formula
2n+41
D (—1)* @r-1, K2 ght-entk =,
E=0




Solutions to Sec. 7 361

If we put g=1, then (n, k) turns into C? and we get the
formulas
2n-H1

2n
2 (—D)F(Ch = (—1"Cp 2_;0 (—1)* (Ct,,,)?=0.

2n? 2n+1
k=0

Likewise, if we take advantage of the identity

@n (2, 9)-@u @z, q) = Pan (2, 9),

we get
n

2 (n, k)2 qh*=(2n, n)
R=0
and hence

2 (Ch? =0y,
k=0
(see Problem 72).

SOLUTIONS TO SECTION 7

1. We have to prove that
1 11t
cta b+c ~ a-+b a-tc °
However, this equality is equivalent to the following
b—a c—b
(cFa) GFe) (a+b) (ate)

or
b—a c—b

b+c  atb’

b — g = ¢® — b2

i.e.

The last equality follows immediately from the condition of
the problem.

2. If a, is the nth term and a,, the mth term of the arithme-
tic progression, then we have

an=a1+d(n_1)’
amzai+d(m_1)1

where d is the common difference of the progression
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Hence
a, — a, = (n — m) d.
By hypothesis, we have the following equalities
b—c = (g —r)d,
¢ —a = (r—p)d,
a—b=(p —q)d.

Miiltiplying the first of them by a, the second by b. and
the third by ¢, we get

dlig—nat+Tr—pbt(p—gecl=
=a(b—¢)+b(c—a) 4 c(a—0b) =0,

(q—nNa-+r—pb+p—qc=0.
3. We have

whence

ap - aq = (p _ Q) d’

where d is the common difference of the progression.
Since, by hypothesis,

aP P— (l, a’(] = p, then a;, — aq == (] - p’

therefore

g —p=(p—qd,
and, consequently,
d = —1

(we assume p — q 5= 0).
Further

hence

4. We have
ap+r = ap + pd.

Let k& in this equality attain successively the values:

1,2,3, ..., q. Add termwise the ¢ obtained equalities. We
get

Apt1 T Apig + ... + Appq =

=a +a, + ... + a; + pqd,
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But
ap+1 + apra + . .. + aprq = Sprq — Sps

ai+a2+ e ~|~aq=Sq,
therefore we have

Sprq = Sp + 8, + pqd.
On the other hand, it is known that

a1+a ay+a
Sp=—51P Sq=—3g—
Hence
28, 254
g =ap—a;=(p—q)d
or
2(pS,—pSq)
p—4q = pqd.
Consequently

2(¢Sp—pSq)  (P+9) S, — (p+4)Sq

Spg=8p+ S+ p—4q pP—q

Finally

ll:i-;] (Sp—38g)= —(p+9)-

5. Follows from Problem 4. However, the following
method may be applied. We have

Sp+q =

ay+ap, ay+aq
Sp: 2 P Sq: 5 9,
hence
a1+ap _ a4+ aq
3 P="3
or

[2a;, +d(p — D] p = [2a; + d (g — 1)] q,
200 (p —q) +d(P*—p—¢"+ 49 =0,

20y +d(p +qg—1) =0,
Hence

@ + Gprq = 0,
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since
Ap+q =a +d(p+q—1).
But
ay -+ a,
Sn+q::—1"’2—l‘irg (p+19)
Consequently, indeed,
Sp+q:0-
6. We have
a4 + an

a a
Sm:: 1_; nlm, S]]':_T—’l-

From the given condition follows:

a+am _m

ay+an n
i.e.
204+ (m—1)d m
2a; 1+ (n—1)d ~ n °
Hence

2a;(n—m)+{(m—1)n—(n—1)m}d=0,
therefore

am:a1+(m—1)d:—_%+(m_1)d: 2m2—1 d, anzzn;1d
and finally

am 2m —1

an - 2n—1

7. It is necessary to prove that at the given n and k&
(positive integers £k > 2) we can find a whole s such that
the following equality takes place

2s +1) +2s+3)+ ... + 2s+ 2rn — 1) = nk.
The left member is equal to
(2s + n) n.

Therefore it remains to prove that it is possible to find an
integer s such that the following equality takes place

2s+n)n=n", s= n(nk;_i) .

But n can be either even or odd. In both cases s will be an
integer, and our proposition is proved,



Solutions to Sec. 7 365

8. Let a3 =d. Then a, =a, +dk —1)=d(k — 1),
since, by hypothesis, a; = 0

Consequently
2 3 n—1 1 1
S:T+7+"'+n—2_(1+7+”'+n—-3):

n—2k 1 n—2 1 1 n—2 1

=3 5D ete=2 (1+%)-
h=1 h=1 k=1
n—2 1 1 n—2 n—2 n-—21 1

_ 7c_+r-z_—:§—211+27{ Z’ k+n—2
h=1 h=1 h=1 h=1
. 1  (n—2)d d  apy a,
=n—2+ n—2 d +(n—2)d" as an—y

9. Multiplying both the numerator and denominator of
each fraction on the left by the conjugate of the denomina-
tor, we get

s-VasVa, VaVe, | Vi Vi

g —ay az—ag —ap—4
1 [r/— — — — —_— .
=7 (Vaz—Vai‘+'Va3“‘Vaz+ S +Van"" Van—i) =
_Va-Va
— y ,
since
g —QA1=0q3— A= ... =an—an_1=d.
Hence . _
S='\/an—'\/a1 . anp—ay n—1

T T d(Veat Va) Vet Var
10. We have

a;—a; = (a;— a,) (a1} az) = —d (a;+a,),

a;— a;=(as—a,) (as+a,) = —d (as+ a,),
a3p—1 — adp = (@on-y — A2z) (@2n-1+ A2z) = —d (@2k-1 + A21).
Therefore

S=—d(ay+ay+as+a,+ ..+ agney +az) = —d LTk 2k,
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But
a2k=a1+d(2k—1), al—a2h='—"d(2k—1),
consequently,
+ k
11. 1° We have
S(n+2)—S (n+1)=an.,
S(n43)—S (n)=anu+ anya+anys.
Consequently, we only have to prove that
An41 T @nys + Cnyz— 3@ni2 =0.
But it is possible to prove that
ar+ag
2

=QAQs4r
2

(if r and s are of the same parity).
Indeed,

ar+as=2a+(—1)d+r—1)d=
9 [a1+( 2t —1) d:|=2a%§,

therefore

Antt + Qnysz =20, 49,
and, consequently,

A1+ Bnya+ niz—3ans2 =0,
2° First of all

S2nr)—S (n)=an+. ..+a2n=i'ﬂ’i—2ﬂ-n.

Now we have
S@Bn)=ay+a+...+a,+ @npa+ .- Fa20) T a0+ -+
+ azn = Eﬁ—l‘;‘_ﬂl n+(an -+ azni1) +
+ (@n-1+azniz) + . . . + (a1 +asn).

But since the sum of two terms of an arithmetic progres-
sion equidistant from its ends is a constant, we have

@y +Aong1==poy+ oaqp = - . . =81+ A3n = Any1$A2n.
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Therefore

S(Sn):ﬁ%ﬂn+(an+i+a2n).n=3 .Eﬂ.tl;___fl_zlnz

=3 (S (2n) — S (n)).
12. According to our notation we have
Sh = Ak—-1)n+1 ‘|‘ Ak-1Hn+2 *i‘ .o T Qpp,

. Sk+1 = Ahns1 + Qrnsz+ - -« + Aripyn.

Consider the difference
Sri1—Sk.

We have
Spi1— Sk =[@rnin — Al + . . . + [Grns2 — Gr-yna2] +

+[akn+1"' a(h*lmﬂ]'
But since

am—a;= (m—1)d,
we have

Spi—Sp=nd+ ...+nd-+nd=n?d.
13. We have
b—a=d(@—p), c—b=d(r—q), c—a=d(r— p);
on the other hand,

a=uoP?t, b=uy0?l, c=u0?,

where u; is the first term of the geometric progression,
and o is its ratio.
Therefore

al=C.pe-%. %t — g%a-n pdr-p  Kd(P-0)
— u({l(q—r)+d(r—m+d(p—11) . @3- (P-1)+(T=D)(@-D+P-DH (=D}
But it is easily seen that
d(g—r)+d(r—p)+d(p—q) =0,
@—n(p—DH+T—p@g—1)+(p—9 (r—1)=0.
And so

ab=c.pe%. %% =1,
14. We have

14+z+224+ ... +2"=

xn+i o 1

z—1
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Consequently

14+x+224. ..—}-x")z—x"-———(

(1 — 1)2 —azn (x— 1)2 r2n+2__ 2yn+l +1 — gn+2 4+ Qan+l__ on
— (x—1)2 - (x—1)2

n__1)(ant2—1 n—
== e S L S B
X (1+az+a24 ... +2™).

15. Let the considered geometric progression be

z—1 o

Uy, Uge « oy lpy Ungty « - -y Usny Usngts « -y Usn.
Hence
Ssn— Son=1lUgns1+ ... FUzy, Son—Sn=Uns1+ ... + Usn.
But
Up = U q"Y,  us=u,q*t.
Therefore
Up =— Usg* qh—s’ Ugnik = UrQ®",
consequently,
San—Son =Usni1+ -o- FUusn =" (W1 +ust+ ... 4+uy) =q¢*"Sh,
Son—Sp=Ungy+ oo FUsgn=q" (U1+Us+ ...+ un) =q"SH.
T herefore
Sn (Ssn—SZn)zqan%’ (SZn_Sn)z_;qan?h

and the problem is solved.
16. Using the formula for the sum of terms of the

geometric progression, we get

1 1 1
S:anQ""ai S,:E—f;*z_:anq—%. 1 .
g—1 "’ LR q—1  apay
q
Consequently
S
‘EI'::anai

But, on the other hand,
P?=(aqay ... ap)® = (a1a,)",
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hence
n
3

S
P=(3)"
17. Let us consider Lagrange’s identity mentioned in
Sec. 1 (see Problem 5)

@i+ .. o) @iyt Y1) —
- ($1y1+ ToYs+ - o+ TnoYno1)® = (T2 — Tay1)2 +

+ (s — z3y1)* + - . . + (Tn-2¥n-1— Yn-2Tn_1)>.
Put

Ti=ay, To=0ay, ..., LTpq=~0ny;

Yy1=0a2, Y:=40as ..., Yn-1=0n.
We then have
(ai+a3+ ... +an_q) (@ai+a5+ ... +ah)—

— (0185 + a3+ . . . +-an_1an)® = (0103 —a3)* +
+ (@18, — a3a)* + . . . 4 (@n—2an —‘a‘pzz-—l)z- ()
The bracketed expressions on the right have the following
structure
a,as—apag,

and k+s=k"-+}s'. It is evident that if ay, a; ..., an
form a geometric progression, then (provided k-+s=Fk"}

+5)

aras — pay = 0.

Indeed
ar=aq"",  as=aq"?,
aw =ag"’ "1, ay=aq*" 1.
T herefore
Apas = aiqh+s—2
and
Qg = agh+5 -2,
Apas = Ap Ay
Thus, if a4, a3, ..., a, form a geometric progression,

then all the bracketed expressions in the right member of
the equality (») are equal to zero, and the following rela-
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tion takes place
(@+a;+...+an 1) (@a;+ai+...+ap) =
= (@184 @205+ . . . + an_1an)’.
Now let us assume that this relation takes place. It is
required to prove that the numbers a4, a,, . . ., a, form a
geometric progression. In this case all the bracketed expres-

sions in the right member of the equality () are equal to
zero. But among these expressions there is the following one

(@10 — asxar)®> (k =3, 4, ..., n).
Therefore we have
% __ %
i k=3, 4, ..., n),
i.e. the numbers a,, a,, ..., a, really form a geometric
progression.

18. 1° It is known that
_A4mq—ay
Sm-————————q__ 7
Let us make up the required sum. We have

Si+ 8o+ ...+ Sn= “;"_1“‘ +2 ...+___“';q__1“i—_—
_lagtas+...+an)g  an  (@ng—a) g  ayn
g—1 g—1 (g—1)2 g—1
20
1 1 1 1 1 1
71%_-——03_+"'+a%-1—a%:1——92{a%+a3+"'+7lﬂ -
1 1 1 1 1
4w EdE L\ mw)
ST 1, T Ta=ep
3o g2
W11
1 11 (a—gf",}f')_
af+af T Tap a4t t—gr
_ gk ( 1 1 )
1—q2k \af  of )’
19. Let the given progression be ay, a,, .. ., a,. Let a;

designate the kth term from the end of the progression. Then
ar =a, —(k—1)d, ap =a, + (k — 1) d.
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Consider the product apaz. We have
ara; = a@, — (k —1)? @ + (k — 1) d(ap — ay) =

=aa, —(k—1282+ (k—1) (n — 1) d%
And so

aray = aap, + & {(k — 1) (n — 1) — (£ — 1)?}.
It only remains to prove that the expression
Py =(k—1) (n—1) — (k — 1)*

. . . . n n4+1
increases with an increase in n from 1 to 5 or ——;—_—
We have

Pk=(k—1)(n—-k), Pk+1=k(n—k——1).

Hence
Pk+1_Pk =n—2k.

Consequently, Ppyy > P if n — 2k >0, i.e. if k < 12‘, and

our proposition is proved.

20. Let a4, ay, ..., a, be an arithmetic progression,
and uy, Uy, ..., u, a geometric progression. By hypothesis,
ay = Uy, a, = u,. Let the ratio of the progression be
equal to g. Then

Upn=Uq" 1 =a,.
Put
a+a+ ... +a,=s,, u +u+ ... + up, = 0,.

Prove that

Sp = Op.
We have
a a a asqn—1 1 n-1
snz_ijz—__n.n=_lj__§!.q___n=ai +2q n’
_ung—uyy  gqn—1
On=—"0—1T =M1

Since, by hypothesis, a; >0, it only remains to prove
that

gn—1 _1+4gn!
q—1< 2

n.
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-

Let us write the left member of the supposed inequality
in the following way

n_‘i n-— N~ n-—-
qq =14q+ @+ ... +g" 3+ g2 g =

=?{(1+q"“1)+ @+9" D+ ...+ @+ + .+
+ (" + 1)}

Let us prove that
¢+ < 49"
Indeed
¢ +g =g = (=) T (1Y) =
=(¢"—1) (1—¢""*") <0,
since if g > 1, then ¢* —1 >0, 1 — ¢"*1 <0, and if
gq<<1, then ¢# —1 <0, 1 —q¢**1>=0. At ¢ =1 it is

clear that the product contained in the left member of our
inequality is equal to zero. And so, indeed,

¢+ gt < g
The braced expression contains n bracketed expressions each
of which does not exceed 1 + g"~!. Therefore

gn—1 1+gn-t
q___,l <n 2 )

i.e.
Gn < STH

which solves the problem.

21. Let the first common term of the progressions be a,
and the second b. Then the nth term of the arithmetic pro-
gression will be equal to

a—l_(b_a)(n—,l),
and the corresponding term of the geometric progression has

the form .
a(+)"-

And so, we have to prove that

a—+(b—a) n-—1)<a( b)n_i,
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in other words, that

at(b—a)(n—1)—a(+)" <O,

o{(2-1) m=[(2)-1]) <o

Let us rewrite the left member of this inequality as fol-
lows

(2=t ot (2 () () 1]

Considering separately the three cases: —2— >1, -Z— <1,

%- = 1, we easily prove the validity of our inequality.

22. We have to compute .
S, =1+ 222 + 32 + ... + nx~.

or

Multiplying both members of this equality by z, we have
Spx=1-224+223+3z*+ ... + (n — 1) 2® + nantl,
It is evident that the right member is equal to
S, —x — 22 — 2> — ... — 2" 4 npanti,
Thus, we have the identity
Spx=8a+nx"l—z(l+x+ 224 ...+ 2™,
Sp(z—1)=na™!— x—?i_ii,

Spn(z—1)P2=z{na™4+1—(n+1) 2"}
And, finally, we have
S, = (_xlx_ﬁz' {na™!—(n-+1) 2™+ 1}.
23. We have

n
§= 2 ArUp.
h=1
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Let u> multiply both members of this equality by ¢ (where ¢
is the ratio of the geometric progression). We obtain

n
$q = hzi ArUp4q

(since Upq = ukﬂ).
Subtract s from both members of the last equality. We
have

n
Sq—S = 2 ArUp 4y —kzi ArUp.

k=1
Transform the right member as follows
n4-1 n+41
2 ap-yUp — Z AplUp — Qqlby + Gnyqlingg =
=2 R=2
n4-1
2
= — 2 (ar—ap_q) Up — QqUy + Anpgllnyg =
h=2
n4-1
— ' d
= — Up + Qptlngg — Aqley,
k=2

where d is the common difference of the arithmetic progres-
sion.

Thus
n+1
S (q—— 1) = —d 22 Up+ Qniylng g — AqlUy,
h=—
u — U
s(q—1) = anstliniy —au; — d'n_zi_iT'?' ‘
Finally
g— In+tlint —Qly g Un+eq— Uo
7—1 (g—1)2

24. The required sum can be rewritten in the following
way

1
ol e .+x2"—|—%—1—?+ ...—l—.g%—{— 2n.

Summing each of the geometric progressions separately and
joining the partial sums thus cbtained, we have

(=44 () b ()

(z2n+24-1) (220 —1)
= (:cZ—-)i) —n +2n.
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25. The sum S, is readily computed by the formula for

an arithmetic progression. Let us now compute §,. Consider
the following identity

(z +1)® — 23 = 3% + 3z + 1.

Putting here in succession x =1, 2, 3, ..., n and sum-
ming up the obtained equalities termwise, we have

n

M (z+1)2— D) 23=3 21 224+3 D z+n.
x=1 x=

x=1 x=1

Or

(284334 ... Fn¥+(n+ 1) —{124+23+ ... +n%} =
=385+ 38 +n.
And so 3S;+3Si+n=(n+1)3—1. But

Si=n(n2+1) .

Now we find easily

n(n4-1) (2n-+1)
Sy = 5 .

The formula for S; is deduced in a similar way. We only
have to consider the identity

(x + 1)t — 2* = 4a® + 622 + 4 + 1

and make use of the expressions for .§; and S, found before.
26. We have identically

(z+ 1) — P = (k1) 2* 4 S E gy

4 (k+11)";.(§——1) 2 (k1) 21

Putting here successively z =1, 2, 3, ..., n, and sum-
ming up, we get the required formula.
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27. Consider the following square table:
1k|2h 3% 14" ... nf
1% 2k (3R | 4k ph
L L VL S

TR O

The sum of terms of each line is equal to 1* 4 2%
+... 4+ nfF =8, (n). Thus, the sum of all the terms of

the table will be nS, (n).
On the other hand, summing along the broken lines, we
get the following expression for the sum of all the terms of

the table
1% (1P 4 2.2%) + (1% 4- 2% 4+ 3.3F) - (1% 4- 2% 4 3R J-4.4F) |-
(@R E2R L3R (=D nn?) =
=14 [Sk (1) + 21+ [Sk (2) + 3" + [S, 3) + 4™ +. . .+
+ [Sk (n— 1)+ n**1] =
=S, (1)+Se @)+ ... +Sp(n—1)+
+(1h+1+2k+1+3h+1+ .“_‘_nku).

And so
nSy(n)=Sp(n)+Sp(n—1)+Sp(n—2)+ ...+ S (2)—|—S;(1).

28. Both 1° and 2° are readily obtained from the formu-
la of Problem 26. Let us rewrite it as

k k(k—1
Skz_'é'Sk—l 1(23)Sk2 "'_Sl k+1+
1R+ 1

Atk=1S8=1+42+34 ... +n="F"_ Ly ln

Thus, both propositions (1° and 2°) are valid at & = 1.
Suppose they hold true for any value of the subscript less
than k£ and let us prove that they are also valid at the sub-
script equal to k. Since, by supposition, S;_; is a polynomial
in n of degree k, S,_, a polynomial of degree ¥ — 1, and
so on, it is easily seen from the formula (+) that S is indeed
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a polynomial of degree k¥ + 1. Further, since S,_;, S3_o, . ..,
S, do not contain the term independent of r, it follows
(n+1)k+1_1
k-1 !
when expanded in powers of n, will not contain a constant

that S, also does not contain such a term (

term). As is evident from the same formula (+), the coef-

ficient of the term of the highest power in the expansion of
. . 1 .

S, in powers of n will be ik It only remains to prove

that the coefficient of the second term, i.e. B, is equal to

L In the expansion () there exist only two terms contai-

"2—.

ning n*. One of them is contained in — —;—Sk_i, and the
. (n4 1R+ ¢

other in . From what has been proved we have

k+1
_—’ziSk—-l'_—‘— —'% {%nh—l— . .. } = —%‘nk“{" s s e
Further
(n4Nktt—1 1
k41 k41
Hence, it is obvious that

1
B_g.

As to the structure of the rest of the coefficients (C, . . ., L),
we may assert the following: the coefficient of n**1-! will
be equal to

nftlppk e L,

A
CLH T
where 4 isindependent of £. This proposition is proved using
the method of induction with the aid of the formula ().
29. S, can be computed using, for instance, the formula
from Problem 26.
However, we may also proceed in the following way.
From the result of the previous problem it follows that

S4=—é—n5+—;-n4—}-0n3+ Dn®+ En.

It only remains to determine C, D and E. Since the last
equality is an identity, it is valid for all values of n. Put-
ting here in succession n = 1, 2, and 3, we get a system of
equations in three unknowns C, D and E. Namely, we have
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C-|~D,~|'—E—10, 80+4D—|—2E——— 27+C+90+3E=
Hence .
C- , D=0, E= —g.
It only remains to factor the expression
n3 n
"‘ 2 -+ 3 30

and the required result will be found.
The remaining three formulas are obtained similarly.
30. The validity of the identities is established by a
direct check, using the expressions for S, obtained before.
31. Put £ = 1. We have

(B + 1) — B* = 2,

Bz+231+1——B2=2.
Consequently, B, = —;-
Then. put & = 2. We get

(B + 1)* — B® = 3,

or

i.e.
. 1
B3+3B2+331+1—B3:3, 1.6. Bz='6— .
Proceeding in the same way, we get the following table
1 1 3617
B1=_2'7 B6:Z§7 B“=01 BiB=_'B‘1‘(T’
Bz=‘é‘, B,=0, Bm:—%, B;; =0;
1 B 43867
B3=O, Bs——: —3—0, Big—-—‘-o, 18— 798 !
Bi=—a, By=0, Bu=, Bis = 0.
5
Bs=0, B10=% ) Bis=0,

Knowing this table, we may easily solve Problem 29, i.e.
arrange S;, S5, Sg and S, according to powers of n. These
numbers play quite an important role in many fields of
mathematics and possess a number of interesting properties.
They are called Bernoulli’s numbers (J. Bernoulli, Ars
Conjectandi). We can show that for odd k’s exceeding unity
B, will be equal to zero. And Bernoulli’s numbers with an
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even subscript will increase rather fast. Let us consider
the value of By, If we put By = — —Z—, then it turns out

N
that
N=171390,

Z=062753 13511 04611 93672 55310 66998
93713 60315 30541 53311 89530 55906
39107 01782 46402 41378 48048 46255
54578 57614 21158 35788 96086 55345
32214 56098 29255 49798 68376 27052
31316 61171 66687 49347 22145 80056
71217 06735 79434 16524 98443 87718
31115
Thus, the numerator of this number contains 215 digits
(D. H. Lehmer, 1935).
Let us now prove relationship 2°.
On the basis of the results obtained in Problem 28 we
may put

(k1) (1F 425432+ .. fnf) =
= 4 2T P CnP - Dt L,

where C, D, ..., L are independent of n, but undoubtedly
depend on k. Put

(k+1) (P28 3% .. ") =n*1 - Chypyan® 4
+Chysoan 4 . - Chilan-in®+Chyrayn.
We may then write the following symbolic equality
(k-+1) (1428 ... 4+ nP) = (n+ o)t —al*,
On removing the brackets in the right member by replacing
a® by a; (s=0, 1, 2, .. .), we pass over from the symbolic
equality to an ordinary one.

Since this equality is an identity with respect to n, we
may put in it » 4+ 1 instead of » and obtain

k+D[1F L2 . .+ (n4+ 1) =(n+ 1+ )1 —
Subtracting from the last equality the preceding one, we
find
k+1) (n+ D= (n414-a)**1 — (n + ).

Putting here n=0, we have
(a+1)k+1—ak+l=k+1.
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Besides, it should be remembered (see the solution of Prob-

1

lem 28) that a’s are independent of £ and that a; = = -

And so, the numbers a; and B, are determined by one
and the same relation, and «; = B,. Therefore

a, = B,

for any k.
32. Let d be the common difference of our progression.

Then

Zp =z +d((k —1).
From the first equality we have
n(n——i)

=a. (*)

—Ei—iz_—gf-'i n=a, hr+4+d——7—

On the other hand,
xh = x2 - 2x,d (k— 1)+ d? (k— 1)

Therefore, from the second relation we get

n

Z x} =nz+ 2x,d 2 k—1)+ d? 2 (k—1)2 =

=1
Hence
nat 4 20d RO 4 o Dnlnl) g (1)
(see Problem 25).

Squaring both members of the equality () and dividing
by n, we find

__1) az

nzt-+2z,d n(n 1)+dzn(n4 — . (2)

Subtracting (2) from (1), we get
d?n(n2—1) b2n—a?
12 T n

Consequently
2V 3b2n— a2)
nyn2—1

Substituting d into the equality (), we find z,, and, con-
sequently, we can construct the whole arithmetic progres-
sion.

d=+
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33. 1° Put s= D) k2z"!. Hence z.s—= ), k2z*
K=t =1

Subtracting the first equality from the second, we find
n+41

s(x—1)= D (k——1)%x Zkz A1,

h=2
Consequently

n

)= 3 e e e 5 R

k=1
(e 1) —mia"— S| (2k—1) 21— a2 5 ket 4
h=1 k=1
_{_é 2l =2 — 9 1 {nxnﬂ__( 1
o (r—1)2 1
r=1

(see Problem 22).

Finally

1+4x 4922+ ... 4 n22" 1=

n2zn (z—1)2—2nan (z—1)+ (zn—1) (z +1)
(z—1)3

2° Proceed as in the previous case. Put

s=134+2%z + 3322+ ... - ndz™ 2 k3zh1,
Make up the difference

sx—s=n32"—3 Zkz "14—3219.1 1 B ke,
k=1

Substituting the expressions obtained before for the sums
on the right, we have

s(z— 1) = nd3z" —3 n2zn (1—1)2__2nx(7;(—x_;-):)+(xn__1) (x+1)+
nxntl —(n 1) 2n -1 xn—1
(z—1)2 ozt

+3
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Finally
s(z—1)t=n32" (x— 1)} —3n?2" (x— 1)+
+3na™ (22— 1) — (2" —1) (22 4x + 1).
34. To determine the required sums first compute the

following sum .

1+3x4522+ ... +(2n—1) x"‘lzz (2k—1) z* 1=
h=1
S ket N gher 2nat @) (o) en 1)
=2 2 kx® 1_2 ph-1_ enet(z (x_yi)z

h=1 h=1
For computing the first of the sums put in the deduced

formula x——;— We then have

o 1 n
1+ 5+ + g + 2n— = o1 {3 (2"—1)—2n}.
And puttmg X = ——%, we find

ng2n—1 20 (—1)n (Bn1
1'—_——"1_4 + —I_(—-l) ! nn— - +( 9)24— n+)

35. 1° Flrst assume that n is even. Put n=2m. Then
1—24+3—4+ ...+ (—1)"n=
=1—243—4+...4+C2m—1)—2m=(1+3+...4

+2m—1)—2+4+ ...+ 2m)= —m= — -g—

Now let n be odd and put n=2m-—1. Then our sum
takes the form

M—24+3—4+...—(2m—2)]+(2m—1)=

=—m—-1)4+2m—1=m= n-2i—1

Thus, if we put
1—243—44+...+(—D"tn=S,

S= ——g—- if n is even, S=—7—L——12—_—1— if n is odd.

However, this result can be obtained in a simpler way.
Indeed, if n is even, we have

S=[1-2]+[3-—-4]4+[5—6]+4 ... +[2m—1)—2m] =
=—1-m:—m:—-g-,
Hence we also get the result for odd .

then
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2° First assume that n is even and put n=2m. We
have

12224 32 | 4 (—1)" 12— ({2—2%) 4
F@ =)+ . (@ — 1) — 2m) = — (142)—
—(B44)—...—Cm—14+2m)= — (1 +24+3+4+ ...+

+2m__1+2m]=__(2m 21\2m n(n2 )

Thus, if n is even, then

2243~ (=)= 20D

If n=2m-+1 is odd, then

12—224 32— ... 4 (—D)"n2=12 221 3242 .. —
—@m)* 4 @m0 = =2 Dy 2 1) =

. n(n—1) _ n(n41)

=n——a— =7y -

3° The required sum is equal to —8n% The result is

obtained as in the previous case.
4° Rewrite the required sum as

\“ (k3 + k?) = 2 ka+2 g2 nnt1) (3;12‘2+7n+2\
k 1

(see Problem 25).
36. The considered sum may be rewritten as

10 — —1  103—1 10n—1
9 + +——t.- g
wherefrom we easﬂy find its value
{1010n_1—n}.

37. Consider the first bracketed expression on the right
and rewrite it in the following way

2x2n+1 _2x2n—1y2 “l” 2.’112"_3y4—— R 2.7Jy2n—— x2‘n+1 —

_ 2x x2n+2 + y2n+2 x2n+1
22+ y2
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The second bracketed expression arises from the first one

as a result of permutation of the letters z and y, therefore
L. 22n+2 | y2n+2 s . .
it is equal to 2y N — ™1, Squaring both obtained

expressions and adding the results, we easily prove the
validity of the identity.

38. The required product is equal to
(l-at+1-a®+...+1-a"Y)}-(a-a®+ ... +aa" )+
+(a*a® - ... Fa?a" ) ... Fa" el =
=a(l+a+ ... +a" )+t (1+a+...+a" )+
+at(1+a+...+ad"Y)+ ...+ (1+a)+ a3 =

a"‘ —1 an-2—1 an-3 —1

— %1 +a 3 —1 +a’ a—1 + et
on-3 a2—1 211-3‘1—‘1 _ 1 n n+1
T a—1 ta a——1_a-—1{(a +a A+

+a"? 4 .. a3 a? %) —(atat+ab 4 ... a4

| n- _1) (an—a)
a 3)} a——1)(a2-—1)

39. The sum on the left may be rewritten as follows

( T T 5m )+[1'n_1+2$"_2-{—--.—l—(n'——1)x]+n.

The first bracketed expression is equal to

n—nzn-1_11]
n(z—1)2

—[x+2x2+ o+ (n—1) 2" 1]__x[(n—1)

(see Problem 22).
The second bracketed expression is obtained from the

first one by replacing x by—i—. Hence, we get the required
result.
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40. 1° We have

1 1
m=1—7;
411
2.3- 2 3°
t_ 4t
347 37 4
1 1 1

nin+1) — n nti

Adding the right and left members, we get the required
result.

2° The required sum may be rewritten in the following way

c 1
§= Z k(k+1)(k+2) °
h=1
1 11 1 1 1
But PRI — 2k kFL T T FE2
Therefore
1 1 1 1 /1 1 1 1
s=g (1t t3)tz (3t Tt
11 i 1 1 1
~(z+zt o) =g (ttg)+
1 1 1 1 1 1 1 1
HytztoAn) et
1 1 1 t 1 1 1 1
—(3+7+ +7)=7

=';"(§_ (n—1—1)1(n+2) ) :

3° Solved as the preceding problem.
41. The sum is equal to

n
k4
§= 2 =t -
h=|]
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Hence

65 3 Sl 5 i+ 3 3 G,
h=1

t65—4 2EEUOED oy L5 (),

16S — 2n(n+13)(2n+1) 4 +% E:_%_E_%_%_’_ é"" 4

16 — 2n(n+1)(2n+1)_+_ L

2n+1 )
Finally
__m(m24-2) 1
where m =2n-1.
42. We have
1_ 1 .a1+an__ 1 (1+1)
g4an o aj-+an aa,  a+a, \a, ag /'’
1 . 1 ag4a,_y 1 ( 1 1 )
azan—1“a2+an—i Ay  axdap_q \ a ap—y /’

1 1 ay+a, 1 ( 1 4 1 )
anay a1+-an aqaq ag+ap \ a4 an

But

Qi+ an=ay+an1=0a3+app= ... .
Therefore, adding our equalities termwise, we find
1 1 1 2 1 1 1
1 ot = (7+-—+...+—).
1 as

}
a1an Qoln_4 anay ay+an an

43. 1° It is obvious that the following identity takes
place

1 1 _ntk—1
(n+k—N0 " (n+ k!~ (nfk)!
Putting k=1, 2, ..., p+1 and adding the obtained equa-
lities termwise, we prove that
n , n+1 ..+ n—-p 1 1

(DT (n4-2)! (ntp+D — b et p D)
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2° We have

n n n n
GED TR T T et T S T

n+1 n+p _ 1
Torr T T e W T et

(see 1°).
Therefore

1 1
I T Grr T T e E D < n {'nT“'<n+p+1>!}

44. The following identity holds true

1 1 2
z—1 " 241" 22—1°

In our case we have

x—1 x-4+1 z2—1 ? (1)
1 4 2 ‘
z2—1 211 221 ° (2)
1 1 2
21 A F1 T z8—1 (3)
1 1 2
— = . (n+1)
2" 1 2y 2™y

Multiply both members of equality (1) by 1, of equality (2)
by 2, of equality (3) by 22 and so forth, finally, multiply
both members of the equality (n + 1) by 2". Adding the
obtained results, we find

1 2 2n 1 2n+
x2n+1 z—1 x2n+i__1
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45. We have

n+p+1 né n—p—k+1
n—pt1 & pFk)(ni—kF1)

n—p

1 1 1
YL El (577 +oag) - p—kt )=

1 n+1 p
~ n—p+1 h% ( p+k n—k+1 ) -

P n
—p (s |-
n—2>+1 (p:—1 T +%)("‘* 1—p)=
=gt = (gt ) -
—(1+%+%+. +1) Sp—3S
46. We have
S;‘zn?_{"("—ﬂl = )(n_2)+..,+12;3_2}:

n—2

n+1 k
- Z (n—k+1) (n—k) —

n-+1 —k
h=1

k+1)(n—k) °
—k

(n—k+1) (n—k)
fractions. Namely, let us put

—k A

(n—k+1)(n—k) n—k+1 T n
—k=A(n—k)+ B(n—k+1).
Hence, putting first k=n and then k=n-1, we find
A=n-41, = —n.

Let us expand the fraction into two partial
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Therefore
+1 n—2
n
§==3 —]-(n—|—1)zn~k+1 nz =
h=1

= Hz_1 +(r+1) (?i"" n—1—1 + "'+%')_

_n(n—1—1+n12+".+%)=

=2 n () +

n n

n n—1

(st tg)—
() -

n n

n n

S (St

47. Let the nth term of the required progression be a,,
its common difference being equal to d. Then

a a
Sx :_1:%_“:_.;5,
a a
Skx—_—%ﬂ-kx.
Hence
th . ai—[—akx = 2a1—|—d(kx—1) _ 2a1—d+kxd k
Sx o a1+ax o 2a1+d(x—1) o 2a1—d+dx )

For the last relation to have a value independent of z it is
necessary and sufficient that

2a1 -— — O,

i.e. the common difference of the required progression must
equal the doubled first term.
48. We can prove the following proposition

ar +a; = ap + ar

ifk+1=kF +1.
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Indeed
Uzg=a1+(k—"1)d, al=a1+(l—i)d,
ap-=a1+K' —1)d, ap=a,+ ('—1)d.

Hence
ar+a;=2a+ (k+1—2)d,

ap +ay =2a,+ (k' + ' —2) d.
But since by hypothesis
k+1l=kK +17,

it follows from the last equalities that

a, + a; = ap + ay.
And so we have

Ai + Qiyg = Qi1+ Qi1 = 20444

The given sum is therefore transformed as follows

2 Bi%i413i42 ____1_
Ta;taj,e | 2

Ailiyo.

-~
L=

But
ai=ai —d, Qiyp=20a;41+d,
therefore

S_;—;' 2 (ai2+1—d2)=_;_2 [a2 -+ 2a, di - (2 — 1) d?*] =

n(n+1) —nd® 4 n(n+1)(2r+41) dz} ______
6

—1)(2 5
—_—%n {a%—}-aid(n—{—h—l— (n )én+ ) dz}.

49. As is known

tan (x-kB) — tan [a+(k—1) Pl = cos (o + kB) cs::[i+(k—»1) Bl -
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Therefore

\ 1
21 cos (@ +kp) cos [a+ (k—1) B]

= sirixﬁ > {tan (a-kB) — tan [ + (k— 1) B]} =
h==i
1

P {tan (x+p) — tan o+ tan (a4 2p) — tan (x+4-P) +...+

- tan (4 n) — tan (a-(n — 1) )} — LD _tana
90. We have

2 cot 200 —cotx = —tana,
04 (04
200toa—-—cot—2—_-= —tan 5,
04 o (04
200t—-——cot-z—__ —tan-4— ,
(04 0/
2 00t 5o — COt o = — tan o
Multiplying these equalities in turn by 1, —12— ,—2— e e ey —2—1;1;-1-—

and adding termwise, we get the required result.
51. Consider the following formula

cos [a + (k — 2) hl — cos [a + kh] =
= 2 sin h sin [a + (k — 1) &l.
Putting k. =1, 2, 3, ..., n —1, n, we find
2 sin h sin @ = cos (@ — k) — cos (a + h),
2 sin h sin (a + k) = cos a — cos (a + 2h),
2 sin h sin (@ + 2h) = cos (@ + k) — cos (a + 3h),

...................

2sinhsinla + (n —2) k] =

= cos la + (n — 3) k]l — cos [a + (n — 1) Al,
2ginhsinla + (n — 1) k] =

= cos [a + (n — 2) h] — cos [a + nhl.
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Adding these equalities term by term, we find

2 sin & {sina+ sin (a+ k) +sin (a+2h)+ ... +sin[a+

+(n—1) h]} = cosa-+cos (a — h) — cos (a + nh) — cos [a+ (n—
— 1) hl={cosa—cos[a—+ (n—1) h]}+

+{cos (a—h)—cos (a+ nh)} =
=2 sin n;1 h sin (a—l—l;ih) -+ 2 sin (a—}—n—-z_lh) X

. -1 . — . h h
X sin n—|2 h=251n(a—l— n—1 h)-ZSln%—-COS?.

2
Hence

sina+sin(a-+h) +sin(a4+2h) 4 ... Jsinla+(n—1) k] =

sin (a+ n;1 h) sin—%ﬁ

sin h
2

The second formula is obtained similarly. However, it can
also be readily obtained from the above deduced formula by

replacing a by g- — a.
52. Putting in the previous formulas ¢ =0, h = %,

we get

S=cot—2n—, S'=0.
n

93. Taking advantage of the results of Problem 51,
we have

sina +sinda+ ... 4 sin[(2rn—1)a]= sin na sin na

sin o

b

sin no €OS na
sin a

cos e 4-cos A3+ ... 4cos[(2n—1)a] =

The rest is obvious.
94. The required sums can be computed, for instance, in

the following way. Make up the sums S, and S;. It is easi-

ly seen that
‘S";’l + AS";;, = zn.

On the other hand,
Sp—Sp=cos2x+cos4x+ ...+ cos4nz.
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Using the second formula from Problem 51, we find

cos 2x 4 cos4x + ...+ cosbnz = Slnznx(;(i)i(fn+1)x ’
And so
Sp— 87 = sin 2nz cos (2n1) «
smx
Sn+Sn=2n.
Hence
S: =n4 sin 2nz cos (2n+1) ,

2sin x

sin 2nx cos (2n+1) x

S =n— .
n 2sin z

99. Let us make use of the formula
sin A sin B:% [cos (A — B)—cos (A + D)].
We then have

. S, sin mai sin n:i .
I B +1 7

p
i=1
L (m—m)m S g lmtn) i
m—n) gt m—n)
—T 2Ty Z N
But if m--n is divisible by 2(p-+1), then cos (_m;{:;m:
=1 and
1 < (m—n)mi 1
m-—n)Iri
§=g > 005 —gp

i=1

I

Using formula 2° from Problem 51, we easily find

P
\ (m—n)ni L
Z Cos ~———— = 1.
1=
Hence
___p+1
S 2

All the remaining cases are proved analogously.
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56. We have
arctan (k+ 1) x 4- arctan ( — kx) =
. t kx-+zxz—kx . t z

since (k-+ 1)z (—kx) <1 (see Problem 25, Sec. 3).
Hence

A
arctan 2z — arctan x = arctan Trie

X
arctan 3x — arctan 2z = arctan TT232

x
arctan (n -+ 1) x —arctan nx = arctan TTrnID e

Adding these equalities termwise, we find that the
required sum is equal to

nx
arctan (n 4 1) x —arctan x = arctan TThIaE

57. It is obvious that

ap—Aap—4

arctan a, - arctan (—axp_4) = arctan =
k ( 1) 1+4apap_y

=arctan ———— .
19-apap_4
Now we find easily that our sum is equal to

An+1—a4

arctan .
1+4aqan4q

98. Put
14+ K+ k= —zy, x4y=2k.

(This is done to use the formula

arctan f_ jy =arctan x + arctany if zy <1.)
Then
2k
arctan ——z—— = arctan (k*-+k+1) — arctan (k> — k + 1),
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therefore

- 2%k
>) arctan TR = arctan 3 —arctan 14 arctan 7—
h=1 '

—arctan3 + ...+ arctan (n? -+ 4 1) —arctan (n? —n 4 1) =
= arctan (n2+n+1)—% .

99. Let k& be one of the numbers 1, 2, ..., n—1. Multi-
ply the first equation by sink-Z, the second by sin k2%,

the third by sin kin’l- and, finally, the last one by

sin kﬁl—:nﬂf-. Adding the obtained products termwise, we
find

Ay + Ao+ ...+ A, 1Zn_1=a, sin k—’;——l—az sinkgnﬂ—l-. ..+

. (n—1)=n
1-an,_qsin k——n—— .

And

A, ==sin l—-—s1nk—+s1n l——s1nk—+sml—s1nk—+

(n—1)m

+ ...+ sin = ) .sin k

Taking advantage of formula 2° of Problem 51, let us
prove that

A,=0 if Itk

Al____;‘_ if l=k.
Hence
’ : _—1 ‘
xh;—_%—(alsink%—l—azcosk—zr—il—l—---+an—1smkm n)n)

(k=1,2,3, ..., n—1).
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SOLUTIONS TO SECTION 8

1. We have
1 1 1 1 1 1 1 1
2n = 2n° 2n—-1>2n’ Tt n+2>2n’ n+1>2n'

Adding these inequalities termwise, we find
1 1 1 1 1 1 n
n+1 + n-42 + +2n > 2n+ 2n + "'+—27:%:

2. It is obvious that

1 1 1
(n+k4+1)(n+k) < (n+ k)2 < (n+k—1)(n4k) °

o] =

But
1 1 1
(n+k+1) (n+k) ~ n+k ntk+1°
1 1 |
ntk—1)(n+tky ntk—1 ntk’
therefore

1 1 1 1 1
nd+k ntk+t < (n-+ k)2 < ntk—1 nfk

Summing these inequalities (from k=1 to k= p), we
get the required relation.
3. Let us have n fractions (rn>1)
1 1 1 1 1 1
a’b e d kT
Let us assume

I<La<hb<le<d< ... <k<L

Then
b=a+1, c=b+1, d=c+1, ..., I1=k+1.
Consequently
b>=a-+1, c=a+42, d=a-}+3, ..., l=a+n—1.
Therefore
Sttt E<utoomt et

1 1 1
- (@a4+n—1)2 < a—1 ‘atn—1"
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Hence
n

y@afn—1) -

1 1 1
artE Tt <Gz
But
a—1>1, atn—1=n4+1, @a—1)(a+nrn—N=n+1

and

1 1 1
—tt T Es ,Hn_1 <1
4. Indeed
)2 =01N-n)-C(nr—1)...(n1).
But
since

k(n —k+1) —n=(m—%kk —-1) =0.
Therefore

1.-n =n,
2 (n _ 1) > n,
3-(n —2) =n,
n-l = n.
Hence
()2 = n™ and y/ n! >V n.
5. Since _
a<<VA<<a-+1,
we have
VAita<att, YALL o4 yT_a>o0,
Hence
(VA+a) (VA—a) v
2a +1 <VA-—a,
A—a2 — ) — A—a2
—-—_2a+“1 <VA—a, VA>a+ ZH_“i .

Let us now prove the second inequality.
For any x there exists the following inequality
1

t(l—z)=z—2"< .
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Indeed, we have

x——x‘z——-z-: — (x——%)ng.

It is obvious that we have an equality only at = = %

Since it is possible to assume that VA —a+ % , we have

U= (VT )] (VA—a) <+,

1——(|/Z—d)<z—('v—%j_—a)—,
(2a+1)"“(l/2+a)<z*(‘_‘7—.1z:;)- .

Multiplying both members of this inequality by /' 4 —a>
> 0, we find
(2a+1) (VA—a)— (A—a®) < .
Whence finally
— A—a? 1
VA<a+ oottt 7y
6. We have

—1%;—>2Vn+1—21/ﬁ,

since

Vitil—Vn=

Consequently,

1 1
VeiritVe SV
1>2)2-2,
1 — —_—
_17§>2V3_2V2’
A Zi—213
o5 >2Vi-2V3,

—1}—;>2Vn—+—1—2]/5.

Adding these inequalities, we obtain the required result.
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7. Put
1 s 1 3 5 2s—1
A=pCou=5-75 - 5
Then
2 4 2s 2 4 6 2s 1
A<3' 3 Hy1=1'3'5 BT Zfl°
i.e.
1 1
A<7'Zs+1
Hence
1

1 2 4 2s—2
A>7'—3"'§'" 2s—1 °
1 3 5 2s—1

T2 4 67" 2

A =
> 2V's
8. Since
2tan—2-
tan 0 = 5
1 —tan2 =
we have
1
1= 0
cot2 — cot2-2—-—1
cot 0= —
2 ! 2 cot 0
cotg- 2
2
Consequently
0 cotz—e———1 5
2 0 2
2 cot —
2
2
== _fecot*T —2cot o+1) = (1—00t%) <0
o 0 { 2 co 92 }‘"_ 0 VY
2 cot —

200t—2— 5
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since
cot 5 >0(0 <0< m).
9. We have
tan (44 B) = ﬁiﬁ:ﬁ';:;nBB = tan (n—C)= —tan C >0,

since C is an obtuse angle.
And so
tan A+ tan B
1 —tan Atan B > 0.

But since' 4 and B are less than -g—, it follows that

tan A +tan B > 0, and hence
1—tan 4 tan B >0, tanAtan B <1.
10. Indeed
tan6—tan¢p  (n—1)tang

tan (0 — @) = 1+tanOtang = 14ntan2¢ °
Therefore
oim oy (n—1y2 . (n—1)2 (n—1)2
tan® (0 (P)_(cot(p—}—n tan ¢)2~ (cot ¢ —n tan ¢)2+4n">  4n
11. We have
__ 1—tan®y
CoSs 2Y—m— .

To prove that cos 2y < 0, it is sufficient to prove that
1 — tan? y << 0.
But we have

cos2 ¢ c0s2 B — (1 +sin ¢ sin )2
cos2 a, cos2 f§

1—tan?y=

We only have to prove that

cos® a cos? p — (1 + sin a sin f)* < 0.
But

cos?  cos® f — (1 + sin a sin B)® =
= (1 —sin® &) (1 — sin® B) — (1 + sin a sin B)? =
= — (sin o + sin )2 < 0.
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12. Let m be the least and M the greatest of the given
fractions.
Then
m<E<M (=1,2,3, ..., n).
i
Hence
mbl- < a; < Mbi.

Summing all these inequalities (from i =1 to i = n),
we find

mZb,<2a,<MZb,
And so indeed

mggrgM.
i

13. We assume, of course, that all the quantities a, b, . . .,
l are positive, and the principal value of the root is
taken everywhere. Besides, m, n, .. ., p are positive inte-
gers. Let us take logarithms of our roots, i.e. consider the
quantities

loga logb log |

m 1] n 9 L) p

Let p be the least and M the greatest of these fractions.
On the basis of the results of Problem 12 we have

loga-+logb+...4log!
h< m4n+4-...4+p <M.

Consequently
p<log™™t PV ah T UI< M,

wherefrom follows our proposition.
14. See Problem 12.
15. We have

b — yr — 2 = y? (P — Yy + 2 (ah P — A,
since
x? = y? 4 22
From the same equality follow 2 > y, x > 2. Therefore, if
A—2>0,
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then .
22 — y»2>0 and 22 — z2-2 >0,
and, consequently, for A > 2,
2 —yp — 22 >0, ie P> yr 4 7
We prove in the same way that
< yrh4+ 2+ if A<<2.
16. (See Problem 7, Sec. 1). It can be proved, for instance,

in the following manner. If a® 4+ b2 =1, then, obviously,
wecan find an angle ¢ such that

a =cos @, b =sin ¢.
Likewise we can find an angle ¢’ such that
m =cos ¢, n =sin @’.
Then we have

| am + bn| = | cos ¢ cos @' + sin @sin @' | =
= |cos (¢ — ¢)| < 1.
17. We have
a® >=a® — (b — ¢)?,

b2 > b* — (c — a)?, °
¢! >=c¢? — (a — b)i
Multiplying, we get
a’’c® > (a + b '—'c)2 (@+c—0b?2((b+c—a’

Hence follows the required inequality.
18. It is known that if A + B 4+ C = =, then
A

A B C B c
tan - tan -+ tan - tan -—+-tan - tan o~ =1

(see Problem 40, 4°, Sec. 2).
Put

A B c
tan 5 =7, tan—é- =Y, tanT = Z.

It only remains to prove that
22+ yrP+22>1
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if
xy + xz + yz = 1.
But we have
2@+ y*+2%) — 2 (xy + 2z + yz) =
— =Pt =y — 22>

Hence
2 (2% + y? + 2%) — 2 <0,
+y+ 22 =1
19. We have
. A (p—b) (p——c) i (p——a)(p——C)
Sin _2—:]/- be l/

. C f(p——a)(p b

Sln—Q__V ab
Consequently, it is sufficient to prove that

(p—a)(p—=b)(p—c) -1

abc =8 -
But
at+b-+tec btc—a a-t+c—b
pma=ttrt e mE pob=
at+tb—c
p=¢=—"=%—""

Therefore, we have to prove only the following
(bf-c—a)(atc—b)(atb—c) <1,

abc
provided b+c—a >0, a-tc—b >0 and a+b—c >0 (see
Problem 17). This inequality can be proved in a different
way. Put

si f—sinﬁ in —=E§;
n - g S5 =26

then we have

A—B A+ B ALB
E_ (cos——z——cos 5 )cos 5

Hence

— B
cos? AJEB — COS 4 2B coS A; + 28 =0.
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Consequently
A—B ]/ , A—B
cos ALB cos—T—i cos 5 —8¢
2 2 )
: At —
Since cos 5 and cos 57— are real, there must be
—B
cos? A—E _ge>0,
A—B 1
85 <oos® L5, 81, E<C -

20. 1° We have the relationship (see Problem 40, 2°
Sec. 2)

cos A+cosB+cosC=1+4sin%sin —g—sin—% .
Using the resuit of the preceding problem, we get the
required inequality.
2° Since there exists the following relationship
1

B C . . .
cosi;—cos-—z-cos-z—zz(51nA+s1nB—|—s1nC),

the given problem represents a particular case of Problem 48

of this section.
21. It is sufficient to prove that

(atc)(b+d)=ab-+cd+2) abed,
i.e. that L
¢+ ad>2V cbad.
But L B .
cb+ad —2 V cbad = (V cb—Y ad)2>O.

22. We have
a®+-b®>— 2ab = (a — b)* =0.

Hence
a*—ab+4b*=>ab,

a®+-b3=ab(a-+b).
Consequently
3a3 4 3b3 = 3a*b + 3ab®.
Add a3+ to both members of the last inequality.
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We have
4a® - 4b% > (a +b)2.

And so, indeed,

a3—2}—b3 >( a-zg-b )3.

23. 1° Tt is required to prove that the arithmetic mean
of two positive numbers is not less than their geometric
mean. Indeed,

Y B Lt b—2V )~ L (Vi V>0
2° To prove that '

1b — 1 (a—b)2

2 V<SS @>),

it is sufficient to prove that

(Va—V5)?* _ 1 (a—b)?
2 =8 b
Consequently, it is necessary to prove the following
(Va+ Vo) 1
8b =7
We have
(Vat+V5)?* _ 1 a 1
8 :§(H‘ 7)) >7

. a
since — > 1.

The second inequality is proved in a similar way.
24. Put a = 2%, b =y® ¢ = 2z°. The only thing to be
proved is that

2+ yP+ 22— 3xyz =0

for any non-negative z, y and z.
But we have (see Problem 20, Sec. 1)

24+ Y+ —3yz = (x+y +2) X
X (22 + y? + 22 — 2y — 12 — Y32).
And so, it only remains to prove that
224+ y? + 22—y — 2z — yz > 0.
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But we have (see Problem 10, Sec. 5)
2x% 4+ 2y% + 2z — 22y — 222 — 2yz =

=@ —y?+@@—22+@y—2*=0
25. We have

— a a a a an_ a
Vaiaz<"1——!2——"2‘, Va1a3 ’+i ) Van—iang—n‘iziﬂ-

Adding them termwise, we get the required inequality.
26. We have

1—{»2-01 }l//a_“ 1—-{—(10 ]/az’ o 1—!—an\ l/ ..
Multiplying these inequalltles term by term, we have
(1+a1)(1+;i) - (1+an)< >Vaa .. an=1.
And so, indeed,
1+a)(l+a)...1+a)=2"
27. 1° Make use of the following identity
(@+0b)@a+e)(db+ro) =
= (ab + ac + bc) (a + b + ¢) —abe
a+g+0 >f/&7{c', ab+a30+bc ;ngb—zgz_
Therefore
(a+ b+ ¢) (ab + ac + bc) = 9abc,

and consequently

(@ + b) (a+c) (b + c) = 8abe.

But

2° We have
a b c __atbitc b+a+tc
b+c+a+c+a—|—b_ b-+c — atc —1+
ctatb . 1 1 .
+— 1= (a+b+c)(b+c t e TaTT )""3
But

(b+o)+(a+e)+(c+b) =3 (B+c)(@a+o) (atd),

i.e.

atbtc>2 Y BFo(ato) (@t h).
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Further
et = 1 {(b+0) (a+0)+
b+c atc a4+b (b+c)(a+dc)(atb) '
+@®+c)(a+b)+(a+b)(a+tc)} =
3

>eraargaryy ettt
Therefore
b 3
b—ic + atc + a—{c—b }7‘3/(1)—}—0) (a+c) (a+0b) X
3 ‘ ‘

X Grawraary? CT o @@ =3

Thus
a b c 3
b+tc + atc + atb >?

28. It is sufficient to prove that

(a+k) (+1) (c+m) = (Y abe + 3 kim)’.
We have
(a+k) (b+1) (c +m) =
= abc + klm + (alc + kbc -+ abm) + (klc + alm + kbm),
(‘9/555+,3/lcl_nz)3=abc+klm+
. +3 3 FPHIm -+ 3 EPmiabs.
u

le+ kb b ST IR S I kl l kb TG P
det et o Y @Bckim, LEUNTRN S o R nRabe.

Hence follows the validity of our inequality.
29. We have

1 1 .1 S /1T 1 1 3
sty T3V o v T
But
V;gzga""'Z"*"c’
i.e.
1 3
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Therefore
1,01, 1 1 9
sttt oS3y amye

30. It is necessary to prove that the arithmetic mean
of n positive numbers is not less (=) than the geometric
mean of these numbers. We are going through several proofs
of this proposition. Let us begin with the most elegant
one which belongs to Cauchy.

Thus, we have to prove that

Tyt Tyt At nm
~ >/,/:c1.7:2 ... Xp.

At n =1 the validity of this inequality is obvious. At
n =2 and n = 3 the proposition was proved in Problems 23
and 24.
Let us first show how to prove the validity of our assertion
at n = 4. We have
zy+ o . z3+ 74

2+ 2ot 23t 2 _ 2 2 >l/x1+a:2 w3ty
4 2 = 2 2 )

But

-tz — z3-+ =z —
1"*2‘ 2 >Vx1$z, 3—!2— : >Vx3x4-

Therefore
X xz x —_ —_—
1+£21_ 3t 421/1/331952'1/553%:%551502%334-

Let us now prove that, in general, if the theorem holds
at n=m, then it is valid at n=2m too.
Indeed,

T+ ze+x3+ ...+ Tom-t+Zom __

2m

zi+zxo | Z3+ 74 Zom-1+ Tom
R A R S

m

"i/-xi—l-xz z3-+ T4 Zom-1+ ZTam

>y T3 T g T 3

(since we assume that the theorem is valid at n=m).
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Further
x1—1—x2+x3+ +x2m\

/V'Z'lxz Vx3$4 N VxZIn—ime = 21‘771'1.12.1'3.%4 e oo Lom.

And so, assuming that the theorem is valid at n = m,
we have proved that it is true at n = 2m as well. And
since we proved the validity of the theorem for n = 2,
it is valid for n = 4, 8,16, .. ., i.e. for n equal to any
power of two. However, we have to prove that the theorem
is true for any whole n. Let us take some value of n. If n
is a power of two, then for such a value of n the theorem
is valid, if not, then it is always possible to add a certain
g to n such that n + ¢ will yield some power of two.

Put

n-+q=2".
We then have
ry+zxo+r3+ ... +Tn+Tnrt .. +xn+q>

n+q nta
>/ /xlxz ¢ o o xnxn+1 o o o xn+q
for any positive z; (i=1, 2, ..., n4q).
Put
xn+1:xn+2: . —-—xn+q—xi+x2—!;l +xn
We get
SO IPAENE R o L . "
n+q >
n+q
> ]/xixz .2 (xi—i—xg—{;l...—}—xn)q.
Hence
. n+-q
xi+x2—|;...+xn>/ xixz...xn(xi-l—zg—tl...—{—xn)q
or
(x1+x2—|;...+xn)n+q>x1xz . Zn (x1+x2—{;... +xn)q ,

=X\ Ly ... %

(zbotedon)e
n
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and finally

y+zot ... Fzp
- }/x,xz...xn.

And so, the theorem is valid for any whole n. It is obvious
that if y, =3 =... ==x,, then the sign of equality
takes place in our theorem. Let us prove that the sign of
equality occurs only when all the quantities zy, z,, . . ., z,
are equal to one another. Suppose at least two of them,
say x; and z,, are not equal to each other. Let us prove that
in this case only the sign of inequality is possible, i.e. it

will be
a:i-[-xz-i;.. .+ zn > V‘m.
Indeed
Zy+2Zo | T+
ks Tk o 5 T3 Faat . tan >
n n

> V( xi—iz—xz )29:3 . Tne

But if x; is not equal to xz,, then
f%xi > inxz,
consequently

n zy+zg \2
l/(—i;g-—z—) X3 ... xn>Vx1xzx3 e Zn,

and therefore

z’+xﬁ;”'+xn >V 2z, ... 2p
if at least two of the quantities zy, z,, ..., z, are not
equal to one another.

Given below are some more proofs of this theorem. Let
us pass over to the second one. Let n be a positive number
greater than or equal to unity (n = 1). We assume here
that a and b are two real positive numbers. Then the follow-
ing inequality takes place

(@™t —b"1) (a—b) =0,
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Hence

a4 b">a™ b4 b a.
Consider n positive numbers a, b, ¢, . . ., k, l. Let us apply
this inequality to all possible pairs of numbers made up of

the given n numbers. Adding the inequalities thus obtained,
we find

(@" +0")+(a"+c")+ ... +(a"+1") +
L ) e O ) e (B 1Y) >
=@ Wh+b"ta)+ (a* e+ c"ta) - .. LS

+ (" N+ 1" ey .. (BT ).
Hence we have
(n—1) (@ +b"+ ... +1IM)>

a4 Y@ T L Y
Fe(@ 0" 4L Y.L
F L@t L EYY. (%)

Using this inequality, it is possible to prove our theorem
on the relation between the arithmetic and geometric means
of n numbers by the method of induction. We have to prove
that

g+ 29+ ... Fzpnn
- >/x1x2 .. Zn.

Put
ry=a" Zy=0b", zz=c", ..., Tny=k", zTp=1I".
Then it is sufficient to prove that
i i RN i it 7 SR 7}

n

Let us assume that this inequality is valid at the exponent
equal to n — 1, i.e.’

P BT I > (n—1) bk L
A bt > (n—1)aec ...,

........................
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Using the inequality (), we find
(=) @ D"+ .. R 1) >
>a(n--1)bk...l4+b(n—1)ac...l+ ...+
+l(n—1)ab... k
Hence
n—1)(@+b"+ ...+ +1"Y>=(n—1)-n-abc ... kl,
i.e.

a"—l—b"—i;--"”ln;abc ...kl

Thus, our theorem is proved for the second time. Let us
pass over to the third proof of this theorem. It will be carried
out using the method of mathematical induction once again.
Let there be n positive numbers a, b, . . ., k, l. It is required
to prove that

at+b+ ... +k+1>n}ab .. Kkl

Assuming that the theorem holds true for n — 1 numbers,
we have

a+bt ... +k+i>n—1)"""ab .. kE+1.

And so, the theorem will be proved if we prove the
inequality

(n—-N0"""ab .. . k+1>=n}ab.. k-l
Thus, we have to prove the inequality

(n—1) ]/ﬁ+1>n f/_“”_l:—ﬁ

ab ... kl

In

Put

— EI’LU’I -1

Therefore, it is required to prove that
(n—1)E " +1>=nk""
And so, to prove our theorem means to prove the inequa-
lity
ng" 1 (E—1)=>t"—1,
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where & is any real positive number and n is a positive
integer. Let us prove this inequality. At § = 1 we obviously
have the equality. Suppose now § > 1. It is required to
prove that

gg:: < ngn—l.
We have
e i IRERPPES - n SRk
But
1 <TETRTE ... e
Therefore

P4 L BT <N
and, consequently, indeed
§”-‘1

< ngn -1
If £ <1, we have to prove that
En"1 > nghl,

This result is obtained as in the previous case, and, thus,
the theorem is proved.

All the considered proofs were carried out using the
method of mathematical induction. Therefore, it is desi-
rable to get such a proof which would establish immediately
that

a1+az+n--- +an > 0, . an

if ay, ay, . . ., a, are any positive quantities not equal to
one another simultaneously. Put a; = z?. Then we have
to prove that

o +af+ ...+
n

— XXy ....’l'n>0,

i.e. the problem is reduced to finding out that a certain
function (form) of n variables z,, z,, . . ., z,, is positive.
As is known, n letters =z, 25, ..., z, can be permutated
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by n! methods. If f (zy, 5, ..., 2,;) is a function of n

variables z;, Z,, . . ., Z,, then the symbol D f(x,, z,, . . ., z,)
will denote the sum of n! quantities obtained from
f (x4, 2, . . ., ), using, all possible permutations. For
example,

inxz o Zpn=nlx2y ... ZTp,

22 =n—0! (@} +25+ ... +27).
Introduce the notation

ottt ...+

- — Ty . e Tn =0 (Zyy Tgy ++., Tn).

It is easily seen, that whatever permutation is used, the
function ¢ (2, 23, ..., ) remains unchanged. Therefore

we have

nl @ (x5, Zyy ...y Tn)=
=—.%Z(x?—|—x’;+...+xﬁ)—2xlxz...x,,

But

DT+ ap 4t anp=nl @+ 2+ .. 2.

On the other hand,

x7+xg+...+xg=-(n—_11—)!2x7,

therefore -

n! o (xy, x,, ...,xn)=2x§‘—2x1x2...xn. (*)

Let us consider the following functions
Q=2 (27— 237) (21— 22),
Q= X, (2} — 23 7%) (21— ) %3,

Ps= ) (a7 —277°) (1 — Ta) T34,

...................

Pn-1= Z- (1 — Z3) (24 — Zg) 3Ty« + Tpe
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We have
Q=2 2 xry—2 Z z} 2y,
Py =2 2 207N, — 2 D) 202y,

P3=2 D, X} 22923 — 2 2 A 2% 2%

!
Pn-t =2 2, LiLy3 ... Zp-—2 M Ty . . . Tn.
Adding these expressions termwise, we find

(Pi+(92+(p3+ s +q3n—1=2 2:1:?—2 inxz .+ Tn.
Comparing this with the equality (x), we get

nl ez, Tz ..., xn)=‘%((P1+CP2+(P3+ e oo+ Pnoy).

And so
zt +xf+ ... 4z}
n

1
— XXy ... .’L‘n=2—n!((pi—|—(p2+ . .+(Pn_1).

But it is evident that ¢y, @5, . . ., ¢, vanish if and only
ifzy, =2y =... =2x,.

If not all of the variables are simultaneously equal to
one another, then all ¢; > 0. Indeed, we have

= D (2 — T)2 (24 ... 22D =0,
Qo= (3 — )2 (27 + . . . + 277°) 2, >0,

Pn-t = 2 (23— x2)? 23y, . .. 20 =0.
Therefore

a4, F 2
‘+H; +”~—x1x2...xn>0,

the equality being possible only if 2, =2, =... =2z,.
And so, the theorem is proved. This proof belongs to A. Gur-
witz.

31. We have (using the preceding problem)

Ut e, ata ay+an
/aiaz an\ — L n— —2——,

n 2n

To prove the second inequality consider the product

(alaz c e an)2 = (aian) (aZan—i) e (anal)'
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But we can prove that
ARGn _p+y = Q4a, (see Problem 19, Sec. 7)

Therefore

(@45 . « « a,)? = (a4a,)™
and

Y aa, ... an>=V aian.
32. Consider a quantities equal to %—, b quantities equal
to -:7, and ¢ quantities equal to % The arithmetic mean
of these quantities will be

1 1 1
agtbgres g
a-+b+tec "~ a+bdc
The geometric mean is equal to
a+b+c 1 1 ,1
TBb ec
Consequently
3 atbte /T
at+b+c = ae b e !
i.e.
a b c 1
aa+b+c patbtc ca+btc >§ (d—l— b+C)
33. Put
a:i s b—_—_B— ’ C=-?— y
m m m

where a, B, v and m are positive integers.
Consider the product
( =) =

=) (1)
-V T S (2

Since @, p and y are whole positive integers, the radicand
may be considered as a product of a factors equal to

14+ b—c each, p factors equal to 1+ <2

each, and vy
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a—b

factors equal to 14 each. Then we have

1_}_b;c )Oc(1_l[_c;)-a,)ﬁ(1+a?b)v<
b—c

a

a+p4-y / (

C-—_

)8 (1457 )+ (145
afB+v =1

Raising both members of this inequality to the power
a}+b-+c, we get the required result.

oc(1—]—

-

~=

34. We have
s s S
s—a +s—-b+"'+3-—l >
n
n sn S
= 1/ = ’
= }/(s——a) (s—0b) ... (s—1) ’V(s_a) (s—b) ... (s—1)

But

Vis—a)(s—b) ... s—N<
<(s——a)+(s-—-b)+...+(s—l)=n—-1.s.

n n

Therefore
1 n
Y (s—a)(s—=b)...(s—1) = (n—1)s °
The further proof is obvious.

35. First of all this inequality can be obtained from Lag-
range’s identity (see Problem 5, Sec. 1). But we shall pro-

ceed in a somewhat different way. Let us set up the following
expression

(Aa; + uby)? + (Aag + pby)? + ... + (A, + pb,)? =
= AN + 2BAp -+ Cp?,

where
A=adl+al+...+ak, C=b21+b2+ ...40b7,
B=ab;t+ab,+ ...+ anbn.

Since the left member of this inequality represents the sum
of squares, we have

AN + 2BMp + Cp? = 0.
for all values of A and p.
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Consequently, the trinomial
Az? + 2Bx + C

is greater than or equal to zero for all real values of z. The-
refore, the roots of this trinomial are either real and equal
or imaginary, and its discriminant is less than or equal
to zero, i.e.

B — AC < 0.
Thus
(a1b1+ a2b2+ .o + anbn)2—
—(@i+ai+ ... Fan) (0 + - .. +b2)<0,
wherefrom also follows that the equality sign is possible
only if

ay ay __an
by by T N
36. Put by =b, =... =b, =1 in the inequality of

the preceding problem. We then have
(as+ a4 ...+ ap)?’<<n(ai+al+ ... 4aj).
Hence
gyt apt .o FanV n(@+ai+ ... +ad) .

37. The result is obtained from the formula of Problem 35
if we put

2 2 2 __
a; ==y, a, = Xy, ceey  QAp = Znp,
b2 1 2 1 b2 1

1 — ) ’ 2 T ’ ’ n— zy

But we may also use the theorem on the arithmetic mean.
Then we have ’

n
Zy+ 2o+ . ..+xn>n/x1x2 ee o Xp ,

1 1 1 3 1
et Y o

Multiplying these inequalities, we get the required result,
38. Let us first prove that

p2_ nz_,ii Q>O‘
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We have
q =Xy + T43T3 + . . .+ Tp42y,
0<< (@ — @) + A2y —x23)2 + ...+ (Tpoy — )2
Consequently
(h—1) (@ + 22+ ... +a2) — 20,
But

i +z+ .. Fan=p°—2g,
wherefrom we get

2n
PP— 51 1=0.
Consider now n — 1 quantities (instead of n): z,, z,, . . .,
Zi_gy Lit1y + - -5 L, eliminating z; from the quantities
under consideration, and put

pP— I = p’s
q— (rsxy +x20 + . .. iy X F ..+
=+ xixn) = q’°
Using the deduced inequality, we may assert that
, 2(n—1) ,
p 2———(:_2) g >0.

But

¢ =q—x;(xy +224 ... Fximg + 2540+, F1,) =
=q—z; (p — z).
Therefore
2(n—1
(p—zi)*— fl"_z)(q—pxi+x%)>0-
Consequently

nxi—2pz;+2(n—1)g—(n —2) p? 0.

Consider the trinomial of the second degree
nz* —2pr +2(n —1)qg — (n — 2) p?

and denote its roots by o and f
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Solving the quadratic equation, we find

o= — n:1 l/pz_ nz—ni 7
p=L+ 2L 2y, (B>
We then have an identity
nzt —2pz; +2(n—1)g—(n—2)p* =
=n(z; —a) (r; — P) <O,
wherefrom follows that z; lies between a and B, i.e.
a <<z <<f.

39. Let a and b be two real positive numbers. If p > 0,
then a? — b? > 0 for a > b; and if p <€ 0, then a? — P <
<< 0 for a > b. Therefore we may assert the following:
(@a®> — bP) (a? — b%) =0 if p and q are of the same sign;
(@® — bP) (@a? — b)) << 0 if p and ¢ are of different signs
and for any real a and b. Let us first consider the case when
p and g are of the same sign. We have

aP*? + pP+e >apbq + aqbp’
aP*4 + cP+d ;apcq _I_aqcp,

aP*e 4 [P*9 > qPld | qd?,
bP+9 - ¢P+9 > pPed | pacP,

--------------

Adding these inequalities termwise, we get
(n—1) (@P™ 9+ bPY U . 4 [PH) > N gPhl,

where a and b (in the last sum) attain all the values from

the series a, b, ¢, ..., .. Adding >_]a”+7 to both members
of this inequality, we get
n(@P* a6 P = (@ 0P .+

4 1Py (@? + b1 ... 4 19).

The second inequality is obtained just in the same way.
From these inequalities we can easily get the results of Prob-

lems 36 and 37.
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40. 1° Let xz-’;i, m > n. We have

V (1+al) (1+a2) o (1hal) 111 <

< (1—}—0&-’—:—)—%—(1-{—&%)—{—...—{—(1+—a%)+m—n
m

(the factor 1—}—&% of the radicand is taken rn times.

the factor 1 is taken m —n times). Hence

n

(1+a2)" <tta

or
m

(1+o)™ >1+a-—.
2° Put Az% and first assume that m >n, ie. A > 1.

We have

m
The factor 1—0&—:':— of the radicand is taken n times, and

the factor 1 is taken m —n times. Hence
n

m 1 m 1

(1—a-n-) UA—o< gy l—af<——f,
A+a) "

m 1
(1'"'“05)” < m .

1—(X.°T
Let us assume now that m < n. We have

Vidta) =y T+ (I+ta)...0+ta)1-1...1<
< 14+a)ym-tn—m :1+arrln < 1

n

om
1 —_—

- n



422 Solutions

And so, in this case also

1

1__am

n

I+ <

Remember that we assumed %< 1.

41. 1° Put in inequality 1° of the preceding problem

1 n-4+1
oc=7-+—1-,7»= — We get
n4-1
1 n 1
(1 + n--1 ) >1+T
Hence

(1) > (1)

1.e. Upyq > Unp.
Here is one more proof. Without using the theorem on
the arithmetic mean, let us prove that

(1+557)" > (1+3)

n

if a>0 and n is a positive integer.
Consider the identity

_ A+nz 14+(n—N=zx 1+3z 1+2z 142
1_-l—rl'x—_i—}—(n——i):c.1—1—-(n—2)x U122 1+«z 1

(x> 0).
But
1+Gk+1)z z r 1+t
1+kz _-1+1+ka:>1_+ 14+nz 1+nzx
k=0, 1, 2, ...,n—1).
herefore

1 +nz> [ 1”"1(12“3‘ ]", (14 nz)™1 > (1 - (n 4 1) 2]

Putting here x:n—(nfm, we get
a n+1 a\n
(1+n+1) >(1+7)
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In particular, at a=1, we find

< > (1+2)

)n+1

2° We have

o (2= ) <) - s
n k

Hence

for any whole positive k.
If k=06, we find

1\ 6 \6
(1+3)"<(s) <3
42. We have
n+m ——n(n—i—i) (n+1)n .
T — =

(see Problem 41).
But the fraction

2Lt >3,

Therefore
n4-1
YVt g i p>3.
yn
43. Tt is required to prove that
n—i <1 (n=2, 3, 4, ).
We have

"‘"Wii_)"—‘— n(n11/1+ )n11 _
=n(n [‘)/(1+%).n—1!—1<n(n 1)/nj_1

1.

N
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44. Let us prove that
log yi > aiy log x4+ aiplog 2, + . . . +ainlog a,

(i=1, 2,...,n).
To this end it suffices to prove that
log(ax +by+cz+ ... +lu)>alogz+-blogy+ ...+
- llog u. (*)
if at+b+4+...4+1=1 and a. b, ...,l are rational positive
numbers.
Put
a=2, b=t =2
Then

a+p4 ... +A=N.
To prove the inequality (), it is sufficient to prove that
ax+ by+4cz+ ...+ lu>z%y’ ... ub
But we have
.. ‘N/ z2yP .. uh =
Too.ZY .. YU U

gax-{—Byq;r...—{—ku =ar+by+ ...+ lu.

ll
\Z

Thus, it is proved that

logyi>a;logz+ailogzy+ ... +a;nlog x,
(i=1, 2, ...,n).
Hence

Z‘i log y; =(log x4) ‘21 a1+ (log z) _Zi Qig-+ -+ .+
1= 1= 1=

+ (log z4) '21 a;n-

or

Zlogy, logzy+logzy+ ... +logz,==log x,z, ... x,.
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Finally
YiYs - - - Yn=T1Zy . . . Th.
45. Put Z—izx,- (i=1,2,...,n). Then we have to prove
the inequality
Y AFfa)(I+a) ... (I tz) =1+ 102 ... 2, .

The theorem is valid at n=1, 2, 3 (see Problems 21 and
28). Suppose it is true at n=m and let us prove that

it also holds at n=2m.
We have

2’V(1+x1) (142x) ... (1 +2Zomo)) (1 4+ 29m) =
=V VU ta) (A ta) Ve te) ...
oV VT Zomer) (T 2m) >
>V (1+V @) (1 4+ Vaszs) - (1+ V Gom1am) =
>14V Vo, Vasts - V Somosom =

2m/~
:1+ ‘/xlxz...xzm.

Thus, the theorem is valid for all indices equal to any
power of two. Let us now prove that it is true for any
whole n. Let n4-g=2™. Then

" e) (A +2) - (At z) (T g) T w2 - 1+ yg=
>14+" 2@ . .. 2y - Ug -

Put
1+y1:i+y2= :1+yq———

= (IFz) I+ ... (1Fzn) =Y.
We have

" AFz) (IFa) - (T2, Y7 >
>1+"Y nz, ... 2, (Y —1)0

But
(I+z)(14z) ... (1+2,)=Y"
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Therefore
MY Y Y Y 2z, (Y — 1),
i.e.
Y > 14" 2z, ... 2 (Y — 1)0
or
(Y —-1D)""">=zzy ... 20 (Y — DL
Hence
Y—1)"=x2y ...2%n,
Y—i}{/wwz R N
Finally

Y=7 (Fz)(1Fz) ... AFazn) =1+ 2125 . .. Za,

and the theorem is proved.

The equality sign is possible only if 2, =2, =... =
= xn 3 1,

46. This theorem, as the previous one, is proved using
Cauchy’s method. The proposition is valid at n =1; let
us first prove that it holds true at n = 2, i.e. prove that

B,k
() <ty 2
for any whole positive k. At k& = 1 the last inequality really
takes place. Assuming the validity of this inequality at
k =1, let us prove its validity at £k =1 + 1. And so, we
have (by supposition)

(ot o)zt

21 =2
Multiplying both members of this inequality by x’txz,
we find
(2t o)t (@i tal) (@te) ol ot daestarn
20+1 = 4 — 4 |
But

! ! 141 |l
Tyt oy <t -t
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since
zit 4zl — alay — zley = (2 — xp) (2t — 1) >0.

Therefore

( T+ Ty )H'1 < ot 4 gl
2.

= 2
and the inequality () is proved for any whole k. And so,
our basic proposition is valid at n = 2. Let us now prove

that if it is true at » = m, then it is also true at n = 2m.
Indeed

( r1+xo+ 23t z4t -+ Tomo1+2am )"__:

2m

T+ x9 | T3+ T4 Zom—-1-+ Zam \R
( T p B 5 ) _
=

m

(551—;352 )k_#(xg—léxz‘ )h+.”+( xzm-izszm R

<

N

m
R R
x¥+x§+x§+ " i+ +x2m—1+x2m
5 5 5
< =

m

R, k., .k .k R k
Sk R S A SRR N T T ot
— 2m )

Thus, we have established that the theorem is valid
at n equal to some power of two. It remains to prove its
validity for any whole n. Put n 4+ p = 2™.

Then

($1+$2+- -ern+y1+y2+---+yp)k<
~I
e k_, Rk R R, R R
Tyt xgt .oty Ry Uy
< n+p '
Put
Vimgpm o= yp= Bt
We have

Tyt Ta+ o F Tty Yt Yp=
_ (o1t ... +zn)(n+p)

b

n
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Hence
k k it zot ... +an \B
(x1+.--+xn)k< x1+"'+x”+< n ) p
n n—+p
Finally

<

b

n n

and the proposition is completely proved. It is easy to
establish that the equality sign is possible only if

Ty =%y = ... =2I,.

47. This proposition is the generalization of the previous
theorems (see Problems 30, 45, 46). The proof is carried
out in the same way as in the mentioned theorems. Namely,
assuming the validity of the theorem at n = m, let us
prove its validity at n = 2m. We have

t1+t2 tom—1+1tam
| +...+
ty——to+ ... riam \ 2
¢ ( 2m — ) = ¢ ( m )<
t1+t2 ) t2m—1+t2m~
<<¢( G ) o (Pmetgrn)
< - <
(P(t1)+(P(t2) 4ot tzm_1)2+q>(tzm)
< — =
_ o)+ 9+ G (tam1) + @ (tam)

2m

(since, by hypothesis, not all of the quantities ¢4, ¢,, . . ., ton,
are equal to one another, they can be grouped so that, for
instance, #; = t,). Thus, the theorem is valid at n = 2™.
Let us put now n + p = 2™. Then

ittt ... +Hip+ Tt To . Ty
@( ntp )<
)+ .. o)+ (T)+ ...+ (Ty)
< n+p
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(here ¢, t,, ..., (., are not all equal to one another). Put
_ . _ - ty4-to-r... + tp
Ti———Tz——-..——Tp—— n b

ty- tot-... 1
T4 Tt .. 1, =—1 2 Tin p.
Consequently

titte+t .. tnt Tt oL+ Tp _ tyte ...+t
(P( n-{-p )—(P( )
On the other hand,

@)+ Fel) e (t)+ ...+ @ (Tp)
n-+p

(P(t1)+"“f(P(tyl)+[)(p(t1+"'+tn)

From the last inequality we get
ti4 ...ty ty)4- ... tn
(P(H )<(P(1H + 9 (tn)

n n

The above-deduced theorems (see Problems 30, 45, 46) are
obtained, as we already mentioned, from this more general
proposition. Let us demonstrate this.

1° Let
then
ti+ty \ t1+to
‘P( 5 )“_log(1"j‘ ) )
Further
Q)+ a) _ _ log(d+t)+log(t+ip)
2 2
= —log} (1-++t;) (141,).
But
VT AT < —tatith g hfb oy,
Therefore

log V I+ (T+4) < log (1 + 51

2
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(the base of the logarithms being greater than unity) and
—log V{T+#) (T+1£) >—log (1 +-252).

Thus, the function

@ (t) = —log (1+12)
really possesses the following property

-t @ (t1) + @ (29)
( 122)< 12 2

¢

and therefore it must be
tiHtot+ ...ty Q)@ (t)+ ... +¢(tn)
| ) < _

’

b

n
i.e.
—10g(1+ t1+t2+n:°-+tn )<
< Jog(tenlog(ttt)t. . +logU+tn)

logy/ UFt) A+t ...(1+tn) <
<log(1—|— t ...ty )

n

Further
VAT A+ . (At <
gy hitettn

n

At d 4. (U4t

n

Putting 1-4-¢; =Axi, we finally get
V Ty . Zn < cf s e e s S

n

Obviously, if we assume the possibility ;== ... =x,,
then it will be

n z+204+ ...+
‘/xlxz...xn< L

n

2° If we put
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then

Bt \ [ Uttt \R
o () =(—+)"
Assuming that the inequality
ti+t, \k t’i‘—}—t?
() <
holds true, we get the result of Problem 46.

3° Put

¢ (1) =1log (1 +¢')
(the logarithm is taken to the base e > 1).

Th
°n bt t1+4-t2
P (J-?i) =log(14e 2 ),
(P(ti)‘|2'(P (2) _1og )/ T+ ef) (1 + e%).
Since

) t1-}-t2
VArem(dres>14e 2,
fulfilled for the function ¢ (f) is the inequality

t t t t
(P( 14;2)<(P(1)—|2-(P(2) (t15 1)

Therefore
ti—!—tg—l—...—{»tn (P(t1)+...+(|)(tn)
o - ) <

n ,

1.e.
tyttat.. At

log(1 +e n
t1+t2+...+tn

f+e = <9Q1+wq“.u+éw.
et =1\, t=1log.A.

)< log (14etty4 ... +log (1+e'm)

n 9

Put

Then
V l+et) ... (Ifen) =
VAT (TR - (T ) >

log M+...4log A,
>14-e n




432 Solutions

Finally
VAEAM A+ o (A FA) > 14+ Mhy . An
48. Let t, ¢, ...,t, be contained in the interval bet-
ween 0 and s
o< < 7).
Let us prove that
__sin t1+t2+n...+tn\ . sin ty - sin tzrj—. .. tsint,

For this purpose it suffices to prove that (see Problem 47)

sin ¢ty -}+sin ¢y

. t t
_Sln_r;_2 <_

2
Indeed
. L+t Sinti—{»-Sintg o i+ ts
sin 5 5 =sin——
. bt th—ty
sin ——— cos 5 =
.ttt . t—t
= sin 1";2 -251n2-—1—z—2—>0
(in our case @ (f) = —sin{).
Thus
sinty-}-sintg-+ ... +sint, . ottt -ty
~ < sin ~

(if 0 <<t; <<m).
Therefore if ay4-a,-+ ...+ a,=mn, then

. . . .U
sin a; -+ Sin as 4 ...—}-sman<nsm-—’;—

if ay, a,, . . ., a, are not equal to one another.
On the other hand, if
) o .
1=0Qg = ... ——an———n—,

then the sum
sina, + ... - sin q,
becomes equal to

. ]
nsimn-—.
n
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Thus, indeed, the greatest value of the sum

sina, + sinay + ...+ sina,
will be

. 1
nsin — |
n
provided
a +ay + ...+ a, =n (a; >0);
and this greatest value is attained at

T
= Q9= ...=an:7

49. Let us prove that the difference

P —1 3 —1

P q

(if x =1 and p > q) exceeds zero. To this end it is suffici-
ent to prove that

A= g(@®—1)—p(a—1) > 0.

First let us assume that x>1. We have \

A=q@P—1)—p@E'—1)=(@—1){g@E" + 224 ... +

+x+1)—p @it 274 o+ D= (=) {g(zP 1+
+ 2P 42— (p—q) (T 2T L 2+ 1))

If x> 1, then

2P paP2 4 427> (p—1q) 2%

Therefore

A=q@’—1)—p@@*—1)>(z—1){g(p—9q) z"—
—(P—q) qx7'} =gz (p—q) (z—1)* > 0.

Thus, if x> 1, the theorem is proved. Now let us assume
that x < 1. In this case we have

2Pl gP24 L+ 29 (p—q) 27,
114212 x4+ > g,
qxP 4+ ..+ —(p— T+ . Fx )<
<(p—q)qx'—q(p—q) 2"t =q(p—q) 2" (z—1).
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Consequently
A>q(p—gq) 2 (z—1)*>0.

However, this proposition can be proved proceeding from
the theorem on the arithmetic mean. We have the following
inequality (see Problem 40)
(A 4+a)* >1+ah
(A > 1, rational, a > 0, real).
Likewise we can deduce the following inequality

1—a)* >1—ak

if 0<<a<1; A>1, rational. Using these inequalities,
we shall prove that
P —A1 z9—1

>

P q

if p>q (x+#1).

Put 2%=%, -5—27». Then we have to prove

P — 1> 2 (E—1)
g —1 —A(E—1)>0.
First suppose £ > 1, &£ > 1. Put £ =1 + a. We then have
B —1 —AE—1) =1+ o) —1 — Aa > 0.
[f x<<1, then £ << 1. In this case we put

E=1—a 0<a<<1).
We find easily

Bl —AE -1 =01 —a) —1 — A (—a) >0.
50. Let us first assume that m > 1. Put m = —qp—(p >q,

or

positive integer). We then have (see Problem 49)

it SRt S
A (E==1).

{
Putting §7 =2z, E=x9, we get

" —1 >m(x—1).
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Replacing in this inequality x by —i—, we find

xim——i >m (%——1).
Multiplying both members of this inequality by — 2™, we get
2" —1 < mam—t(r—1).
Thus, if m > 1, then
ma"H(x—1) > 2" —1 >m(x—1). (1)
Let us assume now that 0 <m <1. Putting &=z,
—%:m, we find
- 1
xm -—1>TL(x—1).
Replacing here z by 2™, we find
=1l <<mx—1).
Replacing in the last inequality x by i—, and performing
all necessary transformations, we find
ma" tx—1)<<z"—1<mx—1) O<m<1). (2)

Let us now consider negative values of m. Put m = —n,
where n > 0, rational. Let us first prove that if m is nega-
tive, then

" —1>mx—1).

Since n >0, it follows ‘that n+1>1 and we may make
use of inequalities (1). Namely, we have

"l —1 < (n+41) 2" (x—1).
Hence

nx" (x—1) > 2" —1.
Replacing here n by—m, we find
—mx " (x—1) > " —1.

Multiplying both members of this inequality by — 2™,
we get

" —1>m(x—1).
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And if we replace here x by %—, then we find

2™ —1 < ma™ ! (x—1).
Thus, indeed

mam—t(z—1) << 2" —1<m(xz—1),

if 0<m<A1,
m(z—1) <<z"—1<ma™!(x—1)

if m is any rational number not lying in the interval between
0 and 1, and x is any real positive number not equal to
unity.

51. The inequalities of this problem follow immediately
from the results of the preceding problem.

52. Put
Py, L.
Y] Yi, D m

Then the inequality is rewritten as follows
( yit+yet-..+uyn )m< yi* -y + -y
n

~= 9

where m =1, rational. Using the results of Problem 47,
it is sufficient to prove that

tiA-tg \™m "+ t7
()" <"
for any rational m > 1 and for any real positive ¢; and ¢,.
In other words, it is sufficient to prove that

2t1 m 2t2 m
(, t1+to ) —I_( t1+to ) =>2. (1)
Let us make use of the results of Problem 51
(1+2)">14mx

if m > 1 is rational and 1 + > 0. We have two inequa-
lities

( tizﬁt-ita ) =1+m ( l12+t1t2 _1)’
=

( tiz-{t-2t2 ) 1+m (7—1—2——:3_2_1)'
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Adding them, we get inequality (1) which is the required
result. The solution to our problem can be obtained imme-
diately froin the inequalities of Problem 51. Let us show
that, using this method, we can deduce even a more general
inequality. So let us prove that

( y1+ys+ ... +un )7~< ydyh 4. yh
n

n

if A is a rational number not lying in the interval between
zero and unity and

(Jocttat e tun oy L
n =

n

if 0 << A << 1. To prove the first inequality it is sufficient
to prove that

( y1+yzjry-i--+yn )7‘_*_( y1+y2jll—y-2--+yn )K—l_ i

+ (y1+??fl+yn)h>n' (2)

But we have (see Problem 51)

ny; A nyi _
(y1+y2+---+yn) >'flqi_h(yri—.l/z—l----*i-yn 1)'
Putting here i =1, 2, ..., n and adding the inequalities

thus obtained, we actually get inequality (2). We proceed
quite analogously for the case 0 << A << 1.

93. Put
T+ 2+ ... +x,=p, 424+ ... Fxp=p".
We have
(T — )+ (2 — 2+ ...+ (T —2a) =

g e S I i B
=nx*—2px+p _n[x—-—nx—}-n]ﬂ

2 : 2
:n[(x_i) P___p_z:l.

n n n
Our expression can attain the least value only simulta-

. P\2 (.. . p_’__]_)i .
neously with (x—~—,;—) (slnce the quantity - 5 1S

2
independent of x) But (x--—f:—) cannot be negative,
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therefore its least value will be equal to zero. Hence
p =xl+°°°+xn

T=-—
n n

Thus, the sum
(F—x)? 4 (x—22)° + ... + (z—2,)?

attains the least value at

= x1+.’1’32-{;...+xn .
54. Put
i+ .. 2 =S,
Then

(T3 — 2 + (g —x3)* + ...+ (Tp—23)P + ...
+ (Tnog — Za)? = (n— 1) S, — 2q,
where

q=XZo+ T1X3+ ... +T1Zn F+Tox3+ ... + Tn_1Zn.
Further

(422 .. 20)* =82+ 2g.

And so )
(n—1) S =2g+ ; (x: — z;)?,
17>
C2:S2+2q’

wherefrom we find
nSy=C*+ Y (21—,
i>i
The last equality shows that S, takes the least value when

the least value is attained by D] (z; — z;)% The least value
i>i
of this sum is equal to zero and is attained at

Ly =Ly = ... =Ty
But since

Ty +zo 4+ ...+ 2, =C,
it follows that

R B N
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takes on the least value at
C
Ly ==Tg= ... =xn=7'.

55. First let us assume that A does not lie in the interval
between O and 1. Then the following inequality takes place

R R 2( zit ot ... tan )k,
n n

the equality sign (as it is easy to find out) occurring only if

xi ::xz == . . . :xn.
If it is given that

I +x2—|—.. . -ern :C,
then at all values of z, z,, . . ., x,,, we have
C \A
a4 ...tk >=n (T) ,
wherefrom it is seen that the least value of the expression
e A S S 2
is n (%)X which is reached at z;,=u2y=— ... =xn:—%. But
if 0<<A<1, then the following inequality takes place
x?x.—l[-x?\.—l—.-}-xa; x_+_+xn A
1 2 <( 1 ) .

n n

Then at
=Ty — ... =Tn

we obtain the least value of the quantity
A S R A

56. We have the inequality (see problem 30)

Y S au— 2yt aro+ ...+ C
/x1x2...xn< " = —

n

Hence
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Thus, the product =xz, ...z, does not exceed (-%)n

and reaches it only at zy=2x,= ...:xn:—% (see Prob-

lem 30). And so the greatest value is attained by the
product zyx, ...z, when

C
Ty=xg= ... =$n==7 .
57. We have
x‘+x2+n'”+x" > 12, .. . Zn.
Consequently

T+ x4+ ...—}—xn>n{y—é.

The equality sign being possible if xy =z, =... =x,.
Hence, it is clear that the sum z; 4+ z, + ... + x, attains
the least value if

-731:-172: :xn:VE,
98. First let us assume that pu; (i =1,2,...,n) are

whole numbers. We have

ﬂ)”‘(&)”z (ﬂ)“"_
o ™ SRl brw -

Ri+pot+p3t-. . . +un /‘(
//

puit. . . +mn

_ S x N z2 T2 I In
TR R1o Mo pe Bn Pn
Z4 2 In
e B +M2”2+---+Mn Un __ ¢ .
= witpet -+ pn Pt o+ pn
Consequently
C Ri+H2+. . .+Rn
xiuxgz...xgng(er“.Jr”n) TP REE BT

and the equality sign is obtained only if
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Let now p; be fractions. Reducing them to a common
denominator, we put

A
Wi = T ’
where A; and p are positive integers.
Since
n
Zhghe .| ghn = /x{»ix?f R

the greatest value is reached by the product zixiz ... xhr
simultaneously with the product aMzk2...xhr, where A;
are integers. As follows from the above-proved. it hap-
pens if and only if

I S — In
Mo ke T A
Dividing the denominators by u, we get
i SR S = In
meoope 7T e

Thus, if x; >0 and z(+4z,-+ ... +2,=C, then the pro-
duct abtxke ... xhn(u; >0, rational) attains the greatest
value if and only if

Ty T2 Iy
o ™ ... .t
99. We have
n 01$1+02I2+...+d X C
,/aixl-azxz ce QX K nn ,

n n
wherefrom it follows that the product
ATy AsTs . . . Ay,

reaches the greatest value only if

ATy = Aoy = . . . = A, T,.
But since

QGXy Aoy . . . A, = (q409 . . . @) (X425 . . . T,),
the product xx, ... z, indeed reaches the greatest value

if and only if

AQXy = Qa¥g = . . . = ApX, =
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60. Put
adi=y; (i=1, 2, , n)
Then 1
™.
_ (¥
zi=(4r)
and
Yi+ya+ ... Fyn=C.
Further
Bt b2 Hn
A A2 A
— (I Y2 Yn )
x{*ixl;%..x,l{n——(ai) (az) ...(an)

The problem is reduced to finding out when the product
Bt p2 Hn
yieydz .. yta

takes on the greatest value if y;+y.+4 ... 4+ yn=C. Refer-

ring to the results of Problem 58, we see that it will take
place if

Y Y2 = Yn
ot W o Hn
M Ao An
Thus, if
axMayte + . ..+ axhn =C,
then the product
gz | rhn

reaches the greatest value provided

}\,1&1131'1 }\,2612.‘132'2 }\,nanxﬁn
we  p2 T pp
61. Put
aixi"i =Yy, QAxb2=1VY,, ..., AnIhn =y,
Hence
1 1 1
i 1)) mn
Y1 Y2 Yn\' m
x1=(—a—) ' xzz(b_) ’ RIS $n=(_') ’
1 2 an
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and the problem is reduced to the following: under what
condition does the sum

yityet ooty

attain the least value if

MoA2 An
yhtoybz .. yhn =C,,

where C; is a new constant?

Since ﬂ, e Anare rational, we put
R Rn
7\.1 oy 7»2 . 0 7)) }"n __ %n
™ N N T N

Then the problem will read as follows: find out when
Y1+ys+ ...+ y, attains the least value if

y“yge ... y%n=C, (o; positive integers).
Finally, we put
Y=y, Ya=0lUyy ..., Yn=%Anln

and obtain the following problem: under what conditions
does

AUy + Qplly + . .. F Qplly
attain the least value if
utuge . .. u%n=_Cs,.
But

Qg+ dglg+- ... +’1nun>
o4+ Ag+ ... +ap =

>a1+a2+. . '+a{/uf‘iu§2 . udn = at-az+ . ~+Oﬂ'r/63.

Hence aquq -+ opuy -+ . .. 4+ a,u, attains the least value when
Uy =Ug= ...=Un.

Thus, if
aMxde . xhn=C,

then

ay M -1 azhz 4 . .. 4 aphn
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attains the least value provided

X1 T2 zhn
1 = 2 e - —-L-— .
}\'1 A'z kn
agphq Galkg Ann

62. Applying the Lagrange formula (see Problem 35,
Sec. 1), we have

R+ +2+...+)@+2+c2+...+k) =
= (ax + by + ... + kt)® + (b — ya)® +
+ (xc — za)2 4+ ... .

a®+b*+c*+ ...+ k?

Since

is constant and
ar +by + ...+ kt =A

(by hypothesis) and, consequently, also constant, it follows
that the sum
i T B A I o

attains the least value simultaneously with the sum
(xb — ya)? + (xc — za)® + . .. .

But the least value of the latter sum is zero which is reached
when
b —ya =0, x2c —z2a =0, ...,
i.e. when
z t

p T

Let us put this general ratio equal to A so that

x =ak, y =>bh, 2z =ch,...,t =k
Substituting these values for z, y, z, . . ., ¢ into the equality
ax +by + ...+ kt =4,

we find
2 — A
a2 4b24 .. k2
and, consequently, the required values of z,y, ..., t at

which the expression 2?4 y*+-...-+¢* takes on the least
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value will be
aA
@b ... Fk2
bA kA
Y=y .tk b= ke
63. We have

w=Ar*+2Bxy4-Cy*+2Dx+2Ey + F,

I =

where
A=ad4a+ ...+ a, B=ab; +abs+ ...+ayb,,
C=b+b4+...4+0b, D=aci+ asco+ ... ancy,

E=bici+boca+ ... +bpcn, F=c14+c34+ ... 4.
Put
r =z +a y=y + P
We then obtain
u=A@ +a)P +2B@ +a) @y +p)+CH + P>+
+2D (2’ + ) - 2E (y + B + F.
Expanding this expression in powers of 2z’ and y', we get
u = Az + 2Bx'y’ + Cy'* + 2 (Aa + Bf + D) 2’ +
+2(Ba+Cp+E)y + F.

Now let us choose o and P so that the coefficients of 2’ and
y" in the last expansion equal zero. To this end it is only
necessary to choose a and f as the solutions of the following
system

Ao + B +D =0,
Ba + Cp + E = 0.

Then we have

u = Az'* 4+ 2Bx'y" 4 Cy’® + F'.
Further

1 ’ [ 4 ’ ’
u=—{A%"*42BAx"y’ + ACy*} - F' =

= (A& By (AC — By 4 F.
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But
AC—B=(@4a5+ ...+ @) B+ ...+ D) —

— (asbi+asbs+ . . . +anb,)* >0, A4>0.
Therefore, u attains the least value when

Ax" + By’ =0 and y' = 0.
Hence

’

2 =y =0and z =a, y =§.

And so, the values of x and y at which u attains the least
value are obtained as the solution of the following system
of equations

Az +By + D =0, Bx +Cy + F = 0.
However, this result can be obtained in a somewhat

different way.
Put

ax + by +cp =Xy, ax + by +cy =Xy, ..,
anZ -+ bny + Cp = Xn'
Let Ay, Ay, . . ., A, be some constants satisfying the follow-
ing conditions
ai}"l + a27"2 + s ‘I‘ au7"n = 01
b17\'1 "i" bzxz "}_ o .. +bn7\1n - 01 (*)
617\.1 +Cz)\;2+ .. —f- Cn7\ql_ :k,

where k is an arbitrary number.
We then have

MXy + Xy + ...+ M, X, =F
and hence, we have to find the least value of the expression
X+ X+ ...+ X5,
provided
MXy 4+ AX, + ... + A, X, =k (constant).

From the result of Problem 62 we have that the least value
is obtained if
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Or
A’i = Xil'l" }\,2 = sz,, e o ey A’n = an.L.

Substituting them into the first two equalities (+), we find
a Xy 4+ a Xy + ... +a,X, =0,
b Xy +0,X,+...+b,X, =0.
Hence we get the system obtained by the preceding method
of solution.

64. As is known, there exists the following identity
(see Problem 77, Sec. 6)

. (z—zq) (x—23) ... (x—2zp)
f(@) =71 (@) (Zo— 21) (o —2) - .. (To—Zn)
(o) SEmE e )y
TN T ) (@1 —23) - -+ (21— Zn) R

"l"f(xn) ( Bz le—2) ... (&= 2n-y)

Tn — Zo) (xn_xl) coo (Zp—xny) ’

where f (x) is any polynomial of degree n.
Equating the coefficients at 2™ in both members of this
equality, we find

1 — f (zo)
(Zog— 1) (xo—x2) - .- (xg—zn)
f (z1)
+ (21— xp) (21 —x3) . . - (21— 1) Tt
f(zn)
T Ton—20) @n 1) .- @n—znod
Let M denote the greatest one of the quantities
[ f(xo)|, [f(z)], ..oy |f(xa)]
Then
1
IsM { | (xo—z1) (Tg—3) - .. (Zo—Zp) | -
1 1
. .
" (x—x) - - (24— xp) | Tt | (Zn —20) - -+ (Tn —2Zn_1) | } .

As is easily seen, by virtue of our conditions we have
| (. — o) (Tr — 1) - .. (T — Thot) (T — Thy) .+ .. (T —Tn) | =
>kl (n—Fk)!.



448 Solutions

Therefore
1 1

| (xp —z0) (xp — 1) ... {2p —Zn) | SH (n—k)! -~
Consequently

n

1 M < an
<M Zok! (n—k)! nl 2 C%:MW'
B~ k=0

Finally
n!

65. Since sin?x + cos®’x =1, i.e. the sum of the two
quantities sin*> x and cos?x is constant, their product
sin? x- cos® x reaches the greatest value when these quan-
JU

tities are equal to each other. It happens at z = 7

. However,
the same is easily seen from the identity

. 1 .
sin x-cos r = —-sin 2.
66. It is known that if

\ 14
Ty+z=-5,
then
tanxr tany + tanx tanz 4+ tany tanz =1

(see Problem 40, 4°, Sec. 2). Thus, the sum of the three
quantities

tan xr tan y, tan x tan z, tany tanz
is constant. Therefore, the product of these quantities
tan® x tan? y tan? z
reaches the greatest value if
tan x tan y = tan x tan z = tan y tan z,
i.e. if
tanx = tany = tan z

and consequently at

n
x=y-——z=F
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67. We have

1 1 1 1 1 1
n41 + ryz T "+3n+3n+1 =( n T T 3n+1 )"’
, 1 1 1 4n+4-2
T(n 2+3n)+"'+2n+1 o (n+1)(3n+1)+

4n4-2 4n42
torym T T IEer

n 1
> (4n+-2) { (2n 1 1)2 + 2(@2nF1)2 }:1'

68. Put
a=a2
It is required to prove that
a?—1>=n (™ —a™1?).

Or, which is the same,

- a2t —1 -
azn—1>na" 1 (@2—'1), m;na" 1,

But
an—1 - _
7 _ a2(n D"I" azm 2)+ .. + a2+ 1 >
>n ,'/azoa“ ..o

(using the theorem on the arithmetic and the geometric
mean of several numbers).

Since
24+4+4+...4+@n—2) =n(n—1),

we have indeed
2n __

o4 1 1
2T ="

69. Rewrite the sum in the following way
1 1 1 1 1 1 1
t+r+(x+m)+H(s+s+rtm)+ -+
1 1 1 1
Hgmpr - toer) Tt o et

Each of the bracketed expressions exceeds—;— and, consequent-

ly, the total sum is more than % On the other hand, the
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sum may be rewritten as

T

gt mgr+ ot )

But each of the bracketed expressions is less than unity,
and, consequently, the total sum is less than n.
70. On transformation we get the inequality

(@+c)(a+d)(b+d(c+d) —
—(@a+b+c+4d)(c+d)ab—
—(@a@a+b+c+decd(a+bd) =0,

or the following one
(ad — be)? = 0.

SOLUTIONS TO SECTION 9

1. Putting in the basic formula n =1, we find

Vg =30y — 209 =33 —2:2 =5 =22 + 1.
Suppose that

vp =28 41 (k=1,2,..., n),

and let us prove that
Uny1= 2m i 1.

Indeed

Unpy=30n—20n4=3(2"+1)—2(2" 1+ 1) =
=3.2"+3—-2"—-2=2" (3_1)+1=2n+1_|_,1

2. Solved as the preceding problem.

3. As is easily seen, the required relation is indeed valid
at n = 1.

Assuming its validity at the subscript equal to n, let us
prove that it is also valid at the subscript equal to n 4 1.
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Indeed
an+1——V71 :___%- (an—l—;:l ) —1/2=
anst+ V4 %(aﬁ;_) + VA

_at—2V4a,+4 _( a,— V4 )z

a,2,+2'l/:4'an—|—A ) an+7V4
But by supposition
an—V4 _( oy—V4 )271.i
an-l-VZ al+-‘/z
Therefore
an+i--‘/:‘i ______( an______vz )22
an+1+VA an+VA
_( ay—V4 )2'2"—1_( a— V4 )2n
y+V4 a+V4
4. We have
a a a a a a a
=2t g =Uth,  Btd g Sté
Hence
as—a ay—a —a
Ay— Ay = 02 1’ az— ay = 12 2 ’ ab_a@:aaz 8’
Consequently
a; —
Ay — a4y = — i D) %o ’
ay—a a;—a
Q3 — @y = 12 2 __ 122 0
aQq —
a,—az= l23‘10’

It is easy to see that there exists the following general
formula

-181—0q

an— oy = (— 1)
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Adding term by term all the last formulas, we have

_ a4—agp , @4—ay a4—0ay n-1241—3a __
an—ay = — 5 -+ 55 53 +...+(—1) o1

- 1 1 n-g 1
2_%@(1_72—*'5_‘"“'_}_(_1) 2W)=
a—a not1 1
=20 (=) — 1.
Henee, finally,

ay—4ag

3.on-1 °

an = —2‘1‘},'_ =4 (— 1)

5. Consider the relationship

ap = 3ak_1 |- 1.

Putting here k equal to 2, 3, 4, ..., n, we get

n n
M oar=3 D) ap+n—1.
k=2 h=2

Put
ag+ay+...4+a, =8.
We then have

S—a =3 —a,) +n—1.
Consequently

1
S=—2— {3an—a1—n+ 1}.
It remains to express a, in terms of a;. We have

a, =3a,_y +1, a,_y =3a,_, + 1.
Hence

Ap — Apy = 3 (an—i - an—Z)'
Therefore

Ap — Qp-y = 3 (an—l - an-Z) = 3° (an-z - an—3) =

=3 (@n-3 —a,4) =... =3"2(a, — a))



Solutions to Sec. 9 453

But

a, =3a;, +1 =1.
And so

an, — Ap—q4 = 5 ’3"'_2.
Putting here n equal to 2, 3, 4, . . ., n, we have

Ay — Ay = 5) '1.,
az — 4y = 5) '3,
a, — az = 5) '32,
a, — AQp_y = 5-3"2,
Adding these equalities termwise, we find
a, —a =0(1+3+3+4+...4+3"% =
— ) n-1
= (31 —1).
Rewrite the expression for S in the following way
S =23 (an—a) +2a,—n 4 1) =

1 15 1
= {T (3"-1—1)+4—n+1} = {5(3"—1)—2n}.
6. We have
an = kan-i "l" l’
any=kan_o+ L.
Consequently
an—an-y=k(@n-1—any) = K (@ho—an_3)=...=
= k™2 (a2 — al).
Hence
ay— ay = (az— ay),
az— ay =k (a,—ay),
a,— az= k2 (az— ai),
oo )

Adding these equalities, we find

kn-1__
anp = k"'lai + —'k—_Ti— l.
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7. Rewrite the given relationship in the following manner

Ant1 — G — (@ — an-i) =1.
Put

a, —ap4 =2, (n=2,3,4,...).

We then have
Tp+1 — Ty = 1.

Putting here nequal to 2, 3, . . ., n — 1 and adding, we find
Ty, — Ly =N — 2.
Putting then in the equality

Ap — Qp-q1 = Iy

n =3,4,... nand adding, we get

a, —a, =x3 +zx, + ...+ xz,.
And so

an =a2—|—x3+x4—}-...+xn.
But

n
2) o=
h=3

n
!

(xg+k—2)==(n-—-2) x4+ (n—2)+

h=3
+n—=3)+ ... +1=(n—2) x2+(n_12) (r—2)
Hence ‘
an=az+(n—2)x2+(n_i)2("_2)=
=a+ (1—2) (g —a)+- 2= 0=
(n—1) (n—

=2 4 (n—1) a— (n—2) ay

8. Put
An+2 = Qp+y = Tp.
Then the following relationship will take place

Tty — 2%y + 2oy = 1.
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Using the result of the preceding problem we have

xn=(n'1)2(n—2)+(n—1) Zy— (n—2) zy.

But it is obvious that

n—2
An—ay=21+ 3+ ... -l--’l?n—2=hz1 L.

Consequently
1 n—2
Gn—ap=—5 2 (k— 1)k —2)+
h=1
n—2 n—2
+z D) (k—1) — D) (k—2).
h=1 h=1
Finally
an = (n_i)z(n_z)a3—(n—3) (n—1)ay+
+(n—2)2(n—-3) a+ (n-—1)(ng2)(n—3) .

9. The required formulas can be deduced by the method
of mathematical induction. It is evident that they take
place at n = 1. Since

an—1+bn_y
. 2 '

assuming that the formulas are valid at n—1, let us
prove their validity at n. By supposition, we have

ans=a+5(6—0) (1—7p),

bres=a + 5 (b—a) (1 +—7r) -

an =

Then

4, = an—i‘an-i =a +-% (b—a) (1 —4—17!-)

and, consequently, this formula takes place for any whole
positive n. It only remains to prove that the formula for
b, is true for any whole positive n as well.
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We have
an+bn_ 2 1
bn=—2—i=a+-§ (b—a) (1 +'2—4-,';)

and the proof is completed.
However, this problem can be solved in quite a different

way. It is obvious that
a, = an—l"lz"bn—i . b= an—i‘z3bn—i .

Multiplying both members of these equalities by some
factor A, we get

1 1 1 3
an+}"bn = (_2‘ +T 7\,) an—1+ (T‘l"‘z— }") bn-i.

Let us choose A so that

_1_+_?L A\ — (.1.+.1_ x) A

2 4 7\ 2 4 ’
There will be two required values of A, and they will be
the roots of the equation

A M— A —2 =0,
i.e. will be equal to Ay =2 and A, = —1.
And so, at these values of A there exists the equality
1 1
an+Mn = (5 +7 }) (@n-1+ Moo,

which holds true for all whole positive values of n. Put-
ting here n consecutively equal to 1, 2, 3, ..., n, we get

ay+Aby= 5+ *) (@-+4b),

@+ My = (5 + ) (@+ Aby),

an + Abp = (‘;—' "I“"[i" 7\') (@n-1+ }"bn-i)-

Multiplying these equalities termwise, we find

antdbn = (g +7 1) @+ ),
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for any whole positive n and at A=2 and — 1. Substitut-
ing these values of A, we find

an -+ 2bp =a -+ 2b,

1
an_ bn ="4-1?(a—b),

Wherefrom we have indeed

an_a+ (b— )(1—-:7),

2 1
bn=a+ _3'(b—a) ( 1+ 2.4n ) ‘
10. We have
In = Tn-1 + 2 Sin2 QA Yn-1,
Yn=2c0S2 Zp_1 -+ Yn_i.

Multiplying the second equality by A and adding the first
one, we get

Zn+Ayn=(142Acos?a) z,_+ (2 sin®>a + A) Yyn-1.
Let us choose A so that the following equality takes place
(2 sin®a-A) =A (14 24 cos®a).
Hence
A= 4 tana.

We then obtain

(zn + Ayn) = (1 + 2A cos® @) (Tn-1 4 Ayn-1)
or

(Zn + Ayn) = (1 4 24 cos® a)™ (2o + Myo).

Substituting the values of zy and y, and putting in succes-
sion A =tana and A = —tan o, we find the following
two equalities

Z, + Yn-tan w = (1 + sin 2a)™ sin «,
Z, — Yp-tan @ = — (1 — sin 2a)" sin a.
Hence

Zn sina {(1 -+ sin 20)" — (1 — sin 2)"},

Yn=—5 cos o {(1 + sin 2a)" 4 (1 — sin 2a)"}.
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11. As in the two previous problems, we get

Tn~+ MYn = U7 (Zo-+Aiyo),
zn + A'2.‘/n = l-"’; (230 -+ Myo),

where py = a + My, py = & + Agy, Ay and A, being the
roots of the quadratic equation

(B + M) =4 (a + Ay).

If Ay = A,, then we have two equations for determining
two unknowns z, and y,, and the problem is solved.

Let us now assume that A; = A,. Then p; = p, and the
two equations coincide. To determine z, and y, proceed
as follows.

We have

Ipn = — ;"lyn -+ Pr? (xo -+ }"1!/0)- ("‘)

Substituting the value of z, into the second of the original
equalities, we find

Yn= Y [ - A'iyn—l + H;l_l (xO "I‘ xiyo)] ‘!" 6yn—i-
Hence

Yn+ (‘V}"i - 6) Yn1= YP‘?—I ('TO -+ }"11/0)'
Put yn = pn}z,. Then for z, we obtain the following relation

WiZn + (YA — ) 2poy =¥ (2o + MYo)
or

06— YA
g

Zn=

Zn-1-+ —:—1' (%o + AYo),

wherefrom we find z, (see Problem 6) and then y,; z, is
found by the formula (s).

12. Rewrite the given relationship in the following way
Xy — ALp_y — Pz,—s =0.
Put
o= a+ b, Bn‘ —ab
(i.e. a and b are the roots of the quadratic equation s* —
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— as — P=0). Then we have

z, — ax,_y — bxn_y + abx,_, =0,
Ty, — aTp_y — b (Tny — aZy_g) =0,

Put

Tp — ATpn-q4 = Yn.
The given relationship takes the form
Yn — byn—i = 0.

Hence
Yn = bYn_1,
Yn-1 = byn—z’
Y2 = by,
Consequently
yn == bn_lyb

For finding z, we now have
Zn — ATn-y = b"1y,.
Put z,=1>b"z,, then
bz, —az,.; =Y
or
a
Zp = —I')‘ Zn-1 + -!!51‘ .

Using the result of Problem 6, we find

a n-1 1
a \"1 (T) ——
Zn = (T) 2+ a -%L *
-1
Performing simple transformations, we finally obtain
an—pn b an-1 — pn—1
In = 2—5b ry—a *‘a—_'b——xo.

However, this problem can be solved by the method used

in the previous problem, if we consider two sequences z,
and y, defined by the relationships

Ip = &Tp -y + ﬂyn.~iv Yn = 1'xn-1 + O'yna-i'
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13. Solved as the preceding problem. In this case

q
p+a°

14. Considering the two variables y, and z,, determined
by the relationships

Yn = AYn -1 + ﬁzn—h 2n = YYn-1 + 6Zn_1,
we put

a=1, b= —

In .
Zn

Then the variable z, will satisfy the given relationship

Ty = axn—i‘l‘ﬁ
" YZp_y+6

and the solution of our problem will be reduced to that of
Problem 11. For instance, in the given particular case

T = Zp-1+1
" Tn-1+3
we have
Yn = Yn-1 + Zpn-1y 2p = Yn-1 + 3zn—1
and so on.

The second particular case

Tn-1

22141

is readily considered in the following way.
Rewrite this relationship as follows

xn=

1 . 2$n_1+1 =2+ 1

Zn Tn— Tn—1
Then
1 1 —9
Zn ZIn-q
Putting here n=1, 2, 3, ..., n and adding, we get
1 _ 1 _ T
T e = =T

15. It is easily seen that

an+lbn+1 = anbn’
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and, consequently,
anbn = aobo

at any whole n.
But

—VE—‘ VE _ On— Vanbn _%n— Van—ibn—i _
Van + Vbn an vanbn anp—+ Van—ibn—i

Qn_ bn_
—1—‘%——1—‘—-1/%-1671-1

an— +bn 1

(Van—i—vbn—l)z.

+ Van 1bn 1 Van—i+_‘/bn-‘1
Van— —\/b

Put - —
Van V

u,. Then we have

2
Up—1 = Up-2,

2
Upn—g = Up—-3,

Raising consecutively these equalities to the powers 1, 2,
22, ..., 2" 2 we find

2n—1
Un-1=Up

But

Van 1— Vbn 1__Qny4— VaObO
—
Vani+Vbna  an-y+ Vaobo

Vao — Vb __%— V agho .
"~ Vae+ Vb agbo

Therefore we have

Up-1=

an_1—Vaghy _ (ao—vm )2"_1
it Voo \ao+ Vot
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16. We have
1 _
(2k)3—2k ~— 2k (2k)2—1 4k [21:—-1 "2k+1]“
4 [ 2%—(2k—1) (2k+1)—2k
2 L 2c(k—1) 2k (2k+1)
1
-2 {2k—1 T2k T 2k +2k+1 } '

Therefore

Eimi‘—ﬁ%r {(1+5+  Fm=) +

"‘(%in*' =X +2n1——1)+2n1+1_2 (‘;'JF%WL S "‘515)}:

=z {2(t+3+ Hpm)—trepm—
“a(at b)) () -
() gt
Hence
éi(zk)si—zk+2nn+1=1_‘;‘+% T+

1 1 1
——2n=n+1+n—|—2+ "'+—27

(see Problem 33, Sec. 1).
17. Let us denote our expression by ¢, (). We have

¢ () =(1 —2) +2 =1,
P2 () =(1 —2)(1 —2*) + 2z (1 —2%) + 2% =1,

wherefrom we can assume that ¢, (z) =1 for any n. It is
easily seen that the following relation takes place

Pryy (2) = (1 —2™1) @ (2) + 2™

Assuming ¢, (z) =1, from the last relation we obtain
Qn+1 () = 1. But since @, () =1, it follows that @, () =
= 1 for any whole positive n.
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18. Put
z xz2 zzn_l
1——x2+1——x4+"'+ 2n=cpn(:c).
{—=z
Then
2n

x

Prt1 (%) = @n (2) + ——757
1—z

Now it is easy to prove the required formula using the

induction method.
19. Put

A+z)(A+28) (14227 ... 14+22")=X.
Multiplying hoth members by 1 —z, we find

X(1—2)=[1—2)(1+2))(1+2) (1 -}—_x22) - (1—|—x2n_1)=
=[(1—2)(1+a)] (1 +22") ... 1+22")=

=[(1—z) I+ (1428 ... 1+22" )= ... =1—22"
Hence
1—x2n 2 n_
X = - =1 trxtx?+234 ... F22" 1.
20. We have
1
1+T=a—i—1 ’
1 at1 a41  af1 (a41)(B+1)
1+T+ab—a+ab" ab ’

Let us assume that

@+ (1) ... (s+1) _
abe ... sk
_ (@ 1) (0+1) ... (1) (k1)
abe ... sk ’

Adding (a+1)(b—{;;2 Sd—H) “+1 o both members, we

1+
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get
@) G o ) (b ) | @) b ) o ) (bt t)
abe ... sk abe ... skl
_@E) G4 ... (1) 1)
abc ... skl ?

and the formula is proved by the induction method.
21. We have

b (@a+b)—a 1 1
a(a+d) “af@e+d) a afb’
¢ __(atbto—(a4b) 1 1
(@+b) (@e+b+c) (@+d)(atdbtec) ~ a+db atbtc’
! _ 1 .
(@a+b4...+k)@Fb+...Fk+l) atbt...+k
1
atb+... kL

Adding these equalities term by term, we find
b c
@i Tarh@rerg Tt
l
+(a-|—b-|—...-|-k)(a-|—b+...+k+l)=
1 1 bt 4K
~a at+bt...+k+l a@fblct...FE+D
and the identity is proved.
22. We have

F,(2) =—_"_— (1—2z),

Fy(gz) ————(1—q2)
Hence

1+ Fy(5)—Fi (@) =1+, (1—2) — (1 —q2) = 1— ¢z,

i.e. the identity is true at n=1.
But

Fn(@=Fny(@)+—m (1—2)(1—q2) ... (1—¢"2),
Fp (g2) = Fuy (g2) + 72 2) ... (1—4q"2).
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Let us assume that the identity is true at n—1, i.e.
that there exists the following equality

14+ Fpna(@—Fra(@2)=1—q2)(1—¢%2) ... (1—q" 3).
We then have
1+ Fn(z)—Fn(gd)=1—gz)(1—¢%) ... (1—q"'2)+

+1fqn 1—2)(1—q2) ... (1—q"1z)—

—m (1= (1—¢%) ... (1—q"7) =

=(1—qz) (1—¢%2) ... (1 —q"12) {1—{—-17‘{1;—;;(1-—2)—-

—1—(-1.nqn (1—g") } =(1—g2) (1—¢%) ... (1 —q"2) (1—q"2),

which proves the identity for any n.
23. Put, as in the preceding problem,

Fa@=r (=) + iz (U—)U—a)+ ...+

s (=2 (I—qz) ... 1—q" ).
Hence
n
-y qk QE
P =3 75 (1) (1= ) - (1-52)
Let us prove that
Fn(q’")=—n.

We have (see the identity of the preceding problem)
L+ Fn(@g™h)—Fa(1)=0.

But
Fp,(1)=0.
Consequently
Fn(gh)=—1.
Suppose

Frn(@™)=—(n—1).
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We have
1+ Fa(@™)—Fa(g™)=0.
Hence
Fa@™)=Fn(@™)—1=—(n—1)—1= —n.
And so indeed

3 7 (1) (1=50) (1= ) = =

Putting here ¢g"'=a, we get the required identity.
24. Put

_a(@a—1) ... (a—k+1)
Ue=p0b—1) ... b—k+1) ’
_a(@a—1)...(a—k41)(a—k)
Yt = g1y ... b—k+ 1) (b—k)

Hence
—k
u:;" :Z—k y (b—k)uryy=(a—k)us.
Consequently
A Uy (a—k)=k§}1 up (b+1—k—1).
But
Z Up == Sno
k=1
Therefore

aSn—,z,1 kup = (b-+1) k; Uppi— 2 (k+1) trss,

k=1
n ni-1
as,— hz,i kup=(b+1)(Sn~+ tns1— 1) —k22 kug.

Hence
(@—b—1) Sy = (b+ 1) (Unss — ) +
+uy — (r + 1) upty = (b — n) upty — buy.

Now S§,, is readily found.
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25. Proved easily by the induction method.

26. Both identities are easily proved by the induction
method.

27. The left member is equal to
: 1 1 1 : 1 1 1 1
kzi (21:——1 T &k—2 4k ) ’_‘hzi (571'1——'2" 2k —1 —Tl?) =

I
—
o =~
N.

&
i
[N

|

v
S

u M 3
—
Do
Sl
|
.A
a"

)
I\

%( 2+3 1+ +2n 1 21n)

28. If a sequence of numbers z, is determined by the
relationship

Tp = Qlp_y + ﬂxn-z

at the given initial values z, and z;, then there exists the
following general expression for z,

where a and b are the roots of the quadratic equation

$—as—p =0
(see Problem 12).
In our case we have the following relationship

Up = Up_q + Up-_z,
i,e. o =p =1 and uy =0, uy = 1. Therefore

an—-pn

un“— a—b ]

where a and b are the roots of the equation s2~s—1=0,
so that we may put

_1+VE o 1-V5
==, b=—"".

Finally,

Up =

v { (7))~ (2=22))
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Using this expression for u,, we can easily check-the validity
of all the proposed relations (see Problem 6, Sec. 3). However
the last expression for u, can be obtained in a different way.

We shall consider the quantities wug, uy, u,, us, ...
as coefficients of some infinite series

Q@) =ujtusztusr®+u >+ ... F U "2 upz™ 4 ...
or

¢ (x)= 2 UpriZ
k=0

Further
[s o] o0
zQ (z) = 2 uh+1$k+1= 2 ukxh,
E=0 E=1
00 o0
220 (2) = D) upp ™= D) up 2.
R=0 R=2
Therefore

¢ (x) — 2@ (v) — 2% (2) =

= ?_‘.2 (Urpt—Up —Up-y) T+ Uy Uz — Uz =1,

Hence (since upyq—up —up-y=0)

?(z)(1—z—2%)=1
and

1
?@)=r——0-"

But the expression can be represented in the fol-

1 —z—22
lowing form (expanded into partial fractions)

1—.7:1—.7:2:0&—1—6{ 1:01.:0 “Lﬁﬁx} ’ (*)

where

1V5—1 B=— V5+1 .

A= 3
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On the other hand,

1
1_}_m’=1—-0536—\--052:02—|—...,
1

Substituting these expressions into the equality (+), we find

1w 4 [(1EVE\RR (1—VB R
‘1—z—z2‘2 1/5{( 2 ) _( 2 ) }x
k=0

Therefore, indeed

1 14715 \k+t 1—V5 \k+1
wa= (7)) = (=) )

By the way, all the ten identities of the present problem
can be proved using the method of mathematical induction

as well. Let us prove, for example, identities 7° and 10°.
At n =1 we have

2
Ug = Uqliz,

which is really true.
Let us assume that

Uity + Utz + . . . + Upp_gllan_p = Ugp_2,
and prove that
Uiy + Ugls + . . . + Ugp_3Uan_g + Ugp_allan g +

+ Ugpn —1U2p = ugn-
Indeed, by assumption we have
(wius + . . . 4 Ugp_sUan_2) + Uop_allon 1 + Usp_1Uap =
= Ugp_s + uz‘n—2u2n—1 + Ugp1Uan =
= Ugp_ (Uan-2 + Usp_1) + Usp Uy =
= Ugp-allan T Ugp_1lUsp =
= Ugp (Ugn-2 + Usn-1) = Ulp.

Now, as far as identity 10° is concerned, it is readily checked
at n =1.
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Let us assume that

4
Un—1 — Un_glhnollnlngy =1,
and prove that

4
Up— Un—gln_1UnilUnip = 1.

To this end it is sufficient to prove that

4 4
Up— Un—1 ~+ Un_3Un-aUnlnys — Un_glbn_1Uniilinig = 0.

But we have

4 4
Up—Unp_1 + Up_gln_gUnlnsy — Un-gUn_1Unyilnyg =

= (un+un_1) (Un+ tn-) (tn — tnog) +
~+ Un—gUn+1 (Un-stn — Un_tlnig) =
= Un41lin-2 {urzz -+ ui—i + Un-gln — Un_sUnyg} =
= Un iUz {(Uo—t — Un_slnys + Un (Un + Un-g)} =
= Un4qlUn-2 {ui—i — Up_qlUn+2+ 2unun-i} =
= Unsqlln-oln- {Ung —Unsz + 2Un} =0

since
Uny— Unyo -+ 2un =0.
29. We have
n
_Un+2 Z Urh+2
1. 2+ 3+ T Unttnes Unsilinss Up+1UR+3
— N URe3—Upy N (_1___ 1 )=
Up+1UR+3 < \upyy  Upss
kR=0 h=0
1 ) — (4 o) =
o ( u1 _l_ + Un+3
1 + '1 . 1 _ 1 . u1+u2_un+2+un+3=
uq Us Un+2 Unes Ujig Un+2Un+3
Ug  Unss

Uqug Un+2Uny3
30. Consider the sequence of numbers
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determined by the following relationship

Un+t = VUn+Un-y.
We then have
Uy =V -+ Vg,

vs =V, + vy =vp + 2vy,
v, = U3 + vy = 20y + 3vy,
vs = v, + vz = 3vp + 9vy,

Using the method of induction, it is easy to get that in
general

Up = Up_q Uy + Uply.
Consider the following sequéence
Vo = Up-gy U4 = Upy, e 3 Uy = Upyp-q
Then we have
Un = Uptn-1 = Up-qUp-1 + UnplUp,
and formula 1° is proved.
Formula 2° follows from 1° at p = n. The proof of formu-
la 3° is reduced to the proof of the following equality
2
u‘rzr, +Un—1 =Uplbpyg — Up_glUn_q.

31. On the basis of formula 1° of the preceding problem
we have

Uzp = Up-qlUap + UpUap+1-
Thus, it is required to prove that
3 3 3
Un-1*Ugn + Un-Ugnit = Un + Unpg —Un_1.
The proof is rather simple if only the following relations
are taken into account
2 2
Ugntt = Uniq + Unp,
Ugn = Un—ylln + Unlnyy.
32. Put
=
2 3
2 Cn_k_1 - vn'
h=0
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We have to prove that v, = u, (where u, is the nth term of

the Fibonacci series). Let us prove that for any n there
will be

Un+1t = VU '+' Un-1-

Let us first assume that »n is even and put » = 21. We have
n—1{ -2
[] [%-] [%-]

kR ] ]
Un4t = 2 C‘n-—ha Un= Z C —h—1, Un-1= 2 Cn—k—2-
h=0 h=0 h=0
Since n=2I,

[$]=t [25]=11 [52]=1mt

Therefore we have
1—1 1—1
R R
Un + Vp-1= kEO cn—h—l + kzo Cn—k-—2-

Put in the second sum k=%"—1, then

-1 l
k k" —1
Un+Vny=1+4 h21 Cr-1+ h'zi Crr—1=

-1

- 1-1-21 (Chbt +Crh1)+Cnli_y.

But, as is known,
Crht+Chlhoy=Ch_p.
Therefore - ,
Un+Ung=1 +k21 Crop+ Cioi= hz'o Cr—h = Unys,

since

CiZi=1=Ci.

Likewise we prove that v,;; =v, + v,_; for odd n's
as well. But it is easy to check that
Uy = Uy, Uy = Us.

Therefore it is obvious that

Vp = Up
for any n.
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33. Let us denote the number of whole positive solutions
of our equation by N, (m). As is easily seen, N, (m) = 1.
Compute N, (m), i.e. the number of solutions tc the equation

xi"l—xz = m.

In thisequation z; canattain the following values: 1,2, 3, .. .,
m — 1 and, consequently, the equation has the following
system of solutions

. A,m—1), @m—2),..., (m—1,1),
1.e.

Ny, (m) =m — 1.

Let us now pass over to computing N4 (m), i.e. to determin-
ing the number of solutions of the equation

zy + x5 + 23 = m.

Let xz; attain the values 1,2,3,..., m — 2. It is clear

that

N3(m)=Ny(m—1)+Ny(m—2)+ ...+ N, (2)=
—(m—2)+m—3)+...+1=C=00=D e

Using the induction method, we prove that

e (m—1)(m—2)...(m—n+1)
Nop(m)=Cpt = 1.2.3... (n—1) '

It is obvious that
Nn(m)=Nn_1(m—1)+Nn_1(m——2)-|— ...+Nn_1(n—1).

Assuming that
Nn_1 (m) =Cr?

m-1?

we have
Ny(m)=Co+Cr5+ ...+ =C0

(see Problem 70, Sec. 6).
34. The general form of the equations under considera-
tion will be

kx +k+1VDy=n—k+1k=1,2,...,n+1). (
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Let us rewrite this equation as follows

kx+y+1)+y=n+1
z+y—+1 =z

y=n-+1— kz,
=Gk + 1)z — (n+ 2).
Whatever z may be these expressions yield solutions to the
equation (x). Let us see what values must be attained by z
for z and y to be whole and non-negative. And so, the follow-
ing inequalities must take place

n+1)—kz=0, k+1)z2—(n+2)=>0
Hence

and put
Then

n+42 n-t+1
TS

and z must be a whole number. If n+ 2 is not divisible
by k-1, then z takes on the following values

n-2 n42 n41
() [er)+e o [ ]
Let us denote the number of solutions of the equation ()
by Nj. In this case we have

m=[52 -

If n42 is divisible exactly by k-1, then

M= [ ] -

But if n4 2 is not divisible by k41, then
n42 n417 .
[ k+1 ] [ k+1 ] ’
and if n42 is divisible by k-1, then

=[]

Thus in all the cases
vi=[2=] =[]
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And so, the total number of solutions is equal to
N1+Nz+...+Nn+1=["f1]_[n42~1]+
el i ol R el e b= B
[ [ )= [ - [ )=t

However, this result can be obtained in a different way.
We have

1 — \' Rty
1—q" ‘-S‘—J g 1 —gh+1 Z‘ 9 )
x=0 y=0
Therefore
q"'l . Z h\+(h+1)y+h 1
__ gk h+1
(1—gq*) (1— =0 y—0

If we expand the right member of this equality in powers
of ¢, then it is easily seen that the.coefficient of ¢" in this
expansion will be equal to N,, i.e. to the number of solu-
tions of the equation

kx + Gk +1)y =n—Fk + 1.

Thus, the quantity
Ny+Ny,+ ...+ N, 4y

will be the coefficient of ¢ in the following expansion

1 q q2
q’n qn+i
+(1—qn+1)(1_—qn+2)+(1_qn+2) (1~q"+3)+ e e .

But it is easily seen, that this expansion is equal to

[e.<]

1 1 1
qai=a > | 1_qh+1_1~qh+2)=
0

(e o]

:q(11_q) ( 1_1_q — 1) = 2 (n+1)q"

n_—.O
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Hence

Ny+Ny,+...+Npyy =n+ 1.
35. The general form of the equations will be
x4+ (k+ 1)y =k +1)2 — K1 n— Kk
k =1,2,3,...,n).

A direct substitution shows that one of the solutions will be
z=—(n-+1), y=n

Then, as is known, all the solutions will be obtained from
the expressions

r=—m+1)+@+1)t y=n—pk,

where p is one of the values attained by k.
For z and y to be non-negative it is necessary and suffi-
cient that ¢ attains whole values satisfying the inequalities

n+1

GHESIST
Considering then separately two cases (n 4 1 is divisible
by (p + 1) and n + 1 is not divisible by (p + 1)%), we
come to the desired result.

36. By hypothesis the black balls alternate with the
white ones. Therefore, two suppositions are possible:

(1) the white balls occupy odd positions, i.e. the first,
third, . . ., and the black balls even positions;

(2) the white balls occupy even positions, and the black
balls odd positions.

It is easily seen that the white balls numbered 1, 2, .. ., n
can occupy odd positions in n! ways, likewise the black
balls can occupy even positions also in n! ways. And so,
according to the first assumption, we have (n!)2 ways of
arrangement of all the balls.

The second assumption yields the same number of arrange-
ments. Hence, the total number of arrangements of the balls
is 2 (n!)2.

37. Let L*, denote the number of ways in which kn di-
stinct objects can be distributed into k& groups of n objects
in each group.
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In how many ways is it possible to make up the first
group of n objects? It is clear that the total number of the
distinct combinations is equal to Cr, and it is obvious
that

LE, =cthLi ..
Hence

L?ik = Cgkc?k—i)n s an-

38. Let us consider the number of permutations of n
elements in which two definite elements a and b are found
side by side. The following cases are possible: (1) a occu-
pies the first place, a occupies the second place, .. .,
finally, a occupies (n — 1)th place, and b is always on its
right, i.e. in the second, third, . . ., nth place, respectively;
(2) b occupies the first place, . . ., finally b occupies (n—1)th
place, in all cases followed by a. Thus, the total number of
cases amounts to 2 (n —1), each case corresponding to
(n — 2)! permutations. Therefore the total number of the
permutations in which two definite elements a and b occur
side by side will amount to

m—2)12(m—1) =2 ((n—1).

Consequently, the number of permutations of n elements
in which two elements a and b are not found side by side
will amount to

nl—2m—1ND! =rn—1)! (n —2).

39. Let us denote the number of the required permuta-
tions by @, and put n! = P,. Consider the whole totality
of the permutations P,. Among them there exist ¢, permu-
tations in which none of the elements occupies its original
position. Let us find the number of the permutations in
which only one element retains its original position. Undoub-
tedly, this number will amount to nQ,_;. Likewise, the
number of permutations with only two definite elements

retaining their original position will amount to (n_i) Qn-2,

and so on. Finally, the number of permutations Where all
the elements retain the original position is Q, = 1. Thus,
we have

Pp=Qn+nQns+" 552 Ong+ - . . 104400
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This equality can be written symbolically as
= (@ + D™

Here after involution all the exponents (superscrlpts)
should be replaced by subscripts, so that Q® turns into
Q. Consequently, we can write the following symbolic
identity valid for all values of z

(P+2)"=Q+1+2)"

(since symbolically the power of P can be replaced every-
where by the same power of Q + 1).
Putting here z = —1, we find

=P —1)"

Passing over from the symbolic equality to an ordinary one,
we have

Qn=Prn—2 P, 20 Dp .t
+ (—1)™1 Py 4 (—1)",

YRR (—1)n-1 (_1
Q"—”!(zx“31+4l_"'+n—-u+ )

40. Consider all such permutations of n letters in which
vacant squares may occur along with occupied ones. If
n =1, then the number of ways in which one letter can be
placed in r squares is equal to r (the first square is occupied
by one letter, the rest of the squares being vacant; the second
square is occupied by one letter, the rest of the squares
being vacant, and so on). All permutations of two letters
in r squares are obtained from just considered r permutations
by placing the second letter in succession in the first, second,

., rth square. Thus, the number of permutations of two
letters in r squares will amount to r?, and, as is easily seen,
the total number of permutations of n letters in r squares
will be equal to r". Let us denote by A, the number of
ways in which n distinct letters can be distributed in r
squares so that each square contains at least one letter.
The number of such permutations amounts to A,. Then
we shall consider all those permutations in which one and
only one square is vacant. Their number is equal to r4,_;.
Further, the number of permutations where two and only
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two squares are vacant is equal to

r(r—1)
—1z A

and so on.
Therefore we have

A A 10 A A L= 1

This equality can be written symbolically in the follow-
ing way

(A+ 1) =r"J-1
(i.e. after expanding the left member A* should be through-

out replaced by A;).
Further, we have

A1+ z) = éo Chz® (A-1)™*.

This equality yields the following symbolic one which
holds true for all values of z

(A+1—|—x)’=k20 Craz® [(r—k)"+1].
Put here = —1. Then

A= 3 CH(—=DM—R)"+1]=

ipg-

2 (—1)h(r~k)"c¢+kjo(—1)’*0,‘:'.

But
2, (e =t =17 =0.
Therefore

= 3~ -yt
k=0
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Passing over from the symbolic equality to an ordinary
one, we get

A= (=1 (r—k)"Ck =
k=0

= r— 1+ LD oy (=)
(see Problem 55, Sec. 6).

SOLUTIONS TO SECTION 10

1. Put a=—};—, so that |b|>1. Let us prove that
1" > 14+n(b]|—1) @=>1).
Indeed
' ={1+(b|—1)}"'=1+n(b]|—1)+
+n(n—1)

(o]|—1)>+..
wherefrom it follows that

15" >1+n(b]—=1) (>1).

1
|b|n<1+n(|b|—1)

Then

| zn|=|a|" =
and indeed
lim z, =0.

n->00

2. It is easily seen, that we may assume a > 0. Then
z; >0 (i=1,2,3, ...). Let & be a whole number satis-

fying the condition k<Ca < k-1, so that ka_ﬂ< 1.
Put n > k. Then

an ak a a a

nl - 1-23...k k+1 k+2 ""n°

But

a a a a a
k—|—2<k+1’ k—|—3<k+1’ T 'r?<k+1‘
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Therefore

an ak a n—k
nl < k! (k—}—i) |
i 1, it foll h a \" o, if
But since k-~1 < 1t Tollows that (7—7_1) -0, 1
n — oo, and therefore at any real a we have

i.e. the factorial n! increases faster than the nth power of
any real number.

3. Both the numerator and denominator of this fraction
increase without bound along with an increase in n. Consider
separately three cases: k = h, k << h and k > h.

1° k = h. Divide the numerator and denominator by
n® = n". We get

ay ap
lim 2t et e g, R =0
Ty Eu—— b P o o
n nh
2° k<< h.
, - Z‘ik +... %
lim (Zonh_*_(;)’nh_i_'— +bah —lim -~ ; =0.
ontbph=14- ... by by —L 1+ +nh

3° k> h. Analogously wé get in this case

agnf +ankr-14 ... tay

bonh L b L . o

4. We have

n
H W1y k—1 K2kl 1
pEm| H e e
kzu h=

N

But

k-1 1 J(n—1) 2
II k+1 " 3:4-5...(n+1)" n(nt+1) ’

n
k24+k+1 7-43-21... (n24+n+41) n2+4n+)
sz—k+1— 3.713 ... (n2—n-+-1) 3 )
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Therefore

) 2,. n2d+n-+1 2
llm p = ‘—] —_— T = -,
nooo 3 n2-tn 3

5. Put

thy 2k 3k .. 4k
— ne

nk+1

At k=1 we have PL—"21 and consequently

3n
lim P} =

n-+00

1
2 L]

Likewise we easily find lim Pj — 1 Let us assume that

n—o00 3
lim Pi:—i—_}—{—]— for all the values of i less than %, and
prove that limPf,:—k_:_—1. Put s;=1'4+2'4- ... +nt. We

then have the following formula (see Problem 26, Sec. 7).
k41 k k+1)k(k—1
(k+1) +( + ) —i+ ( +1)2.(3 ) sk—Z_{" +

+(k+1)s4-s=(n+ 1)1 —1.

But P~ — ?u , therefore we have

n
R k1 1
Pr=gr ()
k Ppt 1 P,
127 n T k1

wherefrom it follows that

lim P} L1 .

N 00 +1

This proposition can be proved directly. Let us make use
of the inequality (see: Problem 50, Sec. 8)

ma™l(z—1) > az"—1>m(x—1)

(r >0, not equal to 1, m is rational and does not lie
between O and 1).

Put here m=Fk-+1 and replace z by —:- We get
(k41) 2k (x —y) > 2P+t —yh+t > (k4-1) y* (2 —y).
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Put here first x=p, y=p—1 and then z=p-41, y=p.
We then find

(p+ 1)1 —p**' > (k1) p* > p**' — (p— )"
Putting in this inequality p=1. 2, ..., n and adding,
we obtain

(-1 — 1> (k41 (A28 + . 4 nP) > nh*.

Dividing all members of the inequality by (k- 1)n**3,
we find

7‘::__1_{(1_%_%)#%1_ 1 }>1k+2k+...—:—nh>k_1'_1.

Hence it follows that

th 12k .. 4 nk 1

lim nh+t - k41 °

n--00
6. Using the notation of the preceding problem, we get
1h4-2k .. .4 nk n R 1
o _k+1—n(P"—k+1)'

Making use of the expression for P& obtained in the pre-
ceding problem, we have

» (P =) =

=(n+l)k+1—nk+1_ 1 _._’f_ R—1 . 1 pY,
(k+1) nk (k-+1)nk 2 T k41 nkle
Hence
. | s (n+1)k+1_nk+1__l_f_ r—1)] 1
llmn(Pn T )_hm T 5 Pn }__2.,
since
lim (n+1)k+i_nh+1=1 and lim PA-1 =1
noso (k1) nk new K

7. From Problem 4, Sec. 9 we have

n

2 n-— -
oy () l%r%ol,

wherefrom follows
xo+ 274

lim x, = 3

Nn->o00
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8. We have the following relationship (see Problem 3,
Sec. 9)

ta—VF (xo_vﬁ)zn.

o+ VN \zg+ VN
Since —xﬂl/—ﬁ—-|< 1, we have
z+ VN
zg— VN \2"
}l{»n:o ( $0+1/N )
Hence

lim J-"'l_-_—v—ﬁ=0 and limz,=}N.
Nn-—>00 xn—}—_‘/N n-»oo0
And so, we get a method for finding the square root of
a number. It consists in the following: designate any positive
number (say, the approximate value of a root accurate to
unity) by z,. We represent NV in the form of a product of
two factors, one of which is equal to z, so that

N
Nzxo"x—o‘.

We take the arithmetic mean of these factors and de-
note it by z;, so that

1 N
= —2— (xo + -?0—) .
Then we put
Nez. X
Ty
and take the arithmetic mean once again
1 N
n=y (a+3)
and so on.

The error, which we introduce when taking z, for an
approximate value of }/' N, can be determined from the for-
mula

xn"‘_‘/ﬁ — ( xO“VY )211.
xn+—\/7\7 zo+ VN
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9. Let us first of all prove that

xp > N.
Indeed
N__xm m
S (R
But
p 1 \™m m1 N
1 —
(14 gy t) "> g =
(see Problem 51, Sec. 8).
Therefore
xy >N

for any whole positive p.
Let us now prove that z, is a decreasing variable, i.e.
prove that

xp - xp_i < 0-
Indeed
N
Tp—Tp-1= mxg;p 1 <0.

And so, the variable z, decreases but remains positive.
Therefore it has a limit. Designate this limit by A. From

the relation
m—1

Lp = n1+
as n— oo, we get

A — m—1 -

mxm

A" =N and A=}/N.

mlm -1
It is obvious that

—_— N
2>V N > s s

which cnables us to find the upper limit of the error intro-
duced as a result of taking z, for an approximate value of

n 1 1
0 ) —EQW

V' N.
10. We have
(see Problem 4, Sec. 8).
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Hence follows the required result.
11. It is easy to prove the following inequality

<Vitz—1<5 (1+2>0).

xz
24z
Putting here xz—k:.,‘-, we find
n

k k k
s <V 1+a—1<zm

Hence

Z2n2—|—k< <22 Zk

h=1
The right member is equal to

n(n--1)
2n2 2 h=—fm" T 4n2

Therefore the limit of the right member is equal to %
as n— oo. On the other hand,

n n n
. { k ke
lim (g7 2 k— 3 gryy) =1lim 2 207 (202 -K)
h=1 h=1
But
1222 4., 4 n2
Z 2n2 2n2—'—-—k) < S‘l 4"’4 4n4 .
h=1

Consequentlv

lim {2 Zk Z 2112—1-k}

n-+o0

n

k 1

and lim Zm:z.
=1

- 00

Thus, both variables, between which S, is contained,

tend to % . Therefore

lim Sn.-:-_f:.

n-— oo
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12. We have

.’13121 = d "I— xn_io

It is easy to see that the variable z, increases. Let us show
that all its values remain less than some constant number.
We have
Ty _y—Zng—a <0,
since xn_y < Zn.
Hence

(xn-r— V[*_a?Jri ) (xn_1—|— V&?—i ) <O0.

But since the second bracketed expression exceeds zero,
V& +1+1
2

Z,-1 is bounded, and consequently has a limit. Put
lim z, 4y =1lim z, = a. From the original relation between

T~ 00 n - 00

z, and z,_; we get

it must be z,_; < , i.e. the increasing variable

a? —a —a =0,
and since & > 0, we have

V4a+1—{—1
o= D) .

13. Let us prove that 2, is a decreasing variable. We have

xn+1“‘xn='—.‘7‘—:7f—1"—2 (Vn+1_1/_’;)

Py SR Ve 1 1
Vit =V =gy > sy

But

and consequently
a1 < Tn.

But it is possible to prove (see Problem 6, Sec. 8) that
1 1 1 —_—
1 — —+ .. == >2 1—2.
tstyE Tt >t

Therefore

am>2(V n+1—Vn)—2>-2.
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Thus, the decreasing variable x, remains constantly
greater than —2, hence, it has a limit.
14. Let us first show that z, > y,. Indeed

|

n-1717 Yn- 1'
Jl'n'—ynz.x__}_2_y——1_—L xn—lyn—lzf(yxn—l_y yn—1)2>0-
But

Tn-1-+ Yn-1 Ty Yn-1—2Tn-1 <0'
n_ p——
2 )

Ipn— Tpg = 2
Zn-1 > Zn,

i.e. the variable z, is a decreasing one. On the other hand,

Yn— Yn1 = l’ Yn-1*Tn-1— Yn-4 =V Yn—-1 (Vxn—i"" l’ yn—i) > 0,

i.e. Yn > Yn-1 and y, is an increasing variable, wherefrom
follows that each of the variables z, and y, has a limit.
Put lim z,=2z, lim y,=y. We have

T __Tn-4+Yn-
. 11——""—"——'—2 .
Hence
By
and consequently
T=y
15. We have ——=3s,, 1_1_0 =s, hence q=1__é.,
Q———1—-1—. But .
| 1
1490+ + ... =—5=
. 1 . $84
o 1 1\~ s+s—1"
1—(1-5) (1=%)

16. We have
s=urtug+ug@+...=u (14+9+¢4...).
o’=ui(1-+@+q¢*+...).

Further
Unq—1u 1 —qn
Sp= 7;_1 ! 1 1 =3.(1_qn)’
G2 ui §2 — uj
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We have
¢ D) 2“'2 ) zu q
st 02= L s?—o02= L .
TS TRy’ T2 (1F9)
Hence
s2— g2
1= s2 4 o2
and

sn=s(1—¢")=s {1”[ 32;32] }

17. 1° Put =

% Then |y|> 1, and we may put |y|=
=1-+p, where p >0

We have
R .n|__ nk
| a" = o
nh
1 —1) ... (n—k y
'1+ —'—n(n )p2+..+n;n2.3)(k(i B ).ph+1+“.+pn

Assuming that n >k, we find

kony_ M nk (k4+1)! _
72 = T <0 oD . kD R o

_ (k1! 1
ph+1 (1—-'11-) (1——3-) (1—-’5-n—1) (n—A)

But the expression
(k+1)! 1

ph+ (1_%) (1_%) (1— ":1 )(n—k)

if n—> oo (k constant).
Therefore, indeed

—0

limrf2"=0 if n > co.
2° Put /' n—1=a (2> 0). We then have n= (1+a)"
Hence

n(n—1)

n=14na 4+ 13 o’ ... +a™
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Consequently

—1
n>t0Dg w2l (1>2)

And so

2 n/— 2
— 0 — — .
oc<vn and </n 1<Vn (n > 2)
Now it is obvious that
limy/ n=1.
18. We have
1 1 1 1
—'§+‘2—§+ -..+m=1“7‘:—1,
1 1 ¢ 1 1
123+234+ (n+1)(n+2) ‘7(?“‘(n+1)(n.23)
(see Problem 40, Sec. 7).
But

1 1 1

_hm{12+23+ +n(n-{—1)}_hm{1_ oty =1

nvoo n-oo
Thus
l=igtsgt  Fom+
1.2 ' 2.3 n(n n(n | 1)
Analogously

1 1 1 1
Pt VR S vt e sy g e R

We can prove a more general formula

1 1
B3 @i tIss @i T
N 1 A

nn41...(q+n) +...= q-q!

(see Problem 26, Sec. 9).
19. Suppose the series is a convergent one, i.e. suppose

Sn=1+-%—+ +—1— has a limit which is equal to S as

n— oo.



Solutions to Sec. 10 491

Then lim Syp,=S. Bul on the other hand,

o 1 1 11
Son—Sn= n1 T nrz ety 2T

(see Problem 1, Sec. 8) which is impossible. Thus, the series
cannot be a convergent one. However, the divergence of
this series can be proved in a different way. Let 2* < n <
< 2R+1, We then have

et () ()
+(2k 11_{_1 +'“+21") | 2":—1 ++%

But

Therefore
k
Sp> 1+ 7

But as n — oo, also & — oo, and consequently S, — oo,
hence, the series is a divergent one (see also Problem 22).

20. Put S, =1+ 2—1(1-}—3%—{— . —{—%.To prove that

the series is a convergent one it is necessary to prove that
lim S, exists. But it is easily seen that S, increases along

n-»00

with an increase in n. It remains to prove that S, is boun-
ded. Let 25-1 << n << 2. We have

Sat+(mt3m) H(m ot o) oot

1 1 1
+ ( (2k-1)* + (2h-1- ) + ot (2R —1)% ) |
But
1 4 a1t
Tl StE
1 1 1 1 4 1
4a+5a+6a _F7a <4a = 4017
1 R AR z.k_.i. 1
FE e T T e @h T (@R
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And so
1

or

Sn<1+2a 1+(22a Tt +—2z—ra—r+

S —

Thus, S, is really bounded, lim S, exists and the series

converges. i
21. 1° We have (see Problem 22, Sec. 7)

1x + 2x* - ...—i—nxnsz—_f—i-)—z—{nx"“—(n—}-Dx"-{—l},

14224324+ ... +na™ 14 ... =
=lim {142z 4+ 32>+ ... +n2" 1} =

n-—+o0o

. 1 n+ n 1
=11m(—x_—1)—2—{nx l—(n+1)x —l-i}:(x—_[)—z‘,

n->00

since
limnz"=0 (Jz|<<1)

n-»o0o

(see Problem 17, 1°).
2°, 3° From the results of Problem 33, Sec. 7 we get

b4 920 ot =2

14-2%2 43322+ ...+ n32" 1 ...=%.

22. 1° Follows immediately from Problem 41, Sec. 8.
Hence, we can obtain one more proof of divergence of the
series

(R S N A

Put
lim (1+%)n=

n-—+ 0o
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n
Since the variable (1—}——1—) tends to e in an increasing

manner, we have
1 n
(1+5) <e

for any whole positive n.
Hence

nlog(l—l—%—)<1
if the logarithm is taken to the base e. Or
Lo (141).
L4 g+gt e >log2+log (145)+
+log (1+5 )+ .. +log (14+5) =

2.3:4... 1
— log 55 = log (n+ 1),

Hence
545+t > log (1)

and we get a divergent series.
2° Using the binomial formula, we obtain
(1 2) e g o
i) (n;zz.)g. Eln——(n—i)]. ni" _
=245 (=3 ) F g (1=7) (1=3) + o+

n

b (1-2) (1) o (1225

Put for brevity

o e (1—‘%)( “"i‘) (1—k:1)=uk-
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Then

(1+%)n=2—|—u2 +-us4 ... UL+ Upsr+ Ursa+ -+ Un.
We have

1 k
e <33 k' “up — FEL < EEl
Hence
1
uk+1<uhm,
1 1
Upte < uk+i“k+_2<uhm,
R
And so
Ukt + Ui+ - -+ U <]
Uy .1 1 Up
< k41 [1_1_ k41 Tt (k- 1)n-k-1 :|< k-
Consequently -
1 1
Uyt Ukt - -+ Un<y33 % F
Hence

1\ 1 1
0< (145) —@+umt . +w) <13 %
Let n— oo. Then

lim uk————i——
e 12... k

and, consequently,

1 1 1 1 1
0<e—(2+1_-2+1.2-3+ e 1-2-3...k)< 2. %k &°

wherefrom follows
po b, 1 { 0
_ ~+_11-2"'_-1-2-3_!_ et 1.2.3...k + 1.2.3... k-k
O<o<).
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Thus, we may write

1 1 1 '
e=2+ ittt ies T

23. We have
2sinix-——sil r—2s‘i11x(1-—cos—1— :r)—4‘iu—1-.7csin2ix
2 1r=a55 g ¥)=%sl35 z L
Hence

.1 . r [ x\2
ZSln—z-x—3111x<4—2-(z—) ,

since sina < a foro > 0.

Differently
2sin—%—x——sin x<-é—:c3. (1)
Replacing here = b —1-x -1—.7: ——1——33 we find
g Y 2 L et B 2"’"1 ’
1 .1 1 (z\3
Zszx—-sm —2—x<§(—2—) ) (2)
N | 1 1 (x\3
) —_— T — qin — — =
2sinez s1n4x<8(4) ) 3)
.1 . 1 1 z \3
2Sln2—ﬁx—SlH-§ﬁx<-§— (-—271—_-{) . (n)

Multiplying inequalities (1), (2), ..., (n) successively by
1, 2, ..., 2"! and adding them, we get

.1 . 1 1 1 1
anIH—z-rTx—Slnx<‘§’x3{1+—§§-+zé—+... -I-—W—:Z}.
Passing to the limit as n— oo, we find

. X
sin ——

. 2n
lim

Z-—sin x % <

on

. £ 1
< “‘3“"’{“‘7;1"'*22“*'“+ 4""1} :

| =
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But
. 1 1 1 1 4
hm{H“Zsz to }-_—. — =3
T4
sin x
lim — 2" =1.
n—+ o0 -
2n
Consequently
. /1 3
X — S1h x§€x .
24. 1° Put

+102+ +10n'

It is required to prove that S, has a limit as n — oo.
As is easily seen, S, increases along with an increase in n
so that §,4y = §,. Let us prove that S, is bounded. We

have

an 1 1 1
Sn Jr102+ '+T(')?<9(W+102+"'+10n)<
1 1 1
< (gt tete)

1]

And so, S, <1 and the series converges.

2° Since o lies in the interval between 0 and 1, let us
divide this interval into ten equal parts. In this event the
number o will be found either inside one of the subintervals
or at its boundary. Consequently, we can find a whole num-
ber a; (0 << a; << 9), such that

ay a1+1
Se<—p
i.e.
ay 1
ISo—75 <75
Thus, the number ® —~L ljes in the interval between 0

10

and 716' Let us divide this interval into ten equal parts.
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Then we shall have

a a4 as -1
T <o— 0 < 1oz

Hence

a2~|—1
+102<"°< T+ o

This operation can be continued in a similar way. Let us
prove that

lim( A 102 . 10n)=“)'

71— 0o

Here the variable increases but remains all the time less
than 31_145_01, consequently, it has a limit. Consider the
variable

ay as an_-q an+1
’E+12+"'+10n—1+ 10n °

It is easily seen that this variable decreases but remains

greater than 16 and, consequently, also has a limit. Since

the difference

R R

(m + 102+ -+ 0w 1on )“‘“‘T(ij?f

tends to zero as n — oo, both of these variables tend to
one and the same limit, which, by virtue of the inequalities

Tttt <o< g+

An_1 an—+1
+ 10z 102 + ..t 10n-1 + 10m

will be equal to .
3° If the fraction is finite, then, there is no doubt, it is
equal to a rational number. Let us pass over to the case



498 Solutions

of periodicity. In this case we have

+1én( +102+ -+-1%'%)+

+1012n( +102+ +10n)+"'=

_ (Y, e _
”(1o+102+ Jr1()71)(“‘10n'|’102n )“
e as an 1 .
~‘(10"‘102"’"ern)i =
T q0n
241071 ag10"-2+ ... +a,_110+a,
_ 10n —1 ?

i.e. ® is a rational number.

Likewise we make sure that a mixed periodic fraction
(i.e. such a fraction whose period begins not with a;, but
later) will also be rational.

Making use of some arithmetic reasons, we can prove the
converse; namely, if a number is rational, then its expansion
into a decimal fraction will necessarily be either finite, or
periodic (purely periodie, or mixed periodic).

Thus, every non-periodic infinite fraction necessarily
yields an irrational number.

25. Suppose o is rational, i.e. (o:-z— , where Z and N

N
are whole numbers.
We have

Z 1 1 1 1 1
N T +“'4—+"'9—+ et ne + l(n_H)z + l(n+2)2 + oo

Let us multiply both members of the equality by I"™N
and transpose the first n terms from the right to the left.
We get

ZIP —N (W M e ) =
1 1 1
=N { (2ntt T - + 1679 T }
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Hence
|ZI"—N @ )< 1
1 1 1 12n+1
<N { l2n+1+ 122n+1) -+ 132n+1) +--- } =N'1'_——T"
12n+1
And so

2 22— 2. .
If n is taken sufficiently large, then the right member can
be made infinitely small, whereas the left member is an
integer not equal to zero.
2° Proved as 1°.
26. We have

11 1 1
e=2+gr+gr+ ottt -

Put
_Z
€=
(where Z and N are positive integers).
Then
V 1 1 1 {
N =2+grtyrt oyt moor T
or
1 1 1
ZIN—D!— (245 +5r+ - +57) M=
1 1
D BT Y R AR
Hence
1, 1 1
Z(N—i)!—(2+7+-3!—+...+7vT)N!|<

1 1 1 1
<FvIaTErFmtEzp T =W

which is impossible, since on the right we have a regular
fraction, and on the left a whole number not equal to zero.
Thus, e is an irrational number. If e is represented as a deci-
mal fraction, then it will be an infinite non-periodic frac-
tilon. Given below is a value of e accurate to 2 500 decimal
places.
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Solutions

e=2.71828 18284 59045 23536

95749 66967
27466 39193
59563 07381
15738 34187
82264 80016
55170 27618
67371 13200
92836 81902
77078 54499
77361 78215
28869 39849
30123 81970
53118 02328
96181 88159
87922 84998
84875 60233
49146 31409
76839 64243
01157 47704
02123 40784
74501 58539
76966 40355
65201 03059
75459 18569
64450 78182
70263 75529
64832 62779
93150 56604
30801 91529
49679 12874
88459 20541
84205 58040
88386 38744
61717 83928
62953 74152
05958 41166
36450 98889
50704 75102
15219 60037
95990 06737
47564 48826
30899 70388
65070 63304
70462 62156
68620 02353
03293 63447
51326 38354
96690
26029 98330

62772 40766
20030 59921
32328 62794
93070 21540
84774 11853

02874
30353
81741
34907
89149
74234

38606
70932
55151
69967
42499
64651
68416
78250
30416
92086
62482
34317
78140
17189
98193
04730
57071
21236
56380
44235
44483
33386
72580
87211
06870
33405
33637
39662
03494
11151
12054
03136
54465
35625
64829
26039
86778
92795
80717
71858
97273
40001

53537

26133
87091 27443
08657 46377
94686 44549
92295 76351
05820 93923
14039 70198
98194 55815
90351 59888
80582 57492
70419 78623
38143 64054
59271 45635
86106 87396
34321 06817
41995 77770
62268 44716
67719 43252
23637 01621
29486 36372
37998 01612
56648 16277
27786 31864
72556 34754
50489 58586
39220 00113
95376 45203
53224 98506
65014 34558
36835 06275
52970 30236
02057 24817
01172 72115
27944 95158
22443 75287
03381 44182
22713 83605
46618 55096
48187 78443
87485 69652
55955 27734
86323 99149

13845

62951 19432 47309 95876

08761 38939

71352 66249
54759 45713
35966 29043
63233 82988
93488 41675
54424 37107
83000 75204
74704 72306
21112 52389
05987 93163
48220 82698
98294 88793
37679 32068
30175 67173
85193 45807
79610 48419
20900 21609
62531 52096
49061 30310
96552 12671
01210 15627
93503 66041
25607 98826
78675 39855
12047 74272
14174 02388
54922 78509
25164 01910
15519 56532
63964 47910
71747 98546
78630 09455
04024 32256
54995 88623
89707 19425
26023 26484
47254 92966
65851 18063
55194 86685
28418 82947
18462 45780
32625 15097
77297 88241
66618 56647
71436 98821
20005 03117
90717 83793
07054 79778

77572 47093
82178 52516
57290 03342
07531 95251
09244 76146
53907 77449

69995
64274
95260
01901
06680
92069

49338
96977
78442
68892
95193
32036
32823
64332
27386
84443
90235
18369
72085
54688
88023
69973
51787
89448
28364
93441
25778
59004
44258
14590
67757
60688
61352
42818
86398
72870
69381
03644
08003
87610
36192
48279
25611
09711
85596
34392
42163
05669

50236 81285 90443

63917 79574

54016

29760
01416
53696
79312
31825
43117
80429
12509
89422
24496
99418
07016
75051
50354
33224
08868
91246
96409
42251
35743
92622
99828

26560
20931
50569
30098
66803
25094
76464
06981
67385
63463
30436
08887
10383
95703
51930
29725
13419
96970
89613
24796
25620
91644
69829 46959
40905 86298
57320 56812
16674 00169
78369 51177
99707 73327
77275 47109
39207 64310
15137 32275
28123 14965
68532 28183
85263 98139
98197 13991
87779 96437
90717 66394
34447 40160
70959 10259
07321 13908
70120 50054
78533 58048
83241 16072
13722 36133
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Let us also give the logarithm of this number to base 10
accurate to 282 decimal places.
logyo e=0.43429 44819 03251 82765 11289

18916 60508 22943 97005 80366
65661 14453 78316 58646 49208
87077 47292 24949 33843 17483
18706 10674 47663 03733 64167
92871 58963 90656 92210 64662
81226 58521 27086 56867 03295
93370 86965 88266 88331 16360
77384 90514 28443 48666 76864
65860 85135 56148 21234 87653
43543 43573 17247 48049 05993
55353 05

27. It is easily seen, that if I, (beginning with some k)
are all equal to one another, then we deal with an infinitely
decreasing geometric progression, and o is rational indeed.
It remains to prove that if such circumstance (equality of
all /, beginning with some k) does not take place,-then ®
is irrational. It can be proved in the same way as in Prob-
lem 25.

28. Let us prove that the variable u, decreases, i.e. that
Upty < U,. We have

1 1 1 1
Unp=14+5+5+... +7+m—10g (n+1).
Hence

+1 log(n+1)—|—logn—+—log(1—i— )

Upnyy—Un =
Consider the variable
o — (1+ _:l_)n+1
and prove that it decreases, i.e. that v,y <v, or that

(1+n+1 )n+2<(1+_1_)n+1,

n

i.e. show that

—

n+

(144)™ > 1

Z

n+1
We have (14+a)™ >1+a— (see Problem 40, 1°, Sec. 8).
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Replacing here a by -—, and — by 2+l e find

nt2?
n+l
1 \n+2 1 (n41)
(1+7)" > 1+ 2y

But
n-1
Y ey n(n+2) >+o3T n+1

And so, the variable vnz( 1—|—7) nH decreases. Let us

show that
n+1

llm(1—|— )

n-oo
. (1+;1;_)n+1

(1_}_%) N (1+i)

But 1im(1+%)"=e, 11m(1+ )=1. Thus, indeed

n—-»o0o n-»00

We have

lim (1+%—)n+1=e and consequently
n-»00
1 \n+1
(1+3)" >e

Therefore (n--1) log (1—]—-;) > 1, log (1—}——%—) >K1LT ,
and
un+1"’un<01

and the variable-u, is a .decreasing oue.
On the other hand,

u,,=1+—;——|—-%-—|- ...+—:l——logn>log(n+1)—
—-logn>log(1—|—%) > 0.

Singe the variable u, decreases but remains greater than
zero, it has a limit. Let us denote this limit by C.

C=1lim {1—}—-—%——}-%—}— ...—|—-r17—logn}.
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C is called Euler’s constant. Let us give the value of this
constant accurate to 263 decimal places.

C=0.57721 56649 01532 86060 65120
90082 40243 10421 59335 93992
35988 05767 23488 48677 26777
66467 09369 47063 29174 67495
14631 44724 98070 82480 96050
40144 86542 83622 41739 97644
92353 62535 00333 74293 73377
37673 94279 25952 58247 09491
60087 35203 94816 56708 53233
15177 66115 28621 19950 15079
84793 74508 569

29. We have
sin = 2 sin = cos —
o 2 S 2
I
D Z 9 z
Sin 5 sin —5- 22 S_Q_Z_’
. X ___2 . X X

. X _2 o xr x
Sln—i;l_—l— Sin '—27!'008%—.

Multiplying these equalities, we find

sin = 2"8in — ¢0S —= ¢os COS —= ... COS —
n 2 22 23 2n -
Then
X
2N sin —
on 1
sin z B COoS ad COS d CoSs a CoSs i
2 22 28 °°° n
We have
. X
o sSin —27
lim 2" sin — = lim = Z.
N 0o n z
on
Put
lim (co L 05 —=- CO0S —= ... COS — )~
e\ 9983 22 23 on ) =
COS — COS ==~ COS —= z
= 2 22 23
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Then we have

xz X
-5 COS —3

. z
= CO0S - CO0s 53 -

sin x 2 22

Putting here z —= 122 , we find the required formula. The

number m, like e, is irrational and, consequently, cannot be
expressed by a finite or periodic decimal fraction. Given
below is the value of m accurate to 2035 decimal places.

n=23.14159 26535 89793 23846 26433 83279 50288 41971 69399 37510
58209 74944 59230 78164 06286 20899 86280 34825 34211 70679
82148 08651 32823 06647 09384 46095 50582 23172 53594 (08128
48111 74502 84102 70193 85211 05559 64462 29489 54930 38196
44288 10975 66593 34461 28475 64823 37867 83165 27120 19091
45648 56692 34603 48610 45432 66482 13393 60726 02491 41273
72458 70066 06315 58817 48815 20920 96282 92540 91715 36436
78925 90360 01133 05305 48820 46652 13841 46951 94151 16094
33057 27036 57595 91953 09218 64173 81932 61179 31051 18548
07446 23799 62749 56735 18857 52724 89122 79381 83011 94912
98336 73362 44065 66430 86021 39494 63952 24737 19070 21798
60943 70277 05392 17176 29317 67523 84674 81846 76694 05132
00056 81271 45263 56082 77857 71342 75778 96091 73637 17872
14684 40901 22495 34301 46549 58537 10507 92279 68925 89235
42019 95611 21290 21960 86403 44181 59813 62977 47713 09960
51870 72113 49999 99837 29780 49951 05973 17328 16096 31859
50244 59455 34690 83026 42522 30825 33446 85035 264193 11881
71010 00313 78387 52886 58753 32083 81420 61717 76691 47303
59825 34904 28755 46873 11595 62863 88235 37875 93751 95778
18577 80532 17122 68066 13001 92787 66111 95909 21642 01989
38095 25720 10654 85863 27886 59361 53381 82796 82303 01952
03530 18529 68995 77362 25994 13891 24972 17752 83479 13151
55478 57242 45415 06959 50829 53311 68617 27855 88907 50983
81754 63746 49393 19255 06040 09277 01671 13900 98488 24012
85836 16035 63707 66010 47101 81942 95559 61989 46767 83744
94482 5537977472 68471 04047 53464 62080 46684 25906 94912
93313 67702 89891 52104 75216 20569 66024 05803 81501 93511
25338 24300 35587 64024 74694 73263 91419 92726 04269 92279
67823 54781 63600 93417 21641 21992 45863 15030 28618 29745
55706 74983 85054 94588 58692 69956 90927 21079 75093 02955
32116 53449 87202 75596 02364 80665 49911 98818 34797 75356
63698 07426 54252 78625 51818 41757 46728 90977 77279 38000
81647 06001 61452 49192 17321 72147 72350 14144 19735 68548
16136 11573 52552 13347 57418 49648 43852 33239 07394 14333
45477 62416 86251 89835 69485 56209 92192 22184 27255 02542
56887 67179 04946 01653 46680 49886 27232 79178 60857 84383
82796 79766 81454 10095 38837 86360 95068 00642 25125 20511
73929 84896 08412 84886 26945 60424 19652 85022 21066 11863
06744 27862 20391 94945 04712 37137 86960 95636 43719 17287
46776 46575 73962 41389 08658 32645 99581 33904 78027 59009
94657 64078 95126 94683 98352 59570 98258



